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Abstract

Generalized disjunctive programming (GDP), originally developed by Raman and
Grossmann [1994], is an extension of the well-known disjunctive programming paradigm
developed by Balas in the mid seventies in his seminal technical report [Balas, 1974],
[see also Balas, 1998]. This mathematical representation of discrete-continuous
optimization problems, which represents an alternative to the mixed integer program
(MIP), led to the development of customized algorithms that successfully exploited the
underlying logical structure of the problem, in both the linear [Raman & Grossmann,
1994] and nonlinear cases [Turkay & Grossmann, 1996; Lee & Grossmann, 2000]. The
underlying theory of these methods, however, borrowed only in a limited way from the
theories of disjunctive programming, and the unique insights from Balas’ work have not
been fully exploited.

In this paper, we establish new connections between the fields of disjunctive
programming and generalized disjunctive programming for the linear case, which lead to
new theoretical insights for linear GDP. We propose a novel family of MILP
reformulations corresponding to the original linear GDP model that result in a hierarchy
of tighter relaxations compared to those of Lee & Grossmann [2000] (for the linear case)
and stronger cutting planes than the ones proposed by Sawaya & Grossmann [2005].
Furthermore, we integrate the latter works within the more general framework developed

here for linear GDP.
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Section 1. Introduction

Generalized disjunctive programming, originally developed by Raman and
Grossmann [1994], is an extension of the well-known disjunctive programming paradigm
developed by Balas in the mid seventies in his seminal technical report [Balas, 1974],
published 24 years later as an invited paper [Balas, 1998]. For additional work on
disjunctive programming in the 1970s and 1980s, see [Balas, 1979, 1985; Balas, Tama &
Tind, 1989; Blair, 1980; Jeroslow, 1977, 1987, 1989; Jeroslow & Lowe, 1984; Sherali &
Shetty, 1980]. For extensions of disjunctive programming to the nonlinear case, see
[Ceria & Soares, 1999; Stubbs & Mehrotra, 1999]. While disjunctive programming, for
the most part, was originally developed by Balas as a unifying framework for the
generation of polyhedral facets to be used in the solution of mixed-integer programs, the
development of GDP in the chemical engineering community was spawned from an
interest in developing an alternative modeling framework to the mixed integer program
that was more adept at translating physical intuition into rigorous mathematical
formalism. Indeed, while the mixed-integer programming (MIP) model is based entirely
on algebraic equations and inequalities, the GDP model allows for a combination of
algebraic and logical equations through disjunctions and logic propositions, which
facilitates the representation of discrete decisions. This alternative mathematical
representation of discrete-continuous optimization problems led to the development of
customized algorithms that successfully exploited the underlying logical structure of the
problem, in both the linear [Raman & Grossmann, 1994] and nonlinear cases [Turkay &
Grossmann, 1996; Lee & Grossmann, 2000; Grossmann, 2002]. In particular, Raman and
Grossmann [1994] developed a hybrid Branch and Bound (B&B) algorithm that can
explicitly handle problems involving linear inequalities, disjunctions and symbolic logic
relations for 0-1 variables. Turkay and Grossmann [1996] extended the Outer-
Approximation (OA) method for solving mixed-integer nonlinear (MINLP) problems
into a logical-equivalent algorithm. Lee and Grossmann [2000] (see also Grossmann &

Lee [2003]) developed a disjunctive B&B method that relies on converting the nonlinear



GDP model into an equivalent MINLP model that obtains from the intersection of the
convex hulls of every disjunction. Finally, Sawaya & Grossmann proposed a cutting
plane method that relies on converting the GDP problem into an equivalent big-M
reformulation that is successively strengthened by cuts generated from an LP in the linear
case [2005].

Although good results were obtained using all these aforementioned methods for
the solution of different problems in various areas of chemical engineering, including
synthesis of process networks [Turkay & Grossmann, 1996; Lee & Grossmann, 2000],
retrofit planning [Jackson & Grossmann, 2002; Sawaya & Grossmann, 2005], design of
distillation columns [Yeomans & Grossmann, 2000; Jackson & Grossmann, 2001], and
design of multi-product batch plants [Lee & Grossmann, 2000; Vecchietti & Grossmann,
2003], the underlying theory of these methods borrowed only in a limited way from the
deep theoretical well of disjunctive programming, and the profound insights securely
ensconced in Balas® work were never fully exploited.

The overall goal of this paper, then, is to remedy this situation. In this work, we
establish new connections between the fields of disjunctive programming and generalized
disjunctive programming for the linear case, which lead to new theoretical insights that
allow us to exploit the rich theory developed for the former, in service of the latter. We
propose a novel family of MILP reformulations corresponding to the original linear GDP
model that result in a hierarchy of tighter relaxations compared to those of Lee &
Grossmann [2000] (for the linear case) and stronger cutting planes than the ones
proposed by Sawaya & Grossmann [2005]. Furthermore, we integrate the latter works
within the more general framework developed here for linear GDP.

In section 1.1, we introduce the field of disjunctive programming as developed by
Balas. We then present the mathematical formulation for the linear GDP model in section
1.2.

In section 2, we briefly review some of the underlying theory of disjunctive sets
and their equivalent forms, and through newly established connections between
disjunctive programming and linear GDP, extend that theory to the latter.

In section 3, we examine various MIP representations of the linear GDP model,
and in particular, derive the traditional big-M reformulation and the formulation



developed by Lee and Grossmann [2000] (for the linear case) through a unified
disjunctive programming framework that leads to the development of a family of MIP
reformulations for our linear GDP model.

In section 4, we develop a hierarchy of relaxations for linear GDP that mirror
those developed by Balas for disjunctive programs [Balas, 1985]. We show that a subset
of these relaxations yield tighter relaxations than the traditional big-M and Lee &
Grossmann reformulations presented in section 3, and briefly review the inherent trade-
offs between them.

In section 5, we generate valid cutting planes for linear GDP. We begin by
describing the family of inequalities implied by the constraint set of GDP, before
identifying the strongest ones amongst them (i.e. facets of the constraint set).

Finally, in section 6, we conclude with a critical review of our contributions and

promising avenues for future research.
1.1. Disjunctive programming

Our presentation here is taken from that of Balas & Perregaard [2002].
Disjunctive programming is optimization over unions of polyhedra. The name reflects the
fact that the objects investigated by this theory can be viewed as the solution sets of
systems of linear inequalities joined by the logical operations of conjunction, negation
(taking of complement) and disjunction.

The constraint set of a disjunctive program, called a disjunctive set, can be
expressed in many different forms, of which the following two extreme ones have special
significance. Let

P:={xeR":A'x>a'}, ieQ
be convex polyhedra, with Q a finite index set and (A',a') an m, x(n+1) matrix, i €Q,

and let P:={xeR": Ax>a} be the polyhedron defined by those inequalities (if any)

common to all P, ieQ. Then the disjunctive set F :%Pi over which we wish to
le

optimize some linear function can be expressed as



F={X6Rnii;{g(AiX2ai) , (1.1)

which is its disjunctive normal form (DNF) (i.e. a disjunction whose terms do not contain

further disjunctions). The same disjunctive set can also be expressed as

F :{xeR” Ax>a, M d"x>d,"), j=1,...t}, (1.2)
which is its conjunctive normal form (CNF) (i.e. a conjunction whose terms do not
contain further conjunctions). Here (d",d,") is a (n+1) vector for heQ,, all j. The

connection between (1.1) and (1.2) is that each term A'x >a' of the disjunctive normal
form (1.1) contains Ax>a and exactly one inequality d"x > d," of each disjunction of
(1.2) indexed by Q; for j=1...t and that all distinct systems A'x>a' with this

property are present among the terms of (1.1).
1.2. Linear generalized disjunctive programming
Consider the linear generalized disjunctive programming problem in (1.3), which

is based on the work of Raman & Grossmann [1994] and is an extension of the work of

Balas on disjunctive programming [Balas, 1974]:

Min Z =ch+de

keK

st. Bx>b
Y,
v/ | Afx>al keK
e (1.3)
v Y, keK
i€l
Q(Y)=True
xt<x<x!
Y, €1True, False} jel keK
¢ eR keK



Here, xeR" is a vector of continuous variables; Y, e{True, False} are Boolean
variables; ¢, e R* are continuous variables that represent the cost associated with each
disjunction; y, are fixed charges; x” and x- are parameters that corresponds to valid

upper and lower bounds for x, respectively, where x- can be negative; Bx<b are
common constraints that must hold regardless of the discrete decisions that are selected,
where (B,b) isan mx(n+1) matrix. A disjunction k € K is composed of several terms j
e Ji, each containing a set of linear equations and/or inequalities A*x>a*  where
(A¥,a¥) is an my x(n+1) matrix, jeJ,, keK . These inequalities represent the
constraints of the problem, and are connected together in the continuous space by the

logical OR operator (v) and in the Boolean space by the logic propositions v Y, , which
jedy

ensure that exactly one term per disjunction is enforced. Thus, only the constraints inside
disjunct j € J« where Y, is true are enforced; otherwise, the corresponding constraints
are not enforced, although they may still hold because of the non-exclusive nature of the
logical OR operator (v) connecting the continuous space. Finally, Q(Y)=True

corresponds to logical propositions in terms of the Boolean variables that are expressed in
Conjunctive Normal Form (CNF)

)=, 4|, %0, YY) |

I=1,2..L| Yj<R,
where for each clause I,1=1,2,..., L, R is the subset of Boolean variables Y, that are

non-negated, and Q, is the subset of Boolean variables Y, that are negated.

Remark 1.1 We note that in previous works on generalized disjunctive programming
(see [Raman & Grossmann, 1994; Lee & Grossmann, 2000; Sawaya & Grossmann,

2005]), the collection of logic propositions Q(Y)=True implicitly included the

propositions v Y, that we have explicitly stated here.
iy



1.2.1. Illustrative example: synthesis of process network with fixed charges

Consider the optimization of the process network shown in Fig. 1, where variables
x represent material flow. The problem is to determine the selection of processes that
maximizes the profit or minimizes the cost given an upper bound on the demand of
product C. Linear mass balances are used at each node, while fixed cost charges c; are

assumed for every process i€{1,2,3}. The GDP formulation for this problem is as

follows:

Min Z =¢ +¢C, +¢, +d"x

st
X, =X, + X, (1.4)
Xg = Xg+ X5 (1.5)
I Yll Y21

X; = PX, V| X=X, =0 (1.6)

G=n ¢, =0

I YlZ ] i Y22 ]

Xs = PoX, [V X =X,=0 (1.7)
L &=y ] | G&=U ]
I YlS ] I Y23 1

X, = PeXs |V | X, =% =0 (1.8)
L G=y ] | G=0 |
YV Yy (1.9)
YoV Yy (1.10)
YisV Yo (1.11)
Y VY, =Y, (1.12)
Y=Yy vYp, (1.13)
Y, vY,, (1.14)
0<x<xY
Y, Yor, Y00 Yay, Vs, Yss € {True, False}
¢,C,,C, e R



Equations (1.4) and (1.5) represent linear mass balances around nodes N1 and N2.
Disjunctions (1.6), (1.7) and (1.8) embody the discrete dichotomy of process selection,
where a unit, along with its in-and-out flows (represented by linear equalities inside the
disjunctions’ terms) and fixed charge, is selected for inclusion in the final network only if

its corresponding Boolean variable Y,,.=True, forsomek'e{l,2,3} ; otherwise, as

dictated by logic equations (1.9), (1.10) and (1.11), the unit is not selected

(Y, =True, for some k'e{1,2,3}), and its flows and fixed charge are set to 0. Finally,

logic equations (1.12), (1.13) and (1.14) connect the three disjunctions together,
expressing, in respective order, that the selection of process 1 or 2 for inclusion in the
network must lead to the selection of process 3; that the selection of process 3 must lead

to the selection of process 1 or 2; and that process 1 and 2 cannot both be selected.

X2 X3
> 1
x1 X6 X7
—(0O N1 N2 3 —>
A B C
> 2
x4 x5

Figure 1. Superstructure for selection of processes

Section 2. Connections between disjunctive programming and linear

GDP

In order to establish connections between disjunctive programming and linear
generalized disjunctive programming, it is essential to convert the latter in terms of the
former. This section is concerned with this objective and reviews some of the basic
concepts on disjunctive programming proposed by Balas.

From Section 1, it is clear from the linear GDP model introduced in section 1.2
that it is intimately related to the disjunctive programming forms (CNF and DNF)

presented in section 1.1. However, the difference between the two frameworks lies in the



existence of a Boolean space in the case of GDP that allows disjunctions to be connected

to one another through logical equations v Y, and Q(Y)=True. It becomes necessary,
jedy

then, to convert a linear GDP model into an equivalent disjunctive programming model in
order to exploit the theory developed by Balas. We show how to accomplish this here
after briefly reviewing Balas’ theory, and demonstrate how the latter theory thus becomes

relevant to linear GDP.

2.1. Disjunctive programming and equivalent forms

Our presentation here is taken from Balas [1985]. The CNF and DNF forms
presented in section 1.1, though two extremes of the spectrum of equivalent forms of a
disjunctive set F, share a property not common to all forms: each of them is an
intersection of unions of polyhedra. We will say that a disjunctive set that has this
property is in regular form (RF). Thus the RF is

F=nS§, (2.1)

teT
where for teT,
S,=uURPR, P apolyhedron,ieQ,. (2.2)

iQ

A disjunctive set S, as in (2.2) will be called improper if S, =P, for some i €Q,;
proper otherwise. Any disjunctive set S, such that |Q, |=1 is improper. If S, is improper
then it is convex (and polyhedral). The DNF form as in (1.1) is the RF in which |T |=1.

The CNF form as in (1.2), on the other hand, is the RF in which every S, is elementary,

i.e. every polyhedron P is a half-space H" = {x eR"|ax> ao} .We note that in (1.2), the

polyhedron Ax>a corresponds to an improper disjunctive set that is composed of an
intersection of half-spaces.

Next, we define an operation which, when applied to a disjunctive set in RF,
results in another RF with one less conjuncts, i.e., an operation which brings the

disjunctive set closer to the DNF. There are several advantages to having a disjunctive set



in DNF, i.e., expressed as a union of polyhedra. Beyond this, the motivation for the basic

step introduced here will become clearer when we discuss relaxations of disjunctive sets.

Theorem 2.1 (Theorem 2.1 in [Balas, 1985]). Let F be the disjunctive set in RF given
by (2.1), (2.2). Then F can be brought to DNF by |T |—1 recursive applications of the

following basic steps, which preserve regularity:

Forsome r,seT,r=s, bring S, NS, to DNF, by replacing it with:

Sps = 3 (B NR). (2.3)
teQ,

For example, let F=S§ "S,nS, , where S, =(P,uPR,), S,=(P,uUP,) and
S;=(P;UP,;). Then F can be brought to DNF by two recursive applications of basic
step (2.3). For instance, we first apply (2.3) to S,nS, =(R,; VW P,)N (R, UP,), thus
replacing it with S, =(R,"P,)U (P, NP,)V(P,NP,)U(P,NP,) . We can then
rewrite F=5nS,nS, as F=S5,nS, . Next, we apply (23) to
S, NS, =((P,NP,)U(P,NP,)U(P,"P,)U(P,"P,))n(P,UPR,), thus replacing

L (PinP,nP)U(R NP, nP;)U(P,nP,nR)U(P,, NP, NR,)
it with S,; = :

U(R; NP, NBR) V(RN By, MPR) V(B MR, MP) U (R NPy, NPy)
We can then rewrite F =S, NS, as F =S,,, , which is its equivalent DNF. We note that

the sequence of basic steps to bring F to DNF is not unique, and so (2.3) could have been

first applied to S, and S, (resulting in S,;) followed by S, (resulting in S,,,), or first to
S, and S, (resulting in S,;) followed by S, (resulting in S,,;).
Every basic step reduces by one the number of conjuncts S, in the RF to which it

is applied. On the other hand, more often than not, a basic step applied to a pair of proper
disjunctive sets results in an increase in the number of polyhedra whose union is taken.
This was clearly observed in the preceding example. However, when one of the

disjunctive sets, say S, , is improper, then S is the union of at most as many polyhedra

as S, . Indeed, if S, =B _for some i, €Q, (i.e.S, improper), then

10



P, ifi,cQ,,

Srs = {t% (P'o M Pt) otherwise. (24)

For example, let F=S NS, , where S =P and S,=(R,UP,) . Then
S,=(RNR)U((RNR,).
Because of the above property, it is often useful to carry out a parallel basic step,

defined as follows:

For F given by (2.1), (2.2), and S, =P, for some i, €Q, (i.e.S, improper), replacetq S,

by m}S

) where each S, is defined in (2.4).

r’
For example, let F =S "S,nS,, where S,=F, S,=(R,UP,)and S,=(P, UP,).
Then a parallel basic step would result in F=S,nS,; , where
S, =(PR.NP,)U(P,NPy,) and S, =(P,NP,)U(P,nP,). We note that if some of the

basic steps of Theorem 2.1 are replaced by parallel basic steps, the total number of steps
required to bring F to DNF remains the same. Indeed, in the previous example, the total

number of steps to bring F to DNF is still two, as F =S,,, can be obtained from
F =S,nS,; by applying one additional basic step as in (2.3). The motivation for

performing parallel basic steps will become clearer when we examine relaxations of

disjunctive sets in section 4.
2.2. Converting a linear GDP model into a disjunctive programming model

Having examined Balas’ theory of equivalent forms for disjunctive sets, we aim
to extend it to generalized disjunctive programming. In order to do so, we first need to
convert the linear GDP model in (1.3) into an equivalent disjunctive programming model.

This is accomplished by replacing Boolean variables Y,, jeJ,,ke K inside the
disjunctions by equalities 4, =1, jeJ,,keK , where 4 is a vector of continuous

variables whose domain is [0, 1], and converting logical relations v Y,, ke K and
jed

11



Q(Y) =True into algebraic equations Z’lik =1 ke K and HA>h, respectively. This

jedy

yields the following model:

Min Z :ch +d"x

kekK

s.t. Bx>b
Ay =
\/ A¥x>ak keK
ek Ce =7k
(2.5)

A, =1 ke K

jk
jedy
HA>h
X" <x<xY
0<4,<1 jel, keK
¢, eR keK

In the following proposition, we prove that the linear GDP model in (1.3) is

equivalent to the disjunctive program in (2.5).

Proposition 2.2. The linear GDP model in (1.3) is equivalent to the disjunctive program

in (2.5), in the sense that there exists a one-to-one correspondence between a feasible

) D1l ] )
solution (x,c,Y) e R" I x{True, False}* to (1.3) and a feasible solution

K+ D13
(x,c,A)eR < 10 (2.5).

21 . : .
Proof: Let (x',c'Y") e R™ I x{True, False}* be a feasible solution to the constraint

set of (1.3). Then, from the set of constraints

12



v Y, keK

we can deduce that for any k'e K, exactly one 2;. =1, j € J,.. Without loss of generality,
let that j be j’. Thus, Y',,. =True for j'e J,..k"'e K, which implies that the constraints

of term j'eJ,. for disjunction k'e K are enforced while the constraints of terms

K+ 13|
j\j'ed,. are not. Now let (x*,c*,A*)eR < be a feasible solution to the

constraint set of (2.5). Then from the constraints
Ay =1
v | Afx>al keK

jedy _
Ce =7k

D Ay=1 keK

jedy
we can deduce that for any k*eK , exactly one 4,.=1, jeJ,.. Without loss of
generality, let that j be j*. If we set k*=k'e K and j*=j'eJ, then A*,. =1, and the

constraints of term j'e J,. for disjunction k'e K are enforced while the constraints of

terms j\ j'eJ,. are not because of the algebraic relation Z;tjk. =1, k'e K, just as the
jedy

previous case. This implies that for every Y ', =True for j'e J,..k"'e K, there exists
some equivalent 2;.=1, jeJ,..k*e K, where k*=k'eK and j*=j'eJ, and such
that (x',c’) e R"*! is equal to (x*,c*) e R™ ! Finally, because the above two sets of
constraints force any feasible 4, to be equal to 0 or 1 exclusively (despite the fact that

these variables are continuous), the inequalities HA >h can be systematically derived
from their logical CNF form Q(Y) =True, (as discussed by Williams [1985], Raman and

Grossmann [1994], and Hooker [2000]), and are thus equivalent.

13



It is less straightforward to see that the model in (2.5) corresponds to a disjunctive
program in an intermediary form between its disjunctive and conjunctive normal forms
described in (1.1) and (1.2), respectively. This, however, becomes more evident if we

rewrite the feasible region of (2.5) as:

|

f keK jedy

n+2|Jk|+|K| _ — .
F=:z=(x,4,c)eR N b'z>b' n U (A*z>ak)t, (2.6)

where (b',b,") is a 1x(n+Z| J [+ K |+1) vector, ieT , that corresponds to a single

keK

row of the following matrix (B,b), and where

oo 0) ,
alo ey )

g_ig(o (h')" o) B=‘Qw

Jater o o) | |ax |
oleey o0 o
(JQ€L( 0 (e"'k)T 0) _Zl:l
(Bl 0 e )
such that the vectors (b')", g correspond to the rows of the | I, |xn matrix B, where

_ 20
|1 [=m; the vectors ()", k e K, correspond to the vectors e’ = (1...1)*  with 1s

only at every position jelJ,, forsomeke K, , where |K |5 K] ; the vectors

(h")',iel, correspond to the rows of the |I, |><Z|Jk| matrix H; the vectors
keK

e, «_correspond to the rows of the | I, |x| I, | unit matrix I, where | I, |=n; the
vectors (e*)", (j,k) € L correspond to the rows of the | L|x|L| unit matrix | , where L

is the set of all pairs jeJ,,ke K with |L|= (Z| J. |); the scalars by', i e I, correspond

keK

14



[Ks]

1
to the rows of the |1, [x1 vector b; the vector 1,  is the vector |: ; the scalars
1

h',iel, correspond to the rows of the |I, |x1 vector h; the scalars x‘, iel,

correspond to the rows of the | I, |x1 vector x"; the scalars x”, i eI, correspond to the

L

0
rows of the | I, |x1 vector x”; the vector O, is the vector | : | ; the vector 1 is the
0
1\
vector || ;and T =1, UK, Ul, Ul, UL corresponds to the index set of the rows of
1

matrix (B,b), where |T |=(|I5|+2]| K|+l |+2|1, |+2|L]|). Furthermore, (A¥,a*)

isan (m, +4)x(n+ Y |J, [+]K|+1) matrix, jeJ,, ke K, where

kekK

0 e 0 1
0 (=" o0 -1
A= A¥ 0 0 |, ak=| a*|, jeJ.keK,
0 0 (&9’ 7
0 O (—ék)T _7/jk

such that the vector (6)" corresponds to the vector €" with a 1 at position k € K .

We observe, then, that disjunctive set (2.6) is in regular form since it corresponds
to an intersection of unions of polyhedra, and furthermore, is in an intermediary form

between the DNF and the CNF since it is corresponds to the intersection of multiple

elementary disjunctive sets b'z > 50‘, ieT with multiple non-elementary disjunctive sets

A¥z>a¥, jeJ, keK (in contrast, the DNF corresponds to a single non-elementary

disjunctive set, while the CNF corresponds to the intersection of multiple elementary

disjunctive sets).

15



2.3. Generalized disjunctive programming and equivalent forms

Having examined the procedure to convert the linear GDP model in (1.3) into an
equivalent disjunctive programming model, we extend Balas’ theory of equivalent forms
to generalized disjunctive programming. The following corollary follows from Theorem
2.1

Corollary 2.3. Let F be the disjunctive set given by (2.6). Then F can be brought to DNF

by |T |+| K |-1 recursive applications of the basic step defined in (2.3).

Proof: We have shown that the disjunctive set given in (2.6) is in regular form. Thus,
Corollary 1 follows from Proposition 1 if we replace |T |with |T |+|K].
|
The above corollary implies that it is possible to develop a family of disjunctive
equivalent forms for linear GDP by recursively applying, one at a time, and up to
|T |+| K |-1 times, (parallel) basic step (2.3) to the disjunctive form in (2.6). In light of
this, we present, next, a formulation that captures all possible equivalent forms of that in
(2.6), such that a specific form obtains from the instantiation of certain index sets as a
result of performing certain (parallel) basic steps as in (2.3). This most general form for
linear GDP is then as follows:

n+ D 13 +IK] _ . _ _ _. :
F={z:=(x,/1,c)eR ek 0 b'z>b, N uJ(rT\ b'z>b' (AJKZZEJK)}, (2.7)

neN 0 (j.K)eMpy
where T T represents the index set of those rows (b',b,), ieT that were not
intersected with any disjunctive sets (A*z>a¥*), jeJ, ,keK, while T T, neN
represent the index sets of those rows (Bi,EOi), ieT that were intersected with some
disjunctive set (A*z>a’), jeJ, k € K through the application of some (parallel) basic

step(s) as in (2.3). Furthermore, N represents the index set of those disjunctions
n e N that are either:
(a) identical to some old disjunctions k € K (i.e. those disjunctions to which no

basic step was applied),

16



or that obtain from the intersection of disjunctive sets (A*z>a’), jeJ, .k e K either:
(b) with one another, or
(c) with those rows (b',b,’), ieT,, or

(d) with both, through the application of some (parallel) basic step(s) as in (2.3).

Finally, the index sets M _.,meJ ,neN contain the collection of pairs (j,k) that

correspond to the indices of those constraints (A*z>a*), je J,,k e K that are present

interms m e J, of disjunctions ne N .

Remark 2.1. For disjunctions n € N in category

@, T.=@and [M_.|=1, meJ,
(b), T.=F and |[M__|>1 meJ
©, T.#@ and [M_|=1, meJ.

d), T = and [M_.[>1, meJ_.

Remark 2.2. If T=T (which implies that T =&, neN since T uNﬂ =T ), and

IM_|=1, meJ ,neN, then (2.7) is equivalent to (2.6). If T=@ and |K |=1, then
(2.7) is equivalent to the DNF of (2.6).

For the sake of presentational clarity in subsequent sections, we concatenate the
contents of disjunctions ne N and rewrite (2.7) as

n+ D 13 +K] . . n ~
F=<z:=(x,4,c)eR **¥ N b'z>b) U (A™Mz>a™)¢. (2.8)

Here, (b',b,') is a 1x(n+Z|Jk l+| K |+1) vector, i eT , that corresponds to a single

keK

row of the following matrix (B,b), where
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A~ (@) 0 0)
IEIB1 i
. b
viey \T le
QL0 @ o “
' ]1K51|
viedk \T
kerl( 0 (-e™) O) _]'1K51|
faCo ey 0 | an
B=| ™ , b= :
~i L
flw( @) 0 0) %
~i _— _U
iefal( (-e )T 0 0) ié('?q %
- 0
0 JkyT 0 Ll
(J'YE)\ELl( (e ) ) _11
kT Ll
(jvE?EL1( 0 ( € ) 0)
such that lgcly ; KoKy o I, cly 5 I,cly ¢ Leclb ; and

T=ly UK, Ul Ul UL, where [T = (1, [+2]Kq [+] 1, [+2] 15 |+2]L )
Furthermore, (A™ &™) is an

(M [ (M 40T [42]Kg [+]1 14211 [42]L, Dx(n+ D 13, K[ +D)

keK

matrix, me J,, ne N, where
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N Ak
(J.K)eMp,

A ( (bi)T

iel
B2,

n(o

keKS2
n

n(o

keKs,
n

such that I, <y ;

n

T, =ls, UK,

0
(evjelk )T
( _ erEJk )T

(h")’

ulenuIX2 UL, ,neN

o o
~——

o
N—
Q>
3
=)
I

o
~

o

o
S— S

T =g, [+21K,, [+11,, [+2] 15 +2]L, ), neN.

Remark 2.3. The set |, =1

set N Iy

neN

B

U lg , while the set I, N U I
neN “2n neN

N ak
(j,k)eMp,
i
N by,

iel
B2,

b, |
_11K52n|

N hy
ielen
N X
ieIX2n
N =X

iely,
n

0

1Ly, |

_]1LG|

2n

)

meJ, ,neN,
cL ; and
where

= . Furthermore, the

is not necessarily empty, and this occurs when a parallel basic step is applied

to rows (b',b,"), i €T, intersecting the latter with constraints A™z>a™, ne N . The

same logic holds for index sets K; =K U Kg , I}, =1

1 neN

L=L ulL,.

neN n
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Section 3. MIP reformulations for linear GDP

A solution approach to linear GDP problems is to reformulate them as mixed-
integer linear programs, rather than developing specific solution methods. The
reformulation, however, is not unique. ldeally one would like to obtain that reformulation
that leads to the tightest LP relaxation, while keeping the problem at reasonable size. This,
however, is non-trivial to achieve. This section provides a framework based on
disjunctive programming to formulate mixed-integer linear programs.

Mixed-integer programming reformulations for the linear GDP problem in (1.3)
from Section 1 can be obtained in various ways. As such, we use the disjunctive form in
(2.6) of Section 2 to derive the traditional big-M reformulation as presented in Raman &
Grossmann [1994]. Furthermore, we exploit the results of section 2.3 to reconstruct the
reformulation presented in Lee & Grossmann (for the linear case) that obtains from the
intersection of the convex hulls of every disjunction (see also Grossmann & Lee [2003],
Sawaya & Grossmann for the linear case [2005]), and show that it belongs to a family of

MIP reformulations that are equivalent to our original GDP model.
3.1. Big-M reformulation for GDP

Raman & Grossmann [1994] proposed the following mixed integer big-M
reformulation for the linear generalized disjunctive program in (1.3):

Min Z :Zz7ikyik +dTx

keK jedy
sit. Bx>b
Afx>ak-M¥(1-y,) jed keK
Zyjk =1 keK (3.1)
jed
Hy>h
xt<x<x”
Yik €{0,1} jEJk,kEK
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In the following proposition, we show that the above reformulation obtains from
disjunctive form (2.6).

Proposition 3.1. The Raman & Grossmann mixed-integer big-M reformulation in (3.1)

for the linear generalized disjunctive program in (1.3) obtains from disjunctive form (2.6).

Proof: Consider the disjunctive form in (2.6). The big-M reformulation for this form can

be obtained by replacing the constraints of disjunctions je J,,k € K with constraints
that make use of “big-M” parameters M * and binary variables Yy €, keK , such
that the j" system of inequalities in the k™ disjunction is enforced when y, =1, or

rendered redundant when y,, = 0. This results in the following MIP model:

Min Z :ch +d"x

kekK

st. Bx>b

i <1+MF(A-y,) jed keK (3.2)
Ay 21-M, (1-y,) jed, keK (3.3)
Axza; —M -y, ) jel keK (3.4)
C <75+ M, A-y,) jed kekK (3.5)
C =7 —M -y, jed keK (3.6)
Zijk =1 keK (3.7)
jedy

Zyik -1 ke K (3.8)
jedy

HA>h

x-<x<x!

0<4, <1 jeld, keK (3.9)
C, eR' keK

y; €{0,1} jed kekK

The above model can be simplified if we observe that y; = 4,,Vj e J,,Vk e K. Indeed,
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Y, =1 for somej eJ k eK

Y, =0, j\ j ed. k eKfrom(3.8)
=1 A =11from (3.2) & (3.3)
= Ay =0,j\j ed, .k eK from (3.7)

Similarly, the above can be shown for Yo = 0, forsomej e Jo k eK.

Thus, we can replace all instances of A with y, and remove redundant constraints (3.2),
(3.3), (3.7) and (3.9). Furthermore, we note that (3.5) and (3.6) can be replaced by the

equivalent expression

Ckzzyjkyjk’ keK, (3.10)

jedk
whose values at y =1 and y = 0 coincide exactly with those of constraints (3.5) and (3.6).

This is shown as follows:

For (3.5) and (3.6)
Y =1 for somej eJ k eK
Co =7p¢ j el .k eK from(3.5) & (3.6)
= 1Y, =0])\ j €l .k eKfrom(3.8)
= ¢.eR,j\j el k eK from (3.5) & (3.6)

= Ck' = 7j'k‘

For (3.10)
Y, =1 for that samej eJ, .k eK

=Y, =0,j\j eJ. k eK from (3.8)
=C, =7, from (3.10)

Similarly, the above can be shown fory .. =0, for some jed. keK

The equivalence between (3.10) and (3.5) & (3.6) allows for the elimination of the latter
constraints and for the substitution of the former into the objective function, thus
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removing the variable ¢ from the program. These modifications lead exactly to
reformulation in (3.1).

3.2. Lee & Grossmann reformulation for GDP
Lee & Grossmann [2000] proposed a valid mixed-integer representation of a
generalized disjunctive program. For the linear generalized disjunctive program in (1.3),

their reformulation translates into the following mixed-integer program (see also Sawaya
and Grossmann [2005]):

Min Z :Zzyikyik +d"x

keK jely
st. Bx>b
X = Zvjk ke K
jedy
Alv¥ >aly, jedkeK (3.11)

Xty svi<xly, jelkeK

D yp=1 keK

jedy
Hy >h
Y €{0, 1} jed, keK

In order to reconstruct the above formulation using disjunctive programming
theory, we make use of the following theorems from Balas [1985]. The first theorem
expresses the convex hull of a disjunctive set as the projection of a higher dimensional

polyhedron onto R".

Theorem 3.2. (Theorem 3.3 and Theorem 3.4 in [Balas, 1985]). Let

F=UPR, P :{ZeR”:A‘ZZa”lOi}, ieQ, where Q is an arbitrary set and each (A", 4,")
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isan m. x(n+1) matrix. Furthermore, let the set £(Q) be the set of all those z € R" such

that there exist vectors (v',y,) e R™, ieQ, satisfying

Z—Z:vi =0

ieQ
AV -&'y,>0  ieQ
y, >0 ieqQ,
Z y, =1 icQ
ieQ
where the cone C,={zeR"| Az >0} satisfies the condition

ngZCi, vgeQ\(Q*={ieQ|P =J}). Then cl conv F =£(Q).

ieQ*

The next theorem expresses the claim that any disjunctive program that satisfies a
technical condition on the recession directions of its polyhedra can be represented as the

mixed-integer program ¢, (Q):={z e (Q):y; €{0,13}, i € Q}.

Theorem 3.3. (Theorem 3.6 in [Balas, 1985)). Let
F :iié B, Q*={ieQ|R =Y}, Q**={ieQ*|R c P;,VjeQ*\i}}. If Fsatisfies
C, =C;, Vi, jeQ**
and
C,=C, VvVgeQ\Q*ieQ**
then
£ (Q)=F.

We are now ready to reconstruct Lee and Grossmann’s formulation. In the
following proposition, we show that the formulation in (3.11) obtains from the

application of basic and parallel basic steps to disjunctive form (2.6).
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Proposition 3.4: The Lee & Grossmann formulation presented in (3.11) for the linear

generalized disjunctive program in (1.3) obtains from the application of a series of 2|1, |

parallel basic steps and 22| J, | basic steps to the disjunctive form in (2.6).

keK

Proof: Consider the disjunctive form in (2.6). Then a series of 2|1, | parallel basic steps

and 22|Jk| basic steps to (2.6) results in the intersection of relevant bounds on

keK

x and A with A¥*z>a*, jeJ, k eK, as follows:

n+ Y el+IK]
Y= R keK

iQB( (b)) 0
kQS( 0 ()"
alo ey
n (o (')’
Akz > gk

M
keK

U

jedy| i

0)z>by
0)z21,,
0)22-1
0)z>hy
0)z=x"
0)z>-x"
0)2>0,,
0)z>-1,,

(3.12)

Since every term j e J, of disjunction k € K in (3.12) corresponds to a non-empty and

bounded polyhedron, we can apply Theorem 3.3. This results in the following MIP:
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“Ijk = Yik
AlvIc>aly,
WW:7ka
0£ujjk <Yi

L ik U
XY SVESXTY

D Ay=1

jedy

2 V=1

jed

HA>h
Yi €{0,1}

jeld,, kekK
ke K

ke K

j,j=jed, keK
jed, keK
jed, keK
j,jed kekK
jeld keK
keK

keK

jed, keK

(3.13)
(3.14)
(3.15)

(3.16)
(3.17)
(3.18)
(3.19)
(3.20)
(3.21)

(3.22)

Here, j e J, is an alias for jeJ,. Also, as in the case of the big-M reformulation, the

above model can be significantly simplified if we observe that y; =4

Indeed,

26

e

Viel,VkeK.



Yy =1 for somej eJ. k eK

uj‘jk‘ =1,j,j=]€J, Kk eK from (3.16) (3.23)
Yy =0, j\j el k eK from(3.22)
- :>0£u’jk.SO,]\T,jeJk,,k'eKfrom(3.19)
=ul =0,j\j,jed keK (3.24)
We can rewrite (3.13) as
Ae=ul o+ Y ulj=jed keK (3.25)

J\j eJk

Ay :ujjk,+ Z ujjk.,jij?'eJk,,k'eK

ey,
For (3.25)
Ay =140=1 j= j €J,. Kk eK from (3.23) and (3.24)
=2, =0,j# j €J Kk eK from (3.21)

Similarly, the above can be shown for Yie = 0, forsomej e Jo k eK.

Thus, we can replace all instances of A with y, and remove redundant constraints (3.13),
(3.16), (3.19) and (3.21). Furthermore, we note that (3.15) and (3.18) can be combined

into the equivalent expression

Cx :Zyjkyjk’ kek,

jedk
which we can then substitute into the objective function, thus eliminating c,, k e K from

the program. These modifications lead exactly to the reformulation in (3.11).

3.3. A family of MIP reformulations for GDP
It is clear from section 3.2 that the Lee and Grossmann reformulation for the

linear generalized disjunctive program in (1.3) belongs to a larger family of MIP
reformulations for linear GDP. Indeed, its feasible region was shown to be a valid MIP
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representation of the disjunctive program in (3.12), the latter having been obtained from
(2.6) by a series of basic and parallel basic steps that amounted, in essence, to intersecting

every term J, of every disjunction k € K with the relevant bounds on 4,, jeJ,, ke K

and x. Thus, it is possible to develop a family of MIP reformulations for linear GDP by
applying, one at a time, (parallel) basic steps as in (2.3) to the disjunctive form in (2.6),
and subsequently applying Theorem 3.3 to the resulting form. Equivalently, since these
basic and parallel basic steps result in the instantiation of certain index sets of the
formulation in (2.8) (which serves as a template for all possible equivalent forms of
GDP), it is possible to develop a family of MIP reformulations for linear GDP by
transforming (2.8) into a MIP, and then instantiating, one at a time, the index sets of (2.8).
Doing so, however, raises two issues which warrant mentioning.

Firstly, when transforming a disjunctive program into a MIP, we need to ensure

that the constraints within every term jeJ, and me J_ of disjunctions ne N represent

polyhedra that satisfy the conditions (on recession cones) presented in Theorem 3.3.

Secondly, in cases where [M__[>1, meJ ,n"e N, applying Theorem 3.3 to disjunction

n'e N in (2.8) often results in more total binary variables being used than in cases where

IM_. =1, meJ.,n"#£n'eN . Indeed, the former scenario is a result of intersecting

proper disjunctive sets in (2.6) through the application of some basic step(s) (we call
such a basic step a proper basic step), which often leads to the creation of new
disjunction(s) with many more terms than those of the originally intersected disjunctions.
In addition, the number of terms of these newly created disjunctions increases
exponentially with every recursive proper basic step applied to them, resulting in the need
of an ever increasing number of binary variables to germanely represent the original
disjunctive program as a MIP. As performing proper basic steps can have substantial
benefits (as examined in the following section on relaxations of disjunctive programs),
there is a need to address this issue. Fortunately, Theorem 4.4 in [Balas, 1985] deals

precisely with this problem. We state it as follows:
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Theorem 3.5. (Theorem 4.4 in [Balas, 1985]): Let the disjunctive set F = N S;, Where
je

each S, is a union of polyhedra, be in regular form, and assume that F satisfies the
conditions of Theorem 3.3. Furthermore, let F, be the disjunctive set in CNF consisting

of those z €[] " satisfying

v (@’zza’)), reT, (3.26)

and let F be the same set in regular form obtained from F, by some sequence of basic

steps, given as the set of ze[] " satisfying

Y (Az>a'y), jeT, (3.27)

where every jeT would then correspond to some subset Tj;, of T, with T, = _uTTOJ.,
je

such that the disjunction in (3.27) indexed by j is the disjunctive normal form of the set of
disjunctions in (3.26) indexed by T;. Finally, let M, be the index set of the inequalities
a°z >a’, making up the system A'z >a',. Then the constraint set (3.27) is equivalent to

the following constraint set

i€Q;

AV -4y, >0 ieQ, jeT,

y, 20 1€Q;, JeT,
D y=t jeT, (3.28)
i€Q;

Z y, =6, seQ,,reT,,
i€QjlseM;
D8 =1 reT,,
seQ,
o, €{0,1} seQ,,reT,

in that for every solution to (3.27), there exist vectors (V',y,) e R™, i€Q;,jeT and

scalars &,', se€Q,,reT, that together with z satisfy (3.28); and conversely, the z-

component of any solution to (3.28) is a solution to (3.27).

29



Thus, in order to obtain a valid MIP representation that requires as many binary

variables in cases where [M_.|>1, meJ . ,n'eN as in cases where
IM_. =1, meJ..n"#£n'eN, we apply Theorem 3.5 to disjunctions ne N . Note that
in cases where |[M_.[=1 meJ_.,n"#n'eN, Theorem 3.5 reduces to Theorem 3.3.

In light of the issues discussed above, we present the following MIP

reformulation of (2.8):

Min Z :Zz7ikyik +d'x

keK jeJy
st.
b'x>h,' iely
h'y>h icl,
X" <x <xV iely
. ,
Vi = D (k) el, UK, Ul ,neN
mel,
X:ZV”‘” neN
mel,
bV™ >b'y iel, .meJ,neN

Zujkmnzymn keKSZn,meJn,neN

jedy
h'G™ >h'y, . iel, ,meJ, neN

U™ = Yo (j,k)eM_,meJ ,neN
AN™ >aky  (j,k)eM

'y <v™m<x’y  meJ ,neN

meJ,,neN

mn?

A~

0<a,™ <V, (hk)el,,meJ,,neN

A~

Yor =1 neN
mel, (3.29)
Zym”jkzyjk njkEN’je‘]k’kEK
meank
Zyjkzl keK
jedy
9mn20 me\]n,nEN
Yic <{0,1} jed, keK
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We note that in the constraints Z anjk =Yy Ny eN,jeld, keK, theindex n, eN

mEank
represents that disjunction ne N that contains the intersected constraints of term je J,,

keK in some of its terms, while the index set Q, ~refers to these latter terms. For

instance, let S, =(R, VP,) and S, =(P, UP,, UP,,) correspond to two disjunctions of
set K, where P, andP, represent the constraints of disjunction S, eK , and
P,.P, and P,, represent the constraints of disjunction S, e K. The application of a
proper basic step to S and S, results in the new disjunction
S, =P, NP,)U(P,NP,)U(P,NP,)U(P,,NP,)U(P,nP,)U(P,NP,) , where

S, €N . In this case, the set of constraints Z )7mnjk =Y N eN,jed, keKare

meQy,,
such that
Yis, + Vas,, + Vas, = Vis,
Yas, + ¥ss, + Ves, = Yas,
Yis, + Vas, = Yis,
Yas, + Vs, = Yas,
Yas, * Yes, = Yas,
where o ={L2} I, ={L.2.3} A, =8, Qg ={123}, Q,, ={4.56},

Qslzls ={1,4}, QSQZS ={2,5}, quss ={3,6}. Finally, we note that the above MIP

formulation in (3.29) is in simplified form, in the sense that the variables 4 were

replaced by the variables y, and redundant constraints Zﬂjkzl, keK, were
idk

eliminated from the formulation while all relevant constraints containing ¢ were

substituted into the objective function.
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Section 4. LP relaxations for linear GDP

A key property of MIP reformulations of GPD problems is the quality of their LP
relaxations. This section examines a hierarchy of relaxations that can be obtained from
different MIP reformulations.

Having derived different MIP reformulations for the original GDP problem in
(1.3) from Section 1, it is straightforward to obtain their LP relaxations. In this section,
we first present relaxations for the Big-M and Lee & Grossmann reformulations in (3.1)
and (3.11), respectively. We then propose a hierarchy of relaxations based on the concept
of hull-relaxation that mirror those of Balas [1985], and establish theoretical properties
regarding the relative tightness of these relaxations. Finally, we discuss the inherent

trade-offs between size and tightness of reformulations.
4.1. Big-M and Lee & Grossmann relaxations for GDP
The Big-M and Lee and Grossmann relaxations are obtained by relaxing the

binary variables in models (3.1) and (3.11), respectively. The Big-M relaxation is then as

follows [Raman & Grossmann, 1994]:

Min Z =ZZyikyjk +d"x

keK jed,
st. Bx>b
Afx>a*-M¥(1-y,) jel keK
D vi=t keK (4.1)
jedk
Hy >h
x-<x<xV
0<y, <1 jedkeK

The Lee & Grossmann relaxation is then as follows [Lee & Grossmann, 2000]:
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Min Z :Zzyikyik +d"x

keK jed,
st. Bx>b
X:Zvjk keK
=
Al > aly, jel keK (4.2)
Xty svi<xly, jed keK
D yp=1 keK
=
Hy>h
0<y, <1 jed, keK

In comparing the relaxations in (4.1) and (4.2), the following trade-offs can be
observed. On the one hand, the size of the formulation in (4.2) is considerably larger than

the size of that in (4.1) because of the addition of disaggregated variables
v, jeJd, keK and convex hull constraints. On the other hand, the projected feasible

region of the formulation in (4.2) onto the (x,y) space is at least as tight, if not tighter,
than the feasible region of the formulation in (4.1). The latter is proven in Grossmann &
Lee [2003] for the general (nonlinear) case. We re-state this claim for the linear case in

the following proposition.

Proposition 4.1. Let the feasible region of the big-M relaxation in (4.1) be defined as

FRgy, and that of the Lee & Grossmann relaxation in (4.2) as FR, . Furthermore, let us
define the projection of FR ¢ onto the x,y) space as

FRo g6 = {(X, ¥) 1V (X,V,y) € FR ¢ }. Then FR; o < FRyy,.

4.2. A hierarchy of relaxations for GDP

We now present a hierarchy of relaxations for the most general disjunctive form

in (2.8), based on the concept of hull-relaxation. According to Balas [1985], the hull-
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relaxation of a disjunctive set F = _mTSj in regular form, where each S; is a union of
je

polyhedra, is denoted as h—rel F and defined as

h—rel F:= nclconv S
jeT

The hull-relaxation of F is then the formulation that results from intersecting the convex
hulls of every union of polyhedra S;, jeT .

Following the above concept, we obtain the hull-relaxation of the most general
disjunctive form in (2.8) by applying Theorem 3.2 to every disjunction in (2.8) — under
the assumption that every disjunction in (2.8) satisfies the conditions of Theorem 3.2.

After simplification, we obtain the following:
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Min Z :Zz7ikyik +d'x

keK jeJy
s.t.
i i
b'x > b,
i i
h'y > h,
X" <x <xV

2 mn
Yik = Zujk

mel,

XZvan

mel,

i;ymn e’
bV 2bO ymn

~ mn_ &
Zujk _ymn

jedy

inmn i
h'ad™ >h'y,.
A mo_ &
ujk - ymn

jkyymn kg
APV >aly

IelBl
el

Iel><1

(ik)el, UK, Ul ,neN

neN

iel, ,meJ,,neN

an '

keKSz ,meJ,neN

iel, ,meJ,neN
(j.k)eM
(J,k)eM

meJ,,neN

mn?

melJ,,neN

mn?

'y <v™m<x’y  meJ ,neN

~ mn A~
Osujk Symn

D =1

mel,

Z S\/mnjk = yjk

meka
Zyjk =1
jedy

Y 20
0<y, =1

(Lklel, , meJ ,neN

neN

njkeN,jeJk,keK

ke K
meJ,,neN
jeliokeK

(4.3)

We can now exploit the following theorem by Balas in order to generate a hierarchy of

relaxations for GDP:

Theorem 4.2. (Theorem 4.3 in [Balas, 1985]): For i=0,1,...,t, let F = mT S; be a
j€

sequence of regular forms of a disjunctive set, such that
i) Fy isin CNF, with R, =N S;;

i€Ty
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if) F, is in DNF;
iii) for i =1,...,t, F, isobtained from F,_, by a basic step.
Then,

P,=h-rel F,oh-rel F o---oh-rel F, =clconv F.

It was previously shown that the disjunctive form in (2.6) was in regular form and
in an intermediary form between the CNF and DNF. Since any form in (4.3) is obtained
through the application of some (parallel) basic steps(s) which instantiates the various
index sets previously described, it is clear that every form of (4.3) is in regular form. The

following corollary thus holds:

Corollary 4.3. For i=0,1,...,|T |+|K|-1, let Feor De a sequence of regular forms of

the disjunctive set in (2.8), such that

i) Fepp, cOrresponds to the disjunctive form in (2.6);

i) Fopp

THK-1

=F, isin DNF;
ii) for i =1,...,t, Fgpp is obtained from Fg,p by a basic step.

Then,

h—rel Fopp DFR g =h—rel Fopp 2 2h-rel Fpp =cloonv Fgpp = clconv F.
keK

[
4.3 Trade-offs between size and tightness of relaxations

As we have seen in the previous section, the relaxations of a disjunctive program
become tighter as the disjunctive form approaches the DNF through the application of
(parallel) basic steps. This tightening, however, comes at the cost of an increase in the
number of variables and constraints in the algebraic reformulation. Although this
observation holds in the most general of cases, there may be particular cases where we

can exploit the explicit logical structure of the GDP model such that the problem size of
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the relaxation can be significantly reduced without compromising tightness. We illustrate
this in the following example.

4.3.1. Illustrative example (cont’d): synthesis of process network with fixed charges

We rewrite the GDP model in section 1.2.1 as the following disjunctive program (DP1):

Min Z =c, +c, +C,+d" X
st

X =X+X%

Xg = X5 + Xg

I Ay =1 Ay =1

X; = PX, [V X =X,=0 (4.4)
L G=n ¢, =0

I A, =1 11 Ay =1 |
Xs = PoX, [V X =%, =0 (4.5)
| C=y, | | ¢=0
I Ay =1 | Ap=1

X, = PaXg |V | X, =% =0 (4.6)

| G =73 ] ;=0
Ay + A =1

A+ 45, =1

Az + A =1

Ag 2 Aoy

A 2 Ay

Ay + Ay 2 Ao

Ay +4,, 21

0<x<x”

Ay Agrs A Ags Augs Agy 2 0

1
Cc,C,,C,eR
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If we intersect disjunctions (4.4), (4.5) and (4.6) through the application of two

consecutive proper basic steps, we obtain the following disjunctive program (DP2):

MinZ =c +¢, +¢,+d"x

st
X =X, +X,
Xg = Xg + Xg
I Ay =1 171 Ay = N A =1 177 A, =1 i
A =1 Ay = Ap =1 Ay =1
Ay =1 A =1 Ay =1 Ay =1
3 = PiX X = PiX; X3 = PX; X3 = PX;
Xe = PX, V| Xs=PX, |V X=X, =0|v|X=X%,=0
X; = PyXg X, =% =0 X, = PaXq X, =X, =0
G=n C=n C,=n =
C=7. C, =7, c,=0 c,=
| CG=73 | c;=0 1L G=r | | c,=0 |
I Ay =1 | Ay =1 1T Ay =1 ] Ay =1
A =1 A, =1 Ap =1 Ay, =1
Ay =1 Ay =1 Ay =1 Ay =1
% =%=0| [%=%=0] |x=%=0| |x=x-
VI X =PX, [V X =PX [V X=X, =0 V| X =X, =
X7 = PeXe X, =X =0 X; = PgXg X, =Xg =
¢, =0 ¢, =0 c,=0 c,=0
C =72 C, =7, c,=0 c,=0
L CG=7 | | G=U | | CG=7 | ¢, =0
Ay + 4 =1
A+ =1
Az + Ay =1
Ay 2 Ay
Ay 2 Ay
Ay + Ay 2 Ay
Doy + 7y 21
0<x<xY
Ays Aors Aags Ay Ay Ay 2 0
c,C,,C, eR
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4.7)

(4.8)

(4.9)

(4.10)
(4.11)
(4.12)
(4.13)
(4.14)



If the relaxation of (DP2) is taken as in (4.3), then from Corollary 4.3, it is clearly at least
as tight as that of (DP1), if not much tighter. On the other hand, it requires a significant
number of additional variables and constraints relative to that of (DP1) (see Table 1).
However, if we use logic constraints (4.8)-(4.14) to eliminate those terms of
disjunction (4.7) that are infeasible, the size of (DP2)’s relaxation can be significantly

reduced. Indeed, the first and second terms violate constraint (4.14) because 4,, =0 and
A, =0 from (4.8) and (4.9); the fourth term violates constraint (4.11) and the sixth term
violates constraint (4.12), because 4,=0 from (4.10); and the seventh term violates
constraint (4.13) because 4, =0 and A, =0 from (4.8) and (4.9). Thus, only the third,

fifth and eighth terms of disjunction (4.7) are feasible, which leads to the following

disjunctive program (DP3):

Min Z =c, +¢, +C,+d"x
st.

X=X +X%

Xg = X; + X

X; = PX, X; =X, =0 X; =X, =0
X =X, =0 V]| Xs =P, X, |[V| X =X, =
X; = PsXg X; = PsXg X7=X6_0
C=n ¢, =0 1=
c,=0 C, =7 c,=0

L CG=y | | CG=y | [ G=0 |

211"'221:1

/]12‘*‘/122:1

/113"'/123:1

0<x<x’

A1y Agrs gy Aggs Args Agg 2 0

¢,C,CeR
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The above disjunctive program’s relaxation has been significantly reduced in size. Indeed,
the number of variables for (DP3)’s relaxation is only marginally larger than that of

(DP1), while the number of constraints is marginally smaller (see Table 1).

Table 1.
Number of variables and constraints for relaxation of (DP1), (DP2) and (DP3)
Number of Variables Number of Constraints
DP1 24 42
DP2 57 67
DP3 27 41

Section 5. Disjunctive cutting planes for linear GDP: facets of the hull-

relaxation

Having derived a hierarchy of relaxations for linear GDP in Section 4, we are now
interested in generating valid cutting planes for linear GDP by exploiting these
relaxations. As the hull-relaxations were produced in a higher-dimensional space that
often requires many additional variables and constraints, we seek to circumvent this
drawback by generating valid cutting planes in the original space of the problem. We
begin by describing the family of inequalities implied by the constraint set of GDP as
described in its most general form in (2.8) from Section 2, and then identify the strongest
ones amongst them (i.e. facets of the hull-relaxations).

5.1 Valid inequalities

As previously remarked, we are interested in the family of inequalities implied by
(2.8), which represents the constraint set of GDP in its most general form. An inequality

px= p, is said to be implied by, or is a consequence of, an inequality ax > ¢, if every x
that satisfies ax > ¢, also satisfies x> ;. Thus, all valid cutting planes for (2.8)

belong to this family of inequalities implied by (2.8). A characterization of this family is

given in the following proposition, which mirrors Balas’ Theorem 3.3.1 in [Balas, 1979]:
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Proposition  5.1.  The inequality az>e, is a  consequence  of
n+ > 13 +K] . . n ~
F=<z=(x,4,c)eR **¥ N b'z>b) U (A™Mz>a™)¢,

if and only if there exists a set of O™ >0, me J,neN;andI', ieT, satisfying

a> ZFiBi +Zém”/&m”, meld,

ieT neN
<Y b+ 6ma™, meJ,
ieT neN

Proof: Let n' e N . Then from Theorem 3.3.1 in Balas [1979], the inequality 8"z > ,BO”'
is a consequence of the constraint

U (A™z>3™),

mel,.

if and only if there exists a set of 5™ >0, me J..,n"eN satisfying
L= 5’m"'Amn', meJ,,n'eN
B <S5™a™, med,.,n'eN.

Clearly then, this implies that ,6’”'2 > ﬂo”v is a consequence of

clconv U (A™z>34™),

mel,.
since ﬂ”‘z zﬂO“' IS a consequence of every term of the disjunction, and thus, must be a

consequence of the smallest convex set containing all the terms of the disjunction (i.e. the

convex hull).
This implies that the system of constraints 5"z > £,", ne N is a consequence of
the constraints

clconv U (A™z>a™), neN
mel,

if and only if there exists a set of 5™ >0, me J.,ne N satisfying

B> S5™A™, meJ,,neN

B <6™a™, meJ ,neN.
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From Theorem 22.3 in Rockafellar [1970], the inequality Az > A, is a consequence of the

system of constraints

0 b'z>b,
if and only if there exists aset of &' >0, ieT satisfying

A2 D

ieT

Ay <Y &y

ieT
Finally, az > ¢, is a consequence of the constraints

N b'z2b) N cleonv U (A™z28™):=h-rel Fgpp, i=0,1...[T |+]K]|-1

if and only if it is a consequence of any

A2 D
ieT

Az > A,, where (A,A,) €< A, < 25‘50‘ ,

ieT

EZQief

and of any

B =5™A™ mel neN
B'z>B", neN, where (8", 4" )ed{B"<5™a™ med neN

o™>0,mel, ,neN
Thus, az > ¢, is a consequence of the constraints

N b'z2b) N clconv U (A™228™):=h-rel Fypp, i =0,1...,|T [+ K |-1

ieT neN mel,

if and only if there exists a set of A>=0, inzo,neN;

>0 ieT;and 5™ >0, meJ_,neN satisfying
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azAMZinﬂ“ (5.1)

neK

ty <A+ Y LB (5.2)
neK

A2 Y 53
ieT

A<D e, (5.4)
it

ﬂnzgmnAmn, meJ,,neN (5.5)

ﬂonﬁgm”ém”, med,,neN (5.6)

The system of inequalities (5.1)-(5.6) can be simplified as follows:

a 2AA+2/€nﬂ” from (5.1)

neK

:aZAZéiBi +Zin£m“Am”, jed,med from (5.3),(5.5)

ieT neN
:aZZFi5i+Zém”Am“, jed,mel,
ieT neN
where
I'=A& ieT

6™ =15™ med neN.

Similarly,
ay < AAG+ Zimﬁo” from (5.2)

neK

= o, <AY Eb+ D 1 5MA™, jed, ,med, from (5.4),(56)

ieT neN
= a, <Y b+ 0™a™, jed, mel,
ieT neN u

5.2. Facets of the hull-relaxation
Having described the family of valid inequalities for (2.8), we are interested in

identifying the strongest amongst them: the facets of the hull-relaxation. Our presentation
here follows that of Balas in [1979]. Let
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Nil+HK]

n+y”
F :{z =(X,4,c) e R **

Then for a given scalar «,, the family of inequalities oz > «, satisfied by all

z e F is isomorphic to the family of vectors o € F*, ., where

() ?

. n+ Y K|
F(ao)= weR wzzay, VieFy,

in the sense that az > ¢, is a valid inequality if and only if € F#(%). We can now

describe the facets of the hull-relaxation of (2.8) as follows:

Proposition 52. oaz2a, with o,#0 is a facet of the

h—rel Fypp, i=0,1..,|T|+|K|-1ifand only if & # 0 is a vertex of the polyhedron

‘//erigi-i_zémn'&mn’ jedomel,
ieT neN
UWMIBIN . Anamn s
weR = aOng'bo'+Z¢9m”am“, Jed.,mel, ;. (5.7)
ieT neN
™ >0, meld,,neN
I ieT

o LEIAEIN )
Proof: From Proposition 5.1, the set F#(%) :{y/eR kK wzza,, VzeF ; is of

the form claimed above. The rest is a direct application of Balas’ Theorems 5.5 and 5.6 in
[Balas, 1979].
5.2.1. An alternative way of describing facets of the hull-relaxation

It is possible to describe an alternative system of inequalities to (5.7) that

corresponds to the facets of the hull-relaxation. We show this in the following proposition
and corollary:
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Proposition 5.3. Every facet of h—rel Fgpp, i = 0,1,...,|T |+| K| -1 as described in (5.7)

. n+ > 13 l+1K] . . R R
is a facet of F, = {Z =(x4c)eR 0 b'zxbncleonv U (AMz2 &™) for

meld,

some ne N.
Proof: Let us represent F, as follows:

meJ,

n+ Y K| . A ~
F = {z =(x,4,c)eR 0 b'z>h, nclconv U (A™Mz>a™)
e 1K A
=<z=(X,4,c)eR r'z2n'y, 1€, ¢,

where (:)n, ne N indexes the facets of F,. Therefore,

i i
1+ 3 3 4IK] Q b'z>h,
NF =7z2=(x,4,c)eR ** : A
neN N clconv U (A™z>a™)
neN mel,

neN

ey 1K o N
=<2=(X,4,c)eR T'z2x'y, ie uO, .

Thus,

_ ne D KL . -
h—rel Fopp, 1=0,1...,|T | +] K|—1::{z:= (x,4,c)eR ** T'z2xly, e v @n}

neN

Corollary 5.4. az > a, with &, # 0 is a facet of the h—rel Fyp,, i=0,1,...,|T [+|K|-1

if and only if « #0 is a vertex of the polyhedron

v T A, mey,
ieT

YKl g <) T +O™A™ me J,
l// ER keK Iézf ] (58)
6™ >0, melJ,,neN

' ieT
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Remark 5.1. The above corollary defines the facets of every individual disjunction
neN : Thus, although

_ N KL _ - L
h—rel Fype, 1=0,1,...,|T |+|K|—1:={z:= (x,4,c) e R r'z2ny, e u@n}, it is

neN

clear that every facet of every individual disjunction is not necessarily a facet of

h—rel Fypp, 1= 0,1,...,|T |+| K|—=1. In other words, there may exist (as is often the case)

redundant constraints in the description of the hull-relaxation given above.
Section 6. Conclusion

In this paper, we established novel connections between disjunctive programming
and linear GDP by providing the disjunctive programming equivalent of a linear GDP.
We extended Balas’ theory of equivalent forms to linear GDP by making use of the
above transformation, which allows us to obtain equivalent linear GDP formulations to
the original linear GDP problem. We developed a family of MIP reformulations for linear
GDP, and showed that the Lee & Grossmann formulation is a particular instance of this
family. We then developed a hierarchy of relaxations for linear GDP that mirror those
developed by Balas for disjunctive programs, and showed that a subset of these hull-
relaxations yields tighter relaxations than the traditional big-M and Lee & Grossmann
relaxations. We subsequently described the family of inequalities implied by the
constraint set of linear GDP in its most general form (as presented in section 2.3). We
then identified the strongest amongst these inequalities (i.e. facets of the constraint set of
the hull-relaxations), and showed that every facet of the constraint set of the hull-
relaxation can be obtained from the convex hull of some individual disjunction.

In a subsequent paper, we develop a novel algorithm that efficiently applies the
theory developed in this paper to challenging problems in Operations Research and

Chemical Engineering.
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