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1 Introduction

Quadratic Programming problems have been receiving increasing attention due to theoretical develop-
ments and software implementations. In this work, we focus our attention on a specific type of Boolean
Quadratic Programming (BQP) problems, and we study different formulations to solve them using off-
the-shelf software. We address the solution of BQP problems using different Mixed-Integer Linear Pro-
gramming (MILP) reformulations and Linear Programming based Branch & Bound (B&B) solvers1 [2,
p. 98], and also using nonlinear formulations through global optimization based solvers. The main goals
are to evaluate the practical options for solving a particular type of BQP problem using commonly avail-
able software, and to provide a broad set of results that can guide practitioners to choose the best com-
bination of formulation and solver.

Important applications of BQP include a class of facility location problems, the so-called Quadratic
Assignment Programming (QAP) [3], task allocation [4], and molecular conformation [5].

BQP problems are a class of problems that involve only binary variables and a bilinear term in the
objective function. The general formulation of a BQP is given by

min{cTx+ xTQx : Ax ≤ b, x ∈ {0, 1}n}, (1)

where c ∈ Rn, b ∈ Rm , Q ∈ Rn×n, and A ∈ Rm×n. BQP problems without linear constraints, called
unconstrained BQP, with Q ∈ Rn×n, as well as BQP belong to the class of NP-hard problems [6], see
Caprara [7] for a further discussion on the complexity of BQP problems. These problems are considered
classic problems in combinatorial optimization, see for example Padberg [8] for the characterization of
the polytope of an unconstrained BQP.

In this work, the focus is on the computational solution of (P1), a specific class of BQP:

min{cTx+ xTQx : x ∈ B̂n,M}, (P1)

where

B̂n,M =

x :
∑

1≤i≤n

xi =M

 ∩Bn

Bn = {0, 1}n,

and c ∈ Rn , Q ∈ Rn×n, Q is not necessarily a positive-semidefinite matrix, and 0 < M < n. Problem
(P1) is a nonconvex nonlinear combinatorial problem involving a quadratic term in the objective function

1 The term Linear Programming based Branch & Bound (B&B) refers to implicit enumeration algorithms that use linear pro-
gramming relaxations to calculate bounds. This term is used to distinguish from recent semidefinite based B&B algorithms [1].
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and a cardinality constraint. The formulation (P1) is known as the Cardinality BQP (CBQP) problem.
This problem or variants with small differences are known under different names. For example, chan-
ging the direction of the optimization to maximization, this problem is known as the heaviest k-subgraph
problem, the densest k-subgraph problem [9], p-dispersion-sum problem [10, 11], or the k-cluster prob-
lem [12]. Another problem related with the CBQP is the Cardinality-Constrained Quadratic Optimization
(CCQO) problem, which is a QP problem with a constraint on the maximum number of non-zero vari-
ables in the solution. However, while in the CBQP all variables are binary, in the CCQO the variables
are continuous. Bertsimas and Shioda [13] proposed a B&B algorithm to solve a reformulation of CCQO
problems that shows some computational advances when compared with CPLEX. An annotated review
of combinatorial problems subject to cardinality constraints is given by Bruglieri et al. [14], where some
applications are described and the problems are characterized.

Typical applications of CBQP include problems in edge-weighted graphs (see Billionnet [9] for a
detailed description), and facility location problems [10, 11]. Facility location problems are a typical
application for the p-dispersion-sum problem, where the goal is to maximize the distance between the
location of facilities in order to minimize competition, or cover large areas in the case of telecommunica-
tion problems. In chemistry, the CBQP formulation was applied to solve problems related with molecular
conformation [5], while in the Process Systems Engineering literature, a CBQP formulation was proposed
to describe the energy states of particles in doped semiconductors and solved via semidefinite relaxations
[15].

In the last decades, significant theory has been developed to characterize the convex hull of the BQP
and CBQP leading to the development of strong valid inequalities and several MILP formulations. On
the other hand, in the recent years MILP solvers have implemented algorithms to deal with Mixed-
Integer Quadratic Programming (MIQP) problems that can cope with nonconvex CBQP; examples in-
clude CPLEX, GUROBI, XPRESS and SCIP [16]. In addition, MILP solvers encompass several features
involving callbacks to user routines, hot starts, and meta-heuristics to find integer solutions, which help
to build tailored strategies to solve difficult problems. Based on these solver options, we have developed
two methods integrated with an MILP formulation. Other options to solve CBQP problems include more
general solvers that can rigorously address nonlinear combinatorial problems, for example α-BB [17],
LindoGlobal [18], Couenne [19], BARON [20], or ANTIGONE [21].

This work is motivated by the emergence of different approaches and software that can solve CBQP
problems. Thereby, our goal is to identify the best approach. Three options are evaluated:

1. The reformulation of the CBQP problem into an MILP problem. Some well-known formulations are
used and based on those some new variants are tested. These MILP formulations are solved with
different MILP solvers.
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4 Ricardo M. Lima, Ignacio E. Grossmann

2. The application of solution strategies using advanced features of an MILP solver, including specific
MILP solver options and callback routines to generate cuts, which we implement to solve the MILP
reformulations.

3. The direct solution of the CBQP problem by a set of solvers that can address this type of problems
without requiring a reformulation from the user. Two types of solvers are used: 1) typical MILP
solvers that can handle CBQP problems; and 2) general global optimization solvers that can handle
nonlinear combinatorial problems.

In the next three sections, each of these approaches is discussed in detail.

2 Reformulations of BQP problems

In general, the solution of a BQP using an MILP solution approach involves the reformulation of the
nonlinear term in the objective function and the construction of a valid MILP formulation. A well known
MILP reformulation of the unconstrained BQP is given by

min
∑
i

(ci + qii)xi +
∑

i<j≤n

(qij + qji)zij

subject to zij ≥ xi + xj − 1, ∀ i < j

zij ≤ xi, ∀ i < j

zij ≤ xj , ∀ i < j

zij ≥ 0, ∀ i < j

zij ≤ 1, ∀ i < j

x ∈ {0, 1}, ∀ i,

(P2)

where the variables z are continuous. (P2) is a classic formulation that can be found in several references,
see [7, 8]. This formulation is based on the reformulation technique proposed in [22] for 0-1 polynomials,
where the term xixj is replaced by a new variable zij , while xi = x2i , for xi ∈ {0, 1}, and the following
inequalities are added:

zij ≥ xi + xj − 1, ∀ i < j (1)

zij ≤ xi, ∀ i < j (2)

zij ≤ xj , ∀ i < j. (3)

The inequalities above can also be derived from the logic proposition [23]:

xi ∧ xj ⇔ zij , i < j, (4)
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or derived using the Reformulation-Linearization Technique (RLT) of Sherali and Adams (1998) from
the following equations:

zij ≥ max
{
xlixj + xix

l
j − xlixlj , xui xj + xix

u
j − xui xuj

}
(5)

zij ≤ min
{
xui xj + xix

l
j − xui xlj , xlixj + xix

u
j − xlixuj

}
, (6)

where xl = 0 and xu = 1 are the lower and upper bound, respectively, of the variables. Following the
same reasoning, the CBQP problem can be transformed into

min W =
∑
i

qiixi +
∑
i

∑
j>i

(qij + qji) zij

subject to
∑
i

xi =M

zij ≥ xi + xj − 1, ∀ i < j

zij ≤ xi, ∀ i < j

zij ≤ xj , ∀ i < j

zij ≥ 0, ∀ i < j

zij ≤ 1, ∀ i < j

xi ∈ {0, 1}, ∀ i.

(P3)

Note that we replace (ci + qii) by qii, since in the case studies addressed the parameters ci and qii are
both generated randomly. The derivation of the objective function of (P3) is described in Appendix A.
This formulation has been analyzed by several authors. From the theoretical point of view, the properties
of the convex hull of the BQP and CBQP have been studied using polyhedral theory and convex analysis,
where the main goal is to find good lower bounds for the minimization problem. In general, the three
main approaches to finding the lower bounds are based on semidefinite relaxations [24], Lagrangian
relaxation, and reformulation techniques. A good survey on the two last approaches is given by Pisinger
[25], and additional references are given for the semidefinite relaxation and reformulation techniques in
the following sections.

Significant results valid for the BQP polytope are also valid for the CBQP [26]. Padberg [8] is a classic
reference on the characterization of the convex hull of the BQP problem and has proposed four families
of facets: triangle, clique, cut, and generalized cut inequalities. These inequalities were later studied by
Boros and Hammer [27], who established new relations between different types of inequalities. Barahona
et al. [6] and Pardalos and Rodgers [28] addressed the solution of the BQP using algorithmic techniques
within a Linear Programming based B&B framework. The first proposed a branch and cut algorithm
where cutting planes are applied at each node, while Pardalos and Rodgers [28] have studied a specific
preprocessing technique to fix the variables. Based on the inequalities developed by Padberg [8], Sherali
et al. [29] proposed a new class of facets for the BQP. Gueye and Michelon [30] and later Gueye and
Michelon [31] proposed a reformulation framework where the objective is to derive reduced formulations,
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6 Ricardo M. Lima, Ignacio E. Grossmann

in terms of the number of variables, of the classic formulation (P2). Hansen and Meyer [32] studied
reduced derivations that aim at obtaining a good relaxation without compromising the computational
performance. Following the same objective, Liberti [33] proposed an efficient, compact reformulation
for BQP subject to assignment constraints. Burer and Letchford [34] extended the results described for
the BQP in the characterization of box-constrained quadratic programming problems.

Mehrotra [26] studied the specific case of the following BQP:

max{cTx+ xTQx : x ∈ B̂n,M}, (7)

and discussed the derivation of some inequalities based on the inequalities of the Knapsack Constrained
Boolean Quadratic Programming (KCBQP) polytope [35]. Mehrotra [26] proposed two types of inequal-
ities: the tree inequalities and the star inequality and discussed the additional valid inequalities: long-cycle
and long-tree inequalities. In addition, Mehrotra [26] developed a cutting plane algorithm using the tree
and star inequalities, but discarded the utilization of the long-cycle and long-tree inequalities due to diffi-
culties in the solution of the separation problems. Faye and Trinh [36, 37] extended the work of Padberg
[8] on the BQP by considering the constraint:∑

1≤i≤n

xi =M, (8)

and proved that the family of clique inequality facets of the linear BQP also induce facets of the CBQP.
The ultimate goal of the works mentioned above is the identification of valid inequalities that are facets of
the polytope of the BQP and CBQP. Some of these works were concerned with the characterization of the
problem and the derivation of facet inducing inequalities, without concern for the practical implication of
the resulting size of the problems and the impact on the computational performance. The importance of
having a tighter relaxation for a given MILP problem is well known within a B&B framework. However,
the size of the LP problem to be solved at each node may also have a significant impact on the total com-
putational time required to solve the corresponding MILP problem to optimality. An essential reference
on the theoretical and computational aspect is the work of Billionnet [9], who has studied the efficiency
of several MILP formulations for specific types of CBQP arising from weighted-edge graphs problems.

2.1 Formulations

In this section, we introduce the formulations used for the MILP solution approach. These formulations
are based on the classic formulation presented, and on the combination of different valid inequalities
proposed in the literature. From these inequalities, those that lead to smaller problems were selected, and
the ones that require the solution of separation subproblems are not considered. Mehrotra [26] and Gueye
and Michelon [30] report that this type of problem and the associated separation subproblems of some
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On the Solution of Nonconvex Cardinality Boolean Quadratic Programming problems. A computational study 7

inequalities may lead to difficult subproblems, restricting the scope of branch and cut algorithms. Our
goal is to study and derive a relatively efficient MILP formulation from the computational point of view.
By relatively efficient, we mean a formulation with a compromise between the quality of the continuous
relaxation and the size of the formulation that outperforms the others. Six different MILP formulations
are described next.

The first formulation is the simplest reformulation that leads to the smallest representation of the
CBQP problem:

min W =
∑
i

qiixi +
∑
i

∑
j>i

(qij + qji) zij

subject to
∑
i

xi =M

zij ≥ xi + xj − 1, ∀ i < j

zij ≥ 0, ∀ i < j

zij ≤ 1, ∀ i < j

xi ∈ {0, 1}, ∀ i.

(F0)

Formulation (F0) is only valid for problems with qij + qji ≥ 0. For qij + qji < 0, this formulation is
not equivalent to the original problem to be solved, because with qii > 0 it may lead to solutions with
xi = 0 and zij = 1, or for qij + qji < 0 and qii < 0 and qjj > 0 it leads to solutions with xi = 1,
xj = 0, and zij = 1, which are not valid solutions of the original problem. This formulation is presented
for reference and it is not further used due to the lack of generalization for all qij .

The formulation (F1) is based on the classic reformulation, which by adding the inequalities zij ≤ xi
and zij ≤ xj to the previous formulation, results in formulation (P3).

Same as (P3). (F1)

The formulation (F2) is based on the classic formulation (F1), and it includes the following constraint:∑
i<j

zij +
∑
i>j

zji = (M − 1)xj , ∀ j, (9)
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8 Ricardo M. Lima, Ignacio E. Grossmann

which is adapted from the star inequality proposed by Mehrotra [26]. The difference between (9) and the
star inequality is that (9) considers = instead of ≤.

min W =
∑
i

qiixi +
∑
i

∑
j>i

(qij + qji) zij

subject to
∑
i

xi =M

zij ≥ xi + xj − 1, ∀ i < j

zij ≤ xi, ∀ i < j

zij ≤ xj , ∀ i < j∑
i<j

zij +
∑
i>j

zji = (M − 1)xj , ∀j

zij ≥ 0, ∀ i < j

zij ≤ 1, ∀ i < j

xi ∈ {0, 1}, ∀ i.

(F2)

Formulation (F2) may appear to be an equivalent formulation of the one used by Macambira and de Souza
[38] for the weighted maximal b-clique problem; however, it is not. The formulation of those authors is
similar to (F2), but it does not include the constraint

∑
i

xi = M , and therefore, one may be tempted to

drop that constraint from (F2), because of the presence of (9). However, the formulations are different.
The formulation from Macambira and de Souza [38] is maximizing, while here it is minimizing. There-
fore, if that constraint is removed from (F2), then for qij ≥ 0 ∀ i, j the solution is xi = 0, zij = 0 ∀ i, j
and W = 0, which is not a feasible solution if the constraint

∑
i

xi = M is considered. Therefore, they

are not equivalent, and the constraint
∑
i

xi =M cannot be dropped.

The formulation (F3) is obtained by eliminating the inequality zij ≥ xi + xj − 1 from the for-
mulation (F2). Billionnet [9] used a similar formulation for the heaviest k-subgraph problem with only
non-negative qij . The underlying rationale is that a more compact formulation is obtained at the cost of a
potentially weaker lower bound,

min W =
∑
i

qiixi +
∑
i

∑
j>i

(qij + qji) zij

subject to
∑
i

xi =M

zij ≤ xi, ∀ i < j

zij ≤ xj , ∀ i < j∑
i<j

zij +
∑
i>j

zji = (M − 1)xj , ∀ j

zij ≥ 0, ∀ i < j

zij ≤ 1, ∀ i < j

xi ∈ {0, 1}, ∀ i.

(F3)
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This formulation is still valid to represent the original CBQP problem due to constraint (9), see Appendix
A.

The formulation (F4) is based on (F3) but adding the triangular inequalities proposed by Padberg [8]
for sets of three variables indexed by i, j, k.

min W =
∑
i

qiixi +
∑
i

∑
j>i

(qij + qji) zij

subject to
∑
i

xi =M

zij ≤ xi, ∀ i < j

zij ≤ xj , ∀ i < j∑
i<j

zij +
∑
i>j

zji = (M − 1)xj , ∀ j

zij ≥ zik + zjk − xk, ∀ i < j < k

zik ≥ zij + zjk − xj , ∀ i < j < k

zjk ≥ zij + zik − xi, ∀ i < j < k

zij ≥ 0, ∀ i < j

zij ≤ 1, ∀ i < j

xi ∈ {0, 1}, ∀ i.

(F4)

The triangular inequalities were initially proposed for the BQP problem, but it was proved that they are
valid for the CBQP and that they lead to a tighter relaxation. The triangular inequalities are known to
generate a large number of constraints, and therefore, in an alternative strategy to be presented later, the
dynamic generation and addition of these inequalities to formulation (F3) is considered. In addition to
[8], the triangular inequalities are also used by [30].

Formulation (F5) is a more compact reformulation of (F3) without the constraints zij ≤ xj , and
zij ≤ xi. These two constraints enforce upper bounds on zij , which in (F5) are enforced by constraint
(9).

min W =
∑
i

qiixi +
∑
i

∑
j>i

(qij + qji) zij

subject to
∑
i

xi =M∑
i<j

zij +
∑
i>j

zji = (M − 1)xj , ∀ j

zij ≥ 0, ∀ i < j

zij ≤ 1, ∀ i < j

xi ∈ {0, 1}, ∀ i.

(F5)

The last formulation is based on one formulation proposed in [9]. The derivation of the formulation
(F6) is based on the linearization technique proposed by Glover [39], which was applied to a CBQP prob-
lem by Billionnet [9]. However, the formulation proposed by Billionnet [9] is applied to a maximization
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10 Ricardo M. Lima, Ignacio E. Grossmann

problem with non-negative qij , but in this work it is extended to deal with the problem (P1):

min W =
∑
i

qiixi +
1
2

∑
i

ti +
1
2

∑
i

Uixi

subject to
∑
i

xi =M

ti ≥
∑
j<i

(qji + qij)xj +
∑
j>i

(qij + qji)xj − Ui, ∀ i

ti ≥ (Li − Ui)xi, ∀ i
xi ∈ {0, 1}, ∀ i.

(F6)

In the formulation above, Li and Ui are constants that represent bounds, and ti is a new variable indexed
only by i. The derivation of this formulation is presented in Appendix B.

The formulations (F1)-(F6) encompass a set of valid MILP representations of the same original prob-
lem, ranging from compact formulations to formulations expected to have a tight continuous relaxation.

2.2 Quality of the formulations

In this section, a theoretical analysis of the quality of the relaxations of the MILP formulations is presen-
ted. Here, Wn denotes the value of the objective function of the continuous relaxation of the formulation
(Fn).

Proposition 1 The following inequalities hold:

W0 ≤W1 ≤W2, (10)

W3 ≤W2, (11)

W3 ≤W4, (12)

W5 ≤W3 ≤W2. (13)

Proof: The lower bound provided by (F1) will be at least as large or equal than (F0), due to the fact
that (F1) considers the two additional constraints: zij ≤ xi and zij ≤ xj . The formulation (F2) has one
more constraint than (F1). The formulation (F3) is equal to the formulation (F2) without the constraint
zij ≥ xi + xj − 1. This inequality may be redundant for some instances, which may transform the
formulation (F3) into an efficient approach for those cases. The formulation (F4) is based on formulation
(F3), and additionally it includes the triangular inequalities, therefore its continuous relaxation is stronger
than (F3). The formulation (F5) results from eliminating some constraints from the formulation (F3) in
order to obtain a more compact formulation. ut

Based on Proposition 1, it is not possible to establish a general rule that groups all the inequalities in
one expression. For example, at this point no relation betweenW1 andW3 can be established. In addition,
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formulation (F6) cannot be compared with the other formulations. The computational results will help to
understand some of the additional relations between the quality of the relaxations.

3 Solution methods using specific features of an MILP solver

The second approach implemented to solve the CBQP problem is based on the MILP formulation (F3)
and takes advantage of specific features of CPLEX. Based on this, we propose two methods using the
following procedures:

1. A sequence of three problems is solved with the total maximum CPU time of 7200 seconds for the
three problems. The first solves the MILP formulation (F3) with the objective of finding the best
possible integer solution in a short time. This is accomplished by invoking the heuristic available
within CPLEX to polish MILP solutions [40]. Note that CPLEX has other strategies to give priority to
find integer solutions, for example through the option mipempashis or options related with heuristics.
In the second step, the continuous relaxation of formulation (F3) is solved, and the violated triangluar
inequalities are identified. In the third step, the formulation (F3) is complemented with the triangular
inequalities that were violated in the second step, and the problem is solved using the integer solution
from the first step as starting incumbent. This strategy is denominated as the sequential solution. Note
that the maximum time set to solve the first problem depends on the maximum time set for the overall
method, it depends on the time required to find an integer solution (the MILP polish options needs
one before it can start), and on the performance of the MILP polish algorithm in the first problem.

2. The second method relies on using CPLEX with callbacks during the B&B algorithm to generate
cuts that cut off solutions of the continuous relaxation. This approach is implemented using the BCH
tool from GAMS [41]. In this implementation the formulation (F3) is used, and in the cut generation
routine the triangular inequalities that are violated are added to the continuous relaxation solved
within the B&B algorithm within the MILP solver. Two variants of this method are considered: 1)
add all violated constraints identified in the user cut routine to the problem, and 2) add only a subset of
the violated constraints identified in the user cut routine. The former has the advantage of building a
tighter relaxation at the beginning than the latter, but at the price of increasing the size of the problem
considerably. While the second strategy yields a slower improvement of the relaxation, it includes
smaller subproblems.

4 Direct solution of CBQP problems

Problem P1 is a pure combinatorial problem that can be solved through an MILP reformulation as shown
in Section 2, by using a general solver that can deal with nonlinear combinatorial problems, or it can be
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12 Ricardo M. Lima, Ignacio E. Grossmann

solved using the recent algorithms available within the MILP solvers. The common available MILP solv-
ers, such as CPLEX, GUROBI, and XPRESS can solve MIQP problems with the following formulation:

min{cTx+ xTQx : x : Ax ≤ b, x ∈ {0, 1}n}, (14)

with nonconvex objective function, i.e. when the matrixQ is not positive-semidefinite. CPLEX and GUR-
OBI have two different approaches: 1) reformulation of the nonlinear terms in the objective function,
which is similar to the reformulations presented; and 2) convexification of the objective function by
perturbation of the matrix Q.

4.1 Convexification of nonconvex BQP problems

In this work, we apply the term convexification to denote the exact reformulation that transforms a non-
convex objective function into an equivalent convex objective function. The exact procedure used by the
MILP solvers for this reformulation is not described in detail in the open literature. However, there is a
short description in Bliek et al. [42] of the approach used by CPLEX, and several authors have proposed
convexification procedures. Billionnet and Elloumi [24] show that the objective function of the problem

min{cTx+ xTQx : x ∈ {0, 1}n} (MIQP F)

can be transformed into a convex function, fu(x) = cTx+xTQx+Penalty(u, x), where Penalty(u, x)
is a penalty that depends on the vector u and x, which under specific conditions leads to a convex problem:

min{fu(x) : x ∈ [0, 1]n} (QP Fu)

that yields a valid lower bound of the former problem. Their objective was to derive a convex MIQP
problem that could be used within a B&B based algorithm.

The underlying rationale is the perturbation of the objective function f(x) = cTx + xTQx with
a vector u and a matrix D = diag(u) such that a new convex objective function is defined: fu(x) =

(c+ u)
T
x + xT (Q − D)x. The function fu can be rewritten as fu(x) = f(x) +

∑n
i=1 ui

(
xi − x2i

)
,

which clearly shows that fu(x) = f(x) when x ∈ {0, 1}n. The problem min{fu(x) : x ∈ [0, 1]n}
is convex if by a suitable choice of a vector u, (Q − D) results in a positive-semidefinite matrix. Note
that the function fu depends on the value of the vector u. Therefore, given that fu(x) = f(x) when
x ∈ {0, 1}n, solving the nonconvex problem (MIQP F) presented before is equivalent to solving the
following problem

min{fu(x) : x ∈ {0, 1}n} (MIQP Fu)

within a B&B framework where the continuous relaxation is given by the problem (QP Fu). However,
the determination of a particular vector u such that (Q−D) � 0 is essential to build the convex problem,
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as well as to set a strong lower bound from the relaxation. This vector can be determined based on the
calculation of the minimum eigenvalue of matrix Q, or through the solution of a semidefinite program-
ming (SDP) problem [43]. These authors proposed an interesting approach based on duality theory and
the solution of an SDP problem solved in a preprocessing step. The solution of the SDP problem also
determines a vector u, which is used to formulate a convex BQP, which in turn results in improved lower
bounds. In addition, Billionnet and Plateau [43] move the cardinality constraint to the objective function
in order to further help to obtain a better convexification.

Recently, there have been several contributions to the development of particular B&B algorithms to
solve BQP problems. In these algorithms, SDP problems are used as relaxations of the original problem
and provide tight bounds on the objective function value [1, 12, 44, 45]. Rendl et al. [45] present a useful
summary of the expected computational performance of these B&B algorithms and other methods to
solve BQP problems as a function of the characteristics of the problems.

5 Computational experiments

The computational experiments aim at evaluating the value of the three approaches to solving the CBQP
problem:

1. MILP formulations - application of MILP solvers to the MILP reformulations (F1) to (F6) (Sections
1 and 2);

2. Solution methods using specific features of an MILP solver (Section 3);
3. Direct solution of the CBQP problem - solution of Problem (P1) without any user reformulation

(Section 4).

Regarding the first approach, the MILP formulations described before are characterized by the size of
the model and by the quality of the continuous relaxation in terms of the value of the objective function.
However, with the combination of these two characteristics, it is not trivial to infer which formulation
will have a better performance with a B&B based MILP solver. Furthermore, current MILP solvers have
implemented several algorithms at the level of pre-processing techniques, cutting planes, heuristics, par-
allelization, and tree-search, which make it difficult to estimate the performance of an MILP formulation
(see Rothberg [40], Lima and Grossmann [46], Bixby and Rothberg [47] for reviews on some MILP
solver features). The performance of the MILP formulations is analyzed using three different MILP solv-
ers: CPLEX 12.6.1.0, GUROBI 6.0.0, and XPRESS 27.01.02.

The second approach implements two tailored methods based on the MILP formulation (F3). These
two methods are applied to one case study that the MILP solvers had difficulties to close the optimality
gap.

The last approach relies on the direct solution of the CBQP problem (P1) by the solvers CPLEX
12.6.1.0, GUROBI 6.0.0, XPRESS 27.01.2, BARON 14.4.0, ANTIGONE 1.1, and SCIP 3.1. This ap-
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14 Ricardo M. Lima, Ignacio E. Grossmann

proach is characterized by the fact that these solvers can address the CBQP problem (P1) without re-
quiring a reformulation from the user. CPLEX 12.6.1.0 and GUROBI 6.0.0 can solve the CBQP problem
(P1) by automatically linearizing the nonlinear terms of the objective function or by convexifying the
objective function by perturbing the matrix Q. In our experiments 2, we test both direct approaches, and
the following labels are used to identify the results:

– CPLEX 12.6.1.0 - MILP - automatic reformulation of problem (P1) into an MILP;
– CPLEX 12.6.1.0 - MIQP - convexification of the objective function;
– GUROBI 6.0.0 - MILP - automatic reformulation of problem (P1) into an MILP;
– GUROBI 6.0.0 - MIQP - convexification of the objective function.

Ten case studies are considered by combining five sizes of the CBQP problem (P1), n = {50, 75, 100,
200, 300}, and two values for the constantM involved in the cardinality constraint,M = {n/5, n/1.25}.
The computational experiments are performed using several instances of the matrix Q ∈ Rn×n for each
case study characterized by the pair (n,M). The instances are based on different coefficients of the matrix
Q, with each coefficient of the matrix generated using a random number generation function with a uni-
form distribution for a given lower bound,LB, upper bound,UB, and sparsity density, SD. 16 families of
matrices Q are built for Q(LB,UB, SD) = {(−100, 100, SD), (−1, 1, SD), (0, 1, SD), (0, 100, SD),

SD = {0.10, 0.50, 0.75, 1.00}}, and for each family, five matrices are generated resulting in 80 instances
of the matrix Q spanning the interval [-100, 100]. More information on these matrices can be found in
the Supplementary Results document.

The results obtained are presented using performance profiles based on relative computational times
[48], and relative and absolute optimality gap profiles [49]. In the classification of the performance pro-
files, relative means the result of the solver (or formulation) in relation to the best solver (or formulation)
in the test. On the one hand, the term relative optimality gap profiles means that the profiles are obtained
by dividing the optimality gap of the solver by the minimum optimality gap in the test. On the other hand,
absolute optimality gap profile means that the profiles represent only the optimality gap of the solver. See
Appendix C for further details.

These profiles provide a graphical methodology to compare the computational performance of dif-
ferent solvers, and formulations. For each optimization run the stopping criterion is the maximum CPU
time of 7200 seconds or the optimality gap of 0.0%. For the second approach using the first solution
method, the total CPU time limit is 7200 seconds, and the time limit for the first problem solved is 1000
seconds. The nodes of the computer cluster used have CPUs Quad sockets AMD Opteron 6376, with 16
cores/socket 2.3GHz with 256GB RAM. All models are implemented in the modeling system GAMS
[41].

2 CPLEX options: qtolin = 1 - automatic linearization of the nonlinear terms; qtolin =0 - convexification of the objective func-
tion. GUROBI options: preqlinearize = 1, premiqpmethod = 1 - automatic linearization of the nonlinear terms; preqlinearize = 0,
premiqpmethod = 0 - convexification of the objective function.

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



On the Solution of Nonconvex Cardinality Boolean Quadratic Programming problems. A computational study 15

Note that the solvers used in this work are in continuous improvement. Therefore, from the beginning
of this study until the time the work is published, a new release of a solver may have been available, which
probably could lead to a different performance and comparison with other solvers. Thus, in order to assess
for the CBQP problem the value of the algorithmic improvements implemented in CPLEX 12.6.1.0. and
the recent advances in MILP and MIQP solvers, we try to evaluate two very different versions of CPLEX,
7.1 and 12.6.1.0.

CPLEX 7.1 is one of the earliest versions that we have access, and is implemented in GAMS 20.1
built in October 31, 2001. These experiments will also allow us to evaluate the value of good MILP
formulations for the CBQP problem, and compare them with the CPLEX MILP algorithm developments.
These comparisons are presented in sub-section 5.4 of the computational results.

5.1 MILP formulations

The results obtained with the MILP reformulations are divided by two values of M , namely M = n/5

and M = n/1.25. This organization is chosen due to the impact of this parameter on the relative quality
of the linear relaxations of the MILP formulations as it will be discussed next.

5.1.1 BQP with M = n/5

The characteristics of the MILP formulations used, in terms of the size of the formulations, and quality
of the continuous relaxation are presented in Tables 1 and 2. The first table provides data on the size
of the formulations for n = {50, 300}, where formulation (F4) stands out due to the large number of
constraints and non-zeros, and formulation (F6) by the compact size.

Table 2 presents the optimal values for the continuous relaxation of each MILP formulation for a
selected number of instances studied, for the sake of saving space. However, in the Supplementary Results
document are given the values for all the instances.

Table 1 Size of the MILP formulations for n = {50, 300}.

n = 50 n = 300

Formulation 0-1 Var Cont. Var NC Non-zeros 0-1 Var Cont. Var NC Non-zeros

F1 50 1,226 3,677 9,901 300 44,851 134,552 322,848
F2 50 1,226 3,727 12,401 300 44,851 134,852 412,848
F3 50 1,226 2,502 8,726 300 44,851 90,002 278,298
F4 50 1,226 60,077 241,476 300 44,851 13,410,452 53,686,351
F5 50 1,226 52 3,826 300 44,851 302 98,898
F6 50 51 102 2,751 300 301 602 18,933

NC - number of constraints, Non-zeros - total number of coefficients of the matrices and vectors of the formulations with non-zero
values.
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16 Ricardo M. Lima, Ignacio E. Grossmann

The optimal values presented in Table 2 complement the results from Section 2.2, providing ad-
ditional computational information about the lower bounds of the formulations. These computational
results help to identify the inequalities from Section 2.2 that are strict, and provide insights on when they
are strict as a function of the sparsity density, and as a function of the coefficients of matrix Q.

In general, formulation (F4) is the tightest formulation. The exception occurs when the sparsity dens-
ity is low and the minimum coefficient of Q is zero, see the column corresponding to Q(0, 1, 0.10).
The optimal values obtained for SD = 0.10 show that if all qij ≥ 0, then the optimal solution of all
continuous relaxations are equal to zero, and they are equal to the solution of the MILP problem. This is
explained by the fact that 90% of the coefficients of the matrixQ are zero, and thus, the nonzero variables
xi forced by the cardinality constraint, and the variables zij correspond to the coefficients with qij = 0.
If SD = 0.10 and −1 ≤ qij ≤ 1, then W1 = W2 = W3, W5 < W2, W2 < W4, and W6 ≤ W1. In this
case there are zij that do not tend to zero and the constraint

∑
i<j

zij +
∑
i>j

zji = (M − 1)xj is redundant.

In the other extreme, with SD = 1.00, we haveW1 < W2 =W3 andW1 < W5 < W6 < W2 < W4.
The relation W2 = W3 shows that the constraint zij ≥ xi + xj − 1 is redundant. For qij ≥ 0, xi
tends to zero (limited by the cardinality constraint) and thus xi + xj ≤ 1, which makes the equation
zij ≥ xi + xj − 1 redundant. Thus in formulation (F1), no lower bound is imposed on zij and then
zij = 0, ∀ i, j. In formulations (F2) and (F3), equation

∑
i<j

zij+
∑
i>j

zji = (M − 1)xj enforces that some

zij must be greater than zero, and therefore, a tighter relaxation is obtained, leading to W1 < W2 =W3.
For SD = 1.00 and −1 ≤ qij ≤ 1, a similar reasoning can be followed since a lower bound on zij is
redundant. Formulation (F5) does not enforce the upper bounds on zij through the constraints zij ≤ xj

and zij ≤ xi, and therefore, a lower optimal value can be obtained leading to a weaker formulation
than (F2) and (F3). In the Supplementary Results document, it is shown that the relations described
above between the optimal values of the continuous relaxations of the formulations are valid for all the
instances.

Table 2 Optimal value for the continuous linear relaxation of each MILP formulation, for n = 50, M = n/5. The results
correspond to one instance.

SD = 0.10 SD = 0.50 SD = 1.00

Q(−1, 1, SD) Q(0, 1, SD) Q(−1, 1, SD) Q(0, 1, SD) Q(−1, 1, SD) Q(0, 1, SD)

W1 -13.21 0.00 -47.45 0.00 -82.00 1.96
W2 -13.21 0.00 -35.35 0.51 -53.63 22.29
W3 -13.21 0.00 -35.35 0.51 -53.63 22.29
W4 -10.61 0.00 -22.84 4.30 -37.75 30.50
W5 -37.32 0.00 -54.86 0.00 -76.45 11.82
W6 -17.81 0.00 -41.39 0.00 -64.28 18.24

W ∗ -10.61 0.00 -20.62 5.91 -36.03 31.38

SD - Sparsity density of matrix Q. Wn - Optimal value of the continuous relaxation of Fn.
W ∗ - Optimal value for the MILP problem for each instance.
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Figures 1 and 2 show the performance obtained for each formulation for n = {50, 75, 100, 200,
300}, M = n/5, and for the 80 instances based on the random matrices Q. In these profiles, each
formulation includes the performance of the three MILP solvers, which roughly provides an indication of
the performance of the formulation independently of the solver. These profiles indicate that formulation
(F3) has the highest probabilities, 59.6% and 56.2%, of being the fastest formulation to solve any given
problem of the size n = {50, 75}, respectively. For n = 50, formulation (F3) can solve 100% of the
problems to optimality, while for n = 75 this number drops to 91.3% of the problems. For n = {50, 75},
the results show a clear difference between the most efficient formulation, (F3), and the most inefficient
formulations, (F4) and (F5). (F4) is the tightest formulation with the best relaxation, but with the worst
performance, which is explained by the size of the MILP formulation that forces the MILP solvers to deal
with large LP problems at each node. Therefore, we did not consider formulation (F4) for the problems
with n > 75.3

Increasing the size of the problems, for n = 100 formulation (F1) has the highest probability of being
the fastest to solve the problems to optimality, 15.8%, and it can solve to optimality 25% of the problems.
Note that the problems solved are those with SD = 0.10. However, none of the instances with n > 100

are solved to optimality, independently of the formulation and solver, see Figures 1(g), 1(h), 2(a), and
2(b). For n = {200, 300}, the difference between the performance of the formulations decreases, but
formulation (F6) has a slightly advantage over the other formulations.

The overall performance of each solver over the 80 instances and the 6 MILP formulations is shown
in Figure 3. The profiles show that GUROBI 6.0.0 has the best probability of solving any problem to
optimality for n = {50, 100}, while CPLEX 12.6.1.0 can perform better for n = 75. The performance of
the solvers decreases substantially by increasing the number of variables of the problem, within the CPU
time limit set.

5.1.2 BQP with M = n/1.25

The optimal values of the continuous relaxations for each MILP formulation are presented in Table 3,
for one instance of each matrix Q(LB,UB, SD). These computational results show that the formulation
(F4) is the tightest in all cases. Furthermore, they provide additional insights about the comparison of
the quality of some formulations, for which no strong relation was possible to infer before. For example,
for (F1) and (F3), which for M = n/5 the computational results show that W1 ≤ W3, now for M =

n/1.25 the results indicate that W3 ≤ W1. Furthermore, the relations between (F2), (F3), and (F6) are
represented by strict inequalities, W3 < W6 < W2.

3 For the larger problems with formulation (F4), the MILP solvers are not able to solve the relaxation at the root node within
the time limit of 7200 seconds. One way to address this issue is to instruct the MILP solver to use at the root node only the Barrier
solver using the parallelization option and a large number of threads, e.g. 40 threads. With this approach the time to solve the
relaxation decreases substantially and the solver can start the tree-search, however, the solver still has to handle a large LP problem
at each node.
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(c) Relative CPU time (s), n = 75.
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(d) Absolute gap (%), n = 75.
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(e) Relative CPU time (s), n = 100.
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(f) Absolute gap (%), n = 100.
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(g) Relative CPU time (s), n = 200.
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(h) Absolute gap (%), n = 200.

Figure 1 Performance profiles based on the CPU time (left) and absolute gap (right) of each MILP formulation. Results obtained
with the solvers CPLEX 12.6.1.0, GUROBI 6.0.0, and XPRESS 27.01.02. n = {50, 75, 100, 200}, M = n/5. Stopping criteria:
optimality gap of 0.0% or 7200 seconds. 240 instances.
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(a) Relative CPU time (s), n = 300.
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(b) Absolute gap (%), n = 300.

Figure 2 Performance profiles based on the CPU time (left) and absolute gap (right) of each MILP formulation. Results obtained
with the solvers CPLEX 12.6.1.0, GUROBI 6.0.0, and XPRESS 27.01.02. n = 300, M = n/5.Stopping criteria: optimality gap
of 0.0% or 7200 seconds. 240 instances.

Analyzing first the results obtained with the formulations (F1), (F2), (F3), and (F5), the inequality
zij ≥ xi + xj − 1 seems to be very effective in practice, which is supported by comparing formulations
(F1) and (F2) that include the cut with formulation (F3) that does not include the cut. For M = n/1.25,
the continuous relaxation is forced to set some xi ≥ 0.5, due to the cardinality constraint. Thus, it is easy
to see that there exists a pair i, j such that xi + xj ≥ 1, and therefore, the inequality zij ≥ xi + xj − 1

enforces valid bounds on zij , which provides a tighter relaxation. The relative value of the relaxation of
formulation (F5) also decreases for M = n/1.25 when compared with (F1), which further shows the
importance of the constraint zij ≥ xi + xj − 1. In the Supplementary Results document, it is shown that
the relations described above between the optimal values of the continuous relaxations of the formulations
are valid for all the instances.

Table 3 Optimal value for the continuous linear relaxation of each MILP formulation, for n = 50, M = n/1.25. The results
correspond to one instance.

SD = 0.10 SD = 0.50 SD = 1.00

Q(−1, 1, SD) Q(0, 1, SD) Q(−1, 1, SD) Q(0, 1, SD) Q(−1, 1, SD) Q(0, 1, SD)

W1 -20.74 58.91 -28.83 340.24 -84.76 712.97
W2 -20.74 58.91 -21.43 350.42 -79.27 747.10
W3 -48.99 5.01 -138.72 265.41 -220.01 674.78
W4 -20.58 59.07 -15.72 355.04 -74.44 749.64
W5 -61.23 0.03 -237.53 172.98 -386.12 595.52
W6 -26.83 55.36 -40.92 339.31 -105.75 737.37

W ∗ -20.58 59.07 -15.13 355.04 -74.44 749.64

SD - Sparsity density of matrix Q. Wn - Optimal value of the continuous relaxation n.
W ∗ - Optimal value for the MILP problem for each instance.
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(b) n = 75.
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(c) n = 100.
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(d) n = 200.
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(e) n = 300.

Figure 3 Performance profiles based on the CPU time of each solver. Results obtained for the MILP reformulations. n =
{50, 75, 100, 200, 300}, M = n/5.Stopping criteria: optimality gap of 0.0% or 7200 seconds. 400 instances.
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Figure 4 and 5 show the results obtained with the MILP formulations for n = {50, 75, 100, 200,
300}, taking into account the set of instances for the matrix Q and the 3 MILP solvers. For this family
of instances for n = 50, the formulation (F6) has 98.8% of probability of being the best formulation
to solve any given problem. In contrast, for n = 50, formulation (F3) has the probability of being the
best formulation of only 0%, which is the totally opposite trend with the highest probability of 59.6%
obtained for M = n/5.

For the cases with n = {75, 100} and M = n/1.25, formulation (F2) has the best performance, see
Figures 4(c) and 4(d) . Note that with n = 75 and M = n/1.25, formulation (F2) can solve 100% of the
problems to optimality. Whereas with n = 75 and M = n/5, the overall maximum number of problems
solved to optimality is 25.4%, compare Figures 1(d) and 4(d).

The comparison between the MILP solvers applied to the MILP reformulations show that GUROBI
6.0.0 has the best performance for n = 50, and CPLEX 12.6.1.0 for n = {75, 100}, see detailed results
in the Supplementary Results document.

5.2 Solution methods using specific features of an MILP solver

The second approach implemented to solve the CBQP problem is based on the formulation (F3) and
CPLEX 12.6.1.0. The main goal is to evaluate the applicability of the two methods described in Section
3 to solve some of the instances that the solvers had more difficulty to close the optimality gap, namely
the case with n = 100, and M = n/5, with SD = {0.50, 0.75, 1.00}. A detailed analysis shows that
formulation (F3) has the best performance with CPLEX 12.6.1 for those instances, see the Supplementary
Results document.

The results obtained with these methods are presented in Figure 6. The first method is represented
by the label SEQ, and the two variations of the second by BCH and BCH2. The performance profiles in
the first and second sub-figures are based on the relative and absolute gap, respectively, obtained at the
end of the optimization run, and in the third sub-figure are based on the CPU times of the optimization
runs that close the gap. These profiles show that the MILP approach and the three solution methods
tested are not able to close the optimality gap within the CPU time limit of 7200 seconds. However, the
performance profiles based on the gap indicate that the method that solves a sequence of problems (SEQ),
and the strategy that uses the callbacks with the partial addition of the cuts (BCH2) can improve the MILP
approach for n = 100. For the larger problems, the MILP formulation and the solution methods tested
reached the CPU time limit with large gaps.

For the problems with n = 100 and SD = {0.50, 0.75, 1.00}, GUROBI 6.0.0 and XPRESS 27.01.02
do not have a better performance than CPLEX 12.6.1.0, see the Supplementary Results document. There-
fore, these two tailored methods are also more efficient than GUROBI 6.0.0, and XPRESS 27.01.02 when
applied to these MILP reformulations.
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(a) Relative CPU time (s), n = 50.
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(b) Absolute gap (%), n = 50.
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(c) Relative CPU time (s), n = 75.
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(d) Absolute gap (%), n = 75.
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(e) Relative CPU time (s), n = 100.

9/5/15-­‐-­‐-­‐3:22	
  PM RESULTS_Formulations_v11.xlsx-­‐-­‐-­‐-­‐CHART	
  F,	
  SIZE=100,	
  M=1.25,	
  GAP

Macintosh	
  HD:Users:delimarm:KAUST:RESEARCH:Papers:UBQ_Computers_Chemical_Engineering:Results:REVIEW:RESULTS_Formulations_v11.xlsx

0.0	
  

0.1	
  

0.2	
  

0.3	
  

0.4	
  

0.5	
  

0.6	
  

0.7	
  

0.8	
  

0.9	
  

1.0	
  

0	
   10	
   20	
   30	
   40	
   50	
   60	
   70	
   80	
   90	
   100	
  

Cu
m
ul
aV

ve
	
  d
is
tr
ib
uV

on
	
  fu

nc
Vo

n	
  

Gap	
  (%)	
  

F1	
  

F2	
  

F3	
  

F5	
  

F6	
  

(f) Absolute gap (%), n = 100.
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(g) Relative CPU time (s), n = 200.
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(h) Absolute gap (%), n = 200.

Figure 4 Performance profiles based on the CPU time (left) and absolute gap (right) of each MILP formulation. Results obtained
with the solvers CPLEX 12.6.1.0, GUROBI 6.0.0, and XPRESS 27.01.02. n = {50, 75, 100, 200}, M = n/1.25. Stopping
criteria: optimality gap of 0.0% or 7200 seconds. 240 instances.

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



On the Solution of Nonconvex Cardinality Boolean Quadratic Programming problems. A computational study 23

9/5/15-­‐-­‐-­‐3:25	
  PM RESULTS_Formulations_v11.xlsx-­‐-­‐-­‐-­‐CHART	
  F,	
  SIZE=300,	
  M=1.25

Macintosh	
  HD:Users:delimarm:KAUST:RESEARCH:Papers:UBQ_Computers_Chemical_Engineering:Results:REVIEW:RESULTS_Formulations_v11.xlsx

0.0	
  

0.1	
  

0.2	
  

0.3	
  

0.4	
  

0.5	
  

0.6	
  

0.7	
  

0.8	
  

0.9	
  

1.0	
  

1	
   2	
   4	
   8	
   16	
   32	
   64	
   128	
   256	
   512	
   1024	
   2048	
   4096	
  

Cu
m
ul
aU

ve
	
  d
is
tr
ib
uU

on
	
  fu

nc
Uo

n	
  

τ	



F1	
  

F2	
  

F3	
  

F5	
  

F6	
  

(a) Relative CPU time (s), n = 300.
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(b) Absolute gap (%), n = 300.

Figure 5 Performance profiles based on the CPU time (left) and absolute gap (right) of each MILP formulation. Results obtained
with the solvers CPLEX 12.6.1.0, GUROBI 6.0.0, and XPRESS 27.01.02. n = 300, M = n/1.25. Stopping criteria: optimality
gap of 0.0% or 7200 seconds. 240 instances.

In the Supplementary Results document, we present additional results for these methods applied to
smaller instances, but using a lower CPU time limit. There we show the results for n = 75, andM = n/5,
with SD = {0.50, 0.75, 1.00}, with the time limit of 1000 seconds. The results show that the methods
proposed have some advantage over the use of the formulation (F3).

The results presented before show that formulation (F3) has a good performance for problems with
n = {50, 75} and M = n/5, but it has difficulties to solve problems with n = 100 and M = n/5,
within the maximum CPU time set of 7200 seconds. When a smaller CPU time is set, then formulation
(F3) has difficulties to solve the problems with n = 75. The two methods proposed here may help to find
better solutions at the frontier of the capacity of formulation (F3) to solve the problems to optimality.
However, these methods are limited by the applicability of the triangular inequalities to large problems.
These inequalities increase significantly the size of the continuous linear relaxation, and therefore, for
large problems they lead to large continuous relaxation problems that limit the performance of the MILP
solvers. We try to overcome this limitation by just adding a fraction of the cuts generated in the method
labeled as BCH2.

Note that the implementation of the BCH tool in GAMS does not allow to use multiple threads. This
restriction provides stability to the performance of the solver and GAMS, but simultaneously may limit
the performance of using callbacks in the second method.

5.3 Direct solution of the CBQP problem

The CBQP problem (P1) can be solved directly by the solvers CPLEX 12.6.1.0, GUROBI 6.0.0, XPRESS
27.01.02, BARON 14.4.0, ANTIGONE 1.1, and SCIP 3.1 without requiring any user reformulation into
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Figure 6 Performance profiles based on the relative and absolute gap (top) and CPU time bottom for the MILP formulations and
tailored MILP approaches obtained woth CPLEX 12.6.1.0 for the instances with n = 100, M = n/5, SD = {0.50, 0.75, 1.00}.
Stopping criteria: optimality gap of 0.0% or 7200 seconds. 60 instances.

an MILP problem. However, CPLEX 12.6.1.0, GUROBI 6.0.0, XPRESS 27.01.02 may internally refor-
mulate the problem (P1) into an MILP problem.

The results obtained with these solvers over the 80 instances with M = n/5 for the cases with
n = {50, 75, 100, 200, 300} are presented in Figures 7 and 8. The profiles show that CPLEX 12.6.1.0 -
MIQP has a clear advantage over the other solvers and methods for n = {50, 75}, see Figures 7(a) to
7(d). For n = 100, CPLEX 12.6.1.0 - MILP has a probability of being the fastest to close the gap of
25%, which corresponds to the problems with SD = 0.10, see Figure 7(e). For SD = 0.10, CPLEX
12.6.1.0 - MILP is a better option than CPLEX 12.6.1.0 - MIQP. However, for n = 100 as well as for
n = {200, 300}, CPLEX 12.6.1.0 - MIQP has a better distribution of the absolute gaps, see Figures 7(f),
7(h), and 8(b).

Among the general purpose global optimization codes, for the smaller problems there are some dif-
ferences between their performance but not significant, check for example Figure 7(a). While for the
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larger problems BARON 14.4.0 performs similar to ANTIGONE 1.1 and CPLEX 12.6.1.0 - MILP, for
example analyze their performance in Figure 7(e), and the overlap of their profiles for the absolute gap
below 100% in Figures 7(h) and 8(b).

The results obtained with these solvers over the 80 instances with M = n/1.25 for the cases with
n = {50, 75, 100, 200, 300} are available in the Supplementary Results document.

5.3.1 Direct solution vs. MILP reformulations

In this section, the results obtained for each MILP formulation are compared with the direct solution
using CPLEX 12.6.1.0, GUROBI 6.0.0, and XPRESS 27.01.02.

Figures 9 to 11 show that CPLEX 12.6.1.0 - MIQP has a high probability of being the best solver for
any given problem with SD = {0.50, 0.75, 1.00}, while with GUROBI 6.0.0 the formulation (F3) is the
winning approach to solve the problems for n = {50, 75}, and with XPRESS 27.01.02 the formulation
(F3) is again the approach with the highest probability for n = {50, 75}. For the larger problems, there
is not a clear winner approach for these two last solvers.

The initial values of the relaxations for one particular instance are presented in Figure 12 for the
MILP formulations, and for the CBQP problem solved directly. For this instance formulation (F4) is the
tightest formulation, and CPLEX 12.6.1.0 - MIQP has the second best lower bound at the root node. Note
that there are several formulations that have the lower bound equal to 0.0. The tight bound obtained by
CPLEX 12.6.1.0 - MIQP plus the fact that during the B&B it deals with a much smaller problem than the
MILP formulations, contributes to the relative good performance of the solver as shown in Figures 7, 8,
and 9.

5.4 Contributions of algorithms and hardware developments

In this section, the contribution of software developments within one MILP solver, and the impact of
using more than one CPU thread for the MILP and MIQP approaches is discussed. Here, the only solver
used is CPLEX and two different versions are considered, 7.1 and 12.6.1.0. The first version does not
have an MIQP solver available, nor the option to use more than one thread. In terms of hardware, the
focus is on the number of threads used within the B&B search. The formulations (F1) and (F3) are
solved for the case with n = 50, M = n/5, and formulations (F2), (F3), and (F6) for the case with
n = 50, M = n/1.25.

The results show that for n = 50, M = n/5, using the best formulation, (F3), with CPLEX 7.1
remains a good option when compared to using the version 12.6.1.0 with a weak formulation, (F1),
see Table 4. In addition, with the formulation (F1), CPLEX 7.1 has a better performance than CPLEX
12.6.1.0 with only one thread, which is surprising.
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(e) Relative CPU time (s), n = 100.
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(f) Absolute gap (%), n = 100.
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(g) Relative CPU time (s), n = 200.
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Figure 7 Performance profiles for the solvers applied directly to the CBQP problem. n = {50, 75, 100, 200}, M = n/5.
Stopping criteria: optimality gap of 0.0% or 7200 seconds. 80 instances.
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(a) Relative CPU time (s), n = 300.
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Figure 8 Performance profiles for the solvers applied directly to the CBQP problem. n = 300, M = n/5. Stopping criteria:
optimality gap of 0.0% or 7200 seconds. 80 instances.

For n = 50, M = n/1.25, the trend is similar, but with the worst formulation, (F3), CPLEX 12.6.1.0
with 8 threads still has difficulties to close the gap of some instances, and the more efficient formulations
are still competitive when solved with CPLEX 7.1. For example, with formulation (F6), CPLEX 7.1 on
average needs 3 seconds to solve a problem, while with formulation (F3), CPLEX 12.6.1.0 with 8 threads
presents an average gap of 4.2% and average CPU time of 660 seconds, see Table 5.

These results demonstrate that strong formulations are worthwhile, and may outperform algorithmic
advances implemented in CPLEX 12.6.1.0. The performance of CPLEX applied to the MILP reformula-
tions as well as when applied directly, with both the MILP and MIQP approaches, suggests that for this
problem, the number of threads used has a significant impact over the CPU time required to close the
gap.

Table 4 Comparison between CPLEX 7.1 and CPLEX 12.6.1.0. Average values for 80 instances for n = 50,M = n/5. Stopping
criteria: optimality gap of 0.0% or 7200 seconds.

CPLEX 7.1 CPLEX 12.6.1.0 - 1 Thread 12.6.1.0 - 8 threads

Formulation Gap (%) CPU (s) Gap (%) CPU (s) Gap (%) CPU (s)

F1 0.0 354 0.0 597 0.0 100
F3 0.0 75 0.0 38 0.0 7

Direct solution
MILP 0.0 189 0.0 33
MIQP 12.5 136 0.0 70
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(c) Relative CPU time (s), n = 75.

9/25/15-­‐-­‐-­‐2:17	
  PM RESULTS_MIQP_MINLP_v10.xlsx-­‐-­‐-­‐-­‐CHART	
  CPLEX	
  MIQP,	
  S=75,	
  M=5,	
  GA

Macintosh	
  HD:Users:delimarm:KAUST:RESEARCH:Papers:UBQ_Computers_Chemical_Engineering:Results:REVIEW:RESULTS_MIQP_MINLP_v10.xlsx

0.0	
  

0.1	
  

0.2	
  

0.3	
  

0.4	
  

0.5	
  

0.6	
  

0.7	
  

0.8	
  

0.9	
  

1.0	
  

1.1	
  

0	
   10	
   20	
   30	
   40	
   50	
   60	
   70	
   80	
   90	
   100	
  

Cu
m
ul
aV

ve
	
  d
is
tr
ib
uV

on
	
  fu

nc
Vo

n	
  

Gap	
  (%)	
  

F1	
  

F2	
  

F3	
  

F4	
  

F5	
  

F6	
  

CPLEX	
  12.6.1.0	
  -­‐	
  MILP	
  

CPLEX	
  12.6.1.0	
  -­‐	
  MIQP	
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(e) Relative CPU time (s), n = 100.
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(g) Relative CPU time (s), n = 200.
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Figure 9 Performance profiles based on the CPU time (left) and absolute gap (right) for CPLEX 12.6.1.0. n = {50, 75, 100, 200},
M = n/5. Stopping criteria: optimality gap of 0.0% or 7200 seconds. 80 instances.
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Figure 10 Performance profiles based on the CPU time (left) and absolute gap (right) for GUROBI 6.0.0. n = {50, 75, 100, 200},
M = n/5. Stopping criteria: optimality gap of 0.0% or 7200 seconds. 80 instances.
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Figure 11 Performance profiles based on the CPU time (left) and absolute gap (right) for XPRESS 27.01.02. n =
{50, 75, 100, 200}, M = n/5. Stopping criteria: optimality gap of 0.0% or 7200 seconds. 80 instances.

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



On the Solution of Nonconvex Cardinality Boolean Quadratic Programming problems. A computational study 31
4/11/15-­‐-­‐-­‐10:52	
  AM ALL_RESULTS_PAPER_KAUST_v4.xlsm-­‐-­‐-­‐-­‐CHART	
  LB	
  DST=0.5,	
  M=5

Macintosh	
  HD:Users:delimarm:KAUST:RESEARCH:Papers:UBQ_Computers_Chemical_Engineering:Results:ALL_RESULTS_PAPER_KAUST_v4.xlsm

0.0	
   100.6	
  

-­‐2910.6	
  

0.0	
   0.0	
   0.0	
   0.0	
   0.0	
  
85.7	
   85.7	
  

448.1	
  

0.0	
   0.0	
  

-­‐3,000	
  

-­‐2,500	
  

-­‐2,000	
  

-­‐1,500	
  

-­‐1,000	
  

-­‐500	
  

0	
  

500	
  

CPLEX	
  
12.6.1.0	
  
-­‐	
  MILP	
  

CPLEX	
  
12.6.1.0	
  
-­‐	
  MIQP	
  

GUROBI	
  
6.0.0	
  -­‐	
  
MILP	
  

GUROBI	
  
6.0.0	
  -­‐	
  
MIQP	
  

XPRESS	
   BARON	
  
14.4.0	
  

SCIP	
   F1	
   F2	
   F3	
   F4	
   F5	
   F6	
  

O
bj
ec
Rv

e	
  
fu
nc
Ro

n	
  

FormulaRon	
  

OpAmal	
  soluAon	
  

CPLEX	
  12.6.1.0	
  -­‐	
  MILP	
  Lower	
  bound	
  

CPLEX	
  12.6.1.0	
  -­‐	
  MIQP	
  Lower	
  bound	
  

GUROBI	
  6.0.0	
  -­‐	
  MIQP	
  Lower	
  bound	
  

GUROBI	
  6.0.0	
  -­‐	
  MILP	
  Lower	
  bound	
  

XPRESS	
  	
  Lower	
  bound	
  

BARON	
  14.4.0	
  Lower	
  bound	
  

SCIP	
  Dual	
  Bound	
  

MIP	
  Linear	
  relaxaAon	
  	
  

Figure 12 Optimal values of the continuous relaxations of the MILP formulations and at the root node of the solvers used. n = 50,
M = n/5, Q(0, 100, 0.5).

Table 5 Comparison between CPLEX 7.1 and CPLEX 12.6.1.0. Average values for 80 instances for n = 50,M = n/1.25.
Stopping criteria: optimality gap of 0.0% or 7200 seconds.

CPLEX 7.1 CPLEX 12.6.1.0 - 1 Thread 12.6.1.0 - 8 threads

Formulation Gap (%) CPU (s) Gap (%) CPU (s) Gap (%) CPU (s)

F2 0.0 6 0.0 3 0.0 2
F3 13.5 6794 4.5 4611 4.2 660
F6 0.0 3 0.0 2 0.0 1

Direct solution
MILP 0.0 18 0.0 4
MIQP 0.0 0.3 0.0 0.5

5.5 Remarks for the overall results

1. Based on the techniques studied and on the results obtained, we provide the following recommenda-
tions for the solution of CBQP problems:

– Use a straightforward approach (Section 4) by applying CPLEX to the original model (P1) with
the convexification of the objective function active and use multiple threads. This should be a
good option for non-sparse matrices Q, and it does not require any reformulation.

– Test formulations (F3) or (F2) with an MILP solver. Tune the solver to the problem at hand, see
for example Lima [50] or Lima and Grossmann [46].
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– Implement a method based on specific features of the solvers to improve the performance of the
MILP formulations. For example, test the addition of the triangular inequalities through callbacks.

– Test a concurrent optimization approach using multiple MILP formulations and solvers to cover
all the relevant features of the data.

2. This work has a set of supplementary results available that provide additional information about the
performance of the solvers and formulations. These results include:
(a) Additional results for Sections 5.1, 5.2, 5.3, and 5.4.
(b) Analysis of the variability of the results introduced by the different instances of matrix Q. Those

results, show for example that for matrices Q with SD = 0.10: a) CPLEX 12.6.1.0 - MILP is
the best approach; b) GUROBI 6.0.0 - MILP is the best approach; and c) with XPRESS27.01.02,
the formulation (F6) performs better. While for matrices Q with SD = 1.00: a) CPLEX 12.6.1.0
- MIQP is clearly the best approach; b) with GUROBI, formulation (F3) is much more efficient
than any other approach; and c) with XPRESS, formulation (F3) is also more effective than any
other approach.

6 Conclusions

In this paper, three different approaches to solve CBQP problems are presented, and the corresponding
computational results for 10 case studies and 80 instances are discussed. The size of the original problems
studied range from 50 to 300 binary variables. The size of these problems may seem moderate, but in
fact, we can only solve to optimality the smaller problems, with 50 and 75 binary variables, and some
problems with 100 binary variables, if matrices Q with low density are considered.

In the first approach, six different MILP formulations are implemented and studied from the theoret-
ical and computational point of view. From the set of MILP formulations, there is a subset of formulations
that are comparable in terms of quality of the lower bound, and another subset of formulations where the
quality of the lower bound is inferred by computational results. In the section of the computational exper-
iments, we provide an extensive quantitative analysis of the performance of the solvers and formulations,
and therefore, here we reduce our conclusions to a qualitative analysis. The results show that the para-
meter M involved in the cardinality constraint, and the sparsity of the matrix Q have a significant impact
on the lower bound of the MILP formulations, and consequently on the relative computational perform-
ance of the formulations. Overall, formulation (F3) was found to be the most efficient for M = n/5 and
original problems with 50 and 75 binary variables, and (F2) for M = n/1.25 and original problems with
50, 75, and 100 binary variables. For M = n/1.25 and original problems with 200 binary variables the
formulation (F1) outperforms the other formulations for some instances.

The second approach based on specific features of CPLEX 12.6.1.0 can improve the quality of the
solution, in terms of optimality gap, for problems with 100 binary variables. For problems with 75 bin-
ary variables and with a smaller computational budget, the methods of the second approach can solve
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MILP problems that the first approach based on applying CPLEX 12.6.1.0 to the MILP formulations
cannot solve. However, the performance is still not as good as using CPLEX 12.6.1.0 with the automatic
convexification of the objective function.

In general, CPLEX 12.6.1.0 with the automatic convexification of the objective function is more effi-
cient than the best MILP reformulations. The results also show that using GUROBI 6.0.0, and XPRESS
27.01.02, the reformulations (F2) and (F3) are clearly more efficient than solving the CBQP problem
directly with these solvers. However, the automatic convexification approach implemented in CPLEX
12.6.1.0 is not useful for matrices Q with low densities. The remaining solvers used, BARON 14.4.0,
ANTIGONE 1.1 and SCIP 3.1 rely on convexification procedures that do not seem efficient in handling
the nonlinearities in the CBQP problem.

The comparison of the results obtained with the last version of CPLEX 12.6.1.0 with 1 and 8 threads,
and with version 7.1 shows the importance of a proper formulation and the positive impact that the
number of threads used may have on the required computational time.
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Appendix A. A note on formulation (F3)

The validity of formulation (F3) can be established as follows. The constraint zij ≥ xi + xj − 1 is not
considered in (F3), which forces zij = 1 when xi = 1 and xj = 1. In formulation (F3), this relation
is enforced by constraint (9). To demonstrate this, consider that M = 3, xj = 1, xk = 1, xl = 1,
xi = 0,∀ i 6= j, i 6= k, i 6= l, and j < k < l then the constraint in (9) results in∑

s<j

zsj +
∑
s>j

zjs = 2, (A.1)

∑
s<k

zsk +
∑
s>k

zks = 2, (A.2)

∑
s<l

zsl +
∑
s>l

zls = 2, (A.3)

∑
s<i

zis +
∑
s>i

zis = 0, ∀ i 6= j, i 6= k, i 6= l (A.4)

where in each (A.1), (A.2), and (A.3) there are only two positive variables z, because the fourth set of
equations forces all the other variables to zero, leading to zjk = 1, zjl = 1, zkl = 1, which is a solution
of the original problem. Note that in (A.4), we have xi = 0 and then the rhs = 0.
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Appendix B. Formulation (F6)

Formulation (F6) compared with the other formulations has some additional elements that require some
clarification. Therefore, in this appendix, we derive formulation (F6), and we explain the meaning of the
variable ti, and the parameters Li and Ui. The derivation of the formulation is based on the linearization
technique proposed in [39], and on one of the formulation derived in [9].

We start by defining the CBQP problem of interest as

min
∑
i

qiixi +
∑
i

∑
j>i

(qij + qji)xixj

subject to
∑
i

xi =M

xi ∈ {0, 1}, ∀ i.

(A.5)

Following Glover [39] we define a new variable zi that is only indexed by i as

zi = xi

∑
j<i

(qij + qji)xj +
∑
j>i

(qij + qji)xj

 , ∀ i, (A.6)

which is used to replace the quadratic term in the objective function of (A.5). Next the linearization
technique is applied to the product between xi and the term within the square brackets in (A.6). For this
linearization we need to define the lower and upper bounds for the term inside of the square brackets in
(A.6):

Li ≤
∑
j<i

(qij + qji)xj +
∑
j>i

(qij + qji)xj ≤ Ui, ∀ i. (A.7)

In the context of the problem (A.5), because of the cardinality constraint, Li is equal to the sum over j
of the M − 1 smallest coefficients qij + qji, and Ui is equal to the sum over j of the M − 1 greatest
coefficients qij + qji, see [9] for additional details. Using the linearization technique from Glover [39]
applied to (A.6), problem (A.5) can be re-written as

min
∑
i

qiixi +
1
2

∑
i

zi

subject to
∑
i

xi =M

zi ≥
∑
j<i

(qij + qji)xj +
∑
j>i

(qij + qji)xj − Ui(1− xi), ∀ i

zi ≥ Lixi, ∀ i
xi ∈ {0, 1}, ∀ i.

(A.8)

Note that the fraction 1/2 in the objective function of (A.8) is needed to prevent the double accounting
of (qij + qji) in zi and zj when xi = 1 and xj = 1. Note also that because we are minimizing, we do not
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need to include in (A.8) the other two constraints derived in the linearization technique proposed in [39]:

zi ≤
∑
j<i

(qij + qji)xj +
∑
j>i

(qij + qji)xj − Li(1− xi), ∀ i (A.9)

zi ≤ Uixi, ∀ i. (A.10)

Defining ti = zi−Uixi and replacing zi by ti+Uixi in problem (A.8), this problem can be re-written
as

min W =
∑
i

qiixi +
1
2

∑
i

ti +
1
2

∑
i

Uixi

subject to
∑
i

xi =M

ti ≥
∑
j<i

(qji + qij)xj +
∑
j>i

(qij + qji)xj − Ui, ∀ i

ti ≥ (Li − Ui)xi, ∀ i
xi ∈ {0, 1}, ∀ i,

(F6)

which leads to formulation (F6).

Appendix C. Performance profiles

The performance profiles presented are based on the work of Dolan and Moré [48], who have proposed
an alternative graphical comparison methodology to support the benchmarking of optimization software.
This type of profiles are used in several benchmark tests, and they are an alternative to other comparison
techniques based on averages and standard deviations, or other statistical indicators.

The performance profiles represent for a given set of results, P , the cumulative distribution function,
ps(τ), of the performance ratios between the computational time of the instance p solved with the solver
s and the minimum of the computational times taken by the other solvers for the same instance. Thus the
performance ratio is given by

ρp,s =
tp,s

min{tp,s : 1 ≤ s ≤ ns}
, ∀ p, s (A.11)

and the cumulative performance profile is defined as

ps(τ) =
1

np
size {p ∈ P : ρp,s ≤ τ} , ∀ s (A.12)

where tp,s is the computational time that solver s needed to solve problem p, ns is the number of solvers,
np is the number of instances, and τ denotes the ratio of the time factor of interest. The performance
ratios with τ = 1 correspond to the solvers with the minimum computational time, and therefore, ps(1)
is the probability of the solver s to have the best performance on any given problem [48].
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As an example consider the performance profiles based on the CPU time in Figure 1, where the pro-
files for the MILP formulations are presented. These performance profiles are built over the formulations,
and not over the solvers. This means that each formulation corresponds to an index s (denoted by solver
in the nomenclature above), and thus ns = 6, and np = 80 instances × 3MILP solvers = 240. Each
instance of these 240 is then solved for each formulation. For each instance the minimum computational
time of the six formulations is calculated, and then the computational time of each formulation is divided
by the minimum time, this is the performance ratio. Based on the calculation of the performance ratios
for all instances, the cumulative profile is then calculated for a set of fixed ratios of time factors. ps(1) is
the probability of the formulation s to be the best formulation to solve any given problem independently
of the solver, and of the parameters of the 80 instances defined for matrix Q. For τ = 4, ps(4) is the
probability of any formulation to be the best within a time factor of 4 of the best formulation. The per-
formance profiles provide also information about the formulations that fail to solve to optimality a set of
problems. This is given by 1− ps(τ), and thus, the profiles that do not meet ps(τ) = 1, mean that there
is a probability that they will not solve a subset of problems to optimality within the maximum CPU time
set. Figure 13 illustrates a performance profile based on the computational times.

The performance profiles based on the absolute gap [49] are easier to understand and construct than
the profiles based on the computational times describe above. A cumulative performance profile using
absolute gaps for each solver s is defined as

ps(Gap(%)) =
1

np
size {p ∈ P : γp,s ≤ Gap(%)} , ∀ s (A.13)

where Gap(%) is the optimality gap of interest, and γp,s is the optimality gap that solver s obtained
for problem p. As an example consider the performance profiles based on the optimality gap in Figure
1, where the profiles for the MILP formulations are presented. These performance profiles are built
over the formulations, and not over the solvers. This means that each formulation corresponds to an
index s (denoted by solver in the nomenclature above), and thus ns = 6, and np = 80 instances ×
3MILP solvers = 240. For each formulation the cumulative profile of the optimality gaps of the 240
optimization runs are determined. ps(0) is the probability of the formulation s to solve any given problem
to optimality independently of the solver, and of the parameters of the 80 instances defined for matrix Q.
Figure 14 depicts an absolute profile for optimality gaps.
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Figure 13 Example of performance profile built over the CPU time.
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Figure 14 Example of a performance profile based on the absolute gap.
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