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Abstract

In many planning problems under uncertainty the uncertsirdre decision-dependent and resolve
gradually depending on the decisions made. In this papesiddeess a generic non-convex MINLP model
for such planning problems where the uncertain parameterassumed to follow discrete distributions
and the decisions are made on a discrete time horizon. Iir twdEccount for the decision-dependent
uncertainties and gradual uncertainty resolution, we @se@ multistage stochastic programming model
in which the non-anticipativity constraints in the mode¢ anot prespecified but change as a function
of the decisions made. Furthermore, planning problemsistooseveral scenario subproblems where
each subproblem is modeled as a nonconvex mixed-integéineanprogram. We propose an efficient
solution strategy that combines global optimization anteeapproximation in order to optimize the
planning decisions. We apply this generic problem strecamd the proposed solution algorithm to

several planning problems to illustrate the efficiency efpnoposed method.

Keywords: decision making under uncertainty, decisionedelent uncertainty, gradual uncertainty
resolution, multistage stochastic programming, non-egnmixed integer nonlinear program, global

optimization, outer-approximation, oil or gas field expition, synthesis of process networks

1 Introduction

Stochastic programming is a mathematical programmingédramnk for modeling optimization problems

that involve uncertainty in the data which are represenyegrbbability distributions. There are two broad

*E-mail: btarhan@andrew.cmu.edu
"To whom all correspondence should be addressed. E-maiisgrann@cmu.edu
*E-mail: vikas.goel@exxonmobil.com

v

64
65


http://www.editorialmanager.com/anor/download.aspx?id=15308&guid=55ed8d3c-b4f8-44b8-8347-2e169fef6e90&scheme=1
http://www.editorialmanager.com/anor/viewRCResults.aspx?pdf=1&docID=1128&rev=0&fileID=15308&msid={507BD992-BB52-47A3-B105-7171031A9290}

O©CO~NOOOTA~AWNPE

classes of stochastic programming problems: chance eamstk There are two broad classes of stochastic
programming problems: chance constrained (Charnes ange€d®63) and problems with recourse (Birge
and Louveaux, 1997). In this work we focus on "multistagecBtstic programming with recourse” and
for the sake of simplicity, we will refer to it throughout thmaper shortly as "stochastic program”. The
fundamental idea behind stochastic programming is the eqanaf recourse which is the ability of the
decision-maker to take corrective action after a randomtavas taken place over a sequence of stages.

In this paper the uncertain parameters are assumed to fdiknrete probability distributions and the
planning horizon consists of a fixed number of decision @oibising these two assumptions, the stochastic
process can be represented using scenario trees. Figure dtasdard representation of a scenario tree
having one uncertain parametgs) with two discrete values in two time periods, which leads darf

scenarios. Uncertain parametéfsandé&, reveal at the end of first and second time periods respegtivel

=1

t=2

t=3
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Figure 1: Scenario tree with uncertain parametgrandé,.

In a standard scenario tree, each node for time penmegdresents a possible state of the system at that
time period. Each arc represents the possible transitamn fine state in time periddto another state in
time periodt + 1. A path from the root node to a leaf node represents a scena@hus, a scenario is a
combination of possible uncertain parameters in each dirtieperiods which in turn define a stage.

Figure 2 is an alternative representation of the scenagi® itm Figure 1, proposed by Ruszczyhski
(1997). In this representation each scenario is denoted 48t af unique nodes. The horizontal lines
connecting nodes in time periadndicate that these nodes have the same information inithatgeriod,
and therefore are indistinguishable. These non-antigipatonstraints suggest that decisions cannot be
based on knowledge that will be revealed in the future. Thizbotal lines reduce the tree in Figure 2 to the
one shown in Figure 1. For modeling the problem, scenaréstpeesented in Figure 2 will be considered in
order to explicitly handle the non-anticipativity condtrta and incorporate decision dependentuncertainties
(Tarhan and Grossmann, 2008).

(SP) is a standard linear stochastic program withtime periods andlS scenarios, modeled using the
alternative scenario tree proposed by Ruszczyhski (19Bf7¢ parameterp® represent the probability of
scenarics, while the variables® represent variables for time peribah scenarics. Eq. (1.1) corresponds to

the objective of maximizing the expectation of an econoniteiGon (e.g. net present value). Eq. (1.2)
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Figure 2: Alternative scenario tree with uncertain pararsd; andés.

represents the multi-period constraints for each scermri&q. (1.3) represents the non-anticipativity
constraints which state that decisioisindx® must be identical if scenario pds,s) is indistinguishable
in time period. These non-anticipativity constraints correspond to thrézlontal lines connecting different

nodes in Figure 2. Eq. (1.4) represents the bounds and alitygronstraints on the variables.

(SP) max ZSDS thﬁ (1.1)
se te

;A%f? <& v(t,s) (1.2)

=7 V(t,ss) eN (1.3)

X € XS V(t,s) (1.4)

One important aspect of this paper is decision-dependecgrtainty. According to Jonsbraten
(1998), uncertainty in stochastic programming problems lba divided into two classes: exogenous
uncertainty and endogenous uncertainty. Most previoukvothe literature deals with problems with
exogenous uncertainty (e.g. demands) where the optimizakecisions cannot influence the stochastic
process. Reviews of previous work on problems with exogenmeertainty can be found in (Sahinidis,
2004; Schultz, 2003). Problems where stochastic processeaffected by decisions are said to possess
endogenous uncertainty. According to Goel and Grossmai6)2decisions affect the stochastic process
in at least two ways: decisions can alter the probabilityriligtions (type 1), or decisions can act to
discover more accurate information (type 2). In this paper,focus on the latter type of endogenous
uncertainty where the decisions act to resolve uncertdiitgrature on the class of problems that deal with
endogenous uncertainty is limited. The only papers thatre@waare of are Pflug (1990); Jonsbraten et al.
(1998); Ahmed (2000); Viswanath et al. (2004); Held and Wod&d2005); Goel and Grossmann (2004,
2006); Goel (2005); Goel et al. (2006); Tarhan and Grossn(2008); Boland et al. (2008); Solak (2007).
Detailed discussion on these papers can be found in Tarlte@@ssmann (2008) and Tarhan et al. (2009).

Boland et al. (2008) applies multistage stochastic prognarg to open pit mine production scheduling,

which is modeled as a mixed-integer linear program. Thegican endogenous uncertainty (type 2) where
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the excavation decisions resolve uncertainty in geologyédiately. They follow a similar approach as
Goel and Grossmann (2006) for modeling the problem, withetkeeption of eliminating some of the
binary variables used in the general formulation to represenditional non-anticipativity constraints.
Furthermore, they solve the model in full-space withouhgsiny decomposition algorithm.

It is more convenient to represent the endogenous type @frtaioty using the alternative scenario tree
in Figure 2 where the non-anticipativity constraints arplieitly handled as functions of decisions. For
instance, if the decisions at time period 1 and 2 are suchalhatenarios are indistinguishable at time
period 2 and some are distinguishable at time period 3 thercthresponding scenario tree will be as
shown in Figure 3. This is different from the tree in Figure Rere scenarios 2 and 3 at time period 2, and
all scenarios at time period 3 are distinguishable. Theegfa case of endogenous uncertainty, the set of

non-anticipativity constraintéN) in eq. (1.3) is not fixed but it is a function of the decisid®g).

() ()

t=1
&1=my &1=myp

=2
&2 =T &2 = T4

t=3

Scenario 1 Scenario: Scenario 3 Scenario 4

Figure 3: Scenario tree with different uncertainty resoluscheme.

Another aspect that will be addressed in this paper is gita@salution of endogenous uncertainty
over time. Recent publications in the area, Goel and Grossr{2006) and Boland et al. (2008), consider
that the endogenous uncertainty resolves immediately lneidecisions to resolve the uncertainties are
made. Different from the previous work, we consider the a@lsere such uncertainty resolves gradually
depending on the decisions made. For instance the undgrtaithe yield of a process can resolve as
more production is performed. Since the resolution of yisldlependent on the operating decisions,
it is of endogenous type. It is assumed that uncertainty ényiield resolves gradually depending on
the operating decisions made in each time period. This bramgne changes to the model, underlying
scenario tree, and the non-anticipativity constraints.e Titerature about this subject in the context of
planning problems is also very limited. The only literatthat we know is Stensland and Tjgstheim
(1991); Jonsbraten (1998); Dias (2002); Tarhan and Grassni2008). Detailed discussion on these
papers can also be found in Tarhan and Grossmann (2008)nfRe&wolak (2007) considers the stochastic
programming models in which times of uncertainty real@asi are dependent on the decisions made and
uncertainty resolves gradually. They use a similar modedipproach presented in Tarhan and Grossmann
(2008). Specifically, they consider the project portfolgtimization problem that deals with the selection

of research and development projects and determinatioptohal resource allocations. They use sample
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average approximation method (Kleywegt et al., 2002) forisg the problem, where the sample problems
are solved through Lagrangian relaxation and heuristics.

Harrison (2007) uses a different approach for optimizing-stage decision making problems under
uncertainty. Some of the uncertainty is assumed to resdigetae observation of the outcome of the first
stage decision. The author develops a new method calledsBey®rogramming, where the necessary
integrals are approximated using Markov Chain Monte Canwkations, and simulated annealing type of
meta-heuristic are used to optimize the decisions.

The outline of this paper is as follows. In Section 2 we présemgeneric mathematical model for the
class of problems under consideration. In Section 3 theqmeg solution approach is explained. Section
4 compares the results found by the proposed solution apipread discusses the results on synthesis of

process networks and planning of offshore oil or gas fielchstfucture problems.

2 Mathematical model

In this chapter, only generic variable names are used inxp&eation of the model for the problems
under consideration. The generic variable names are edlbesed on whether a variable is decision, state,
or recourse variable. The decision, state, and recoursables are denoted by vectads x andu with
dimensionng, ny, andn, respectively. The firsty < ng, N, < ny, nj; < ny elements of these vectors are
restricted to be discrete variables. Algpandz are logic/binary variables used for defining the conditlona
non-anticipativity constraints.

The planning horizon is divided intd | planning periods. The sequence of decisions is as follows:
the decision variableg; are implemented in the beginning of time period &aehich is followed by the
resolution of uncertainty. The state variabkegre automatically calculated when the decisions are fixed.

At the end of time periot, some recourse decisionsare implemented. (See Figure 4)

0 1 t-1 t t+1 T
------- TR
Period 1 ~~ Period t \Period t+1 Period T
S t-1 t
Period t

] ] [u]

Figure 4: Representation of planning horizon.

Based on the above definitions, the proposed multistagbastic MINLP model is as follows:
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(P) max p* f (dF, )
tEZrSE dt UI
h(d?, ¢, uf) <0 VteT,VseS
g(dlsv)qsauts)go vteT,VseS
WS O (df xS, uP) VteT,VseSVl el
2% & wwmp) VteT,¥(s¢) € Mg, ¥geQ
Zts,s’
v [ﬂzf’g] V(s s,t) €Ne,V(s,8) € Mg, Vg eQ
S :dtS/
1 +1
dF=df V(ss,t) eN
de o ug € X¢ VteT,VseS
f‘sj,wfe{True,FaIse} V(s s,t) € Nc

In eq. (2.1), the objective is to maximize the expected nes@nt value, which is a linear or non-linear
function of decision and state variables. Eq. (2.2) is a gemsulti period linear constraint that relates
the decision, state, and recourse variables for every goer@imilarly, eq. (2.3) is a generic non-linear

constraint for every scenario. Eqg. (2.4) relates the bit@gic variablesv with the discrete and continuous

(2.1)

(2.2)
(2.3)
(2.4)
(2.5)

(2.6)

2.7)
(2.8)
(2.9)

decision, and state variables. Theseariables are used in eq. (2.5) to model problem specificrtaiogy

resolution rules to determine if scenario pésrs) is indistinguishable or not. There are two types of

non-anticipativity constraints: initigIN;) and conditiona(Nc). Eq. (2.7) is the initial non-anticipativity

constraints that hold regardless of any decision takene Mwit the initial non-anticipativity constraints
include not only the first period non-anticipativity corestits but also some other subsequent period non-
anticipativity constraints that must hold because of gehducertainty resolution. The conditional non-
anticipativity constraints in the disjunction (eq. (2.8 included into the model if two scenarios are

indistinguishable at the end of time peribdzf'sj is true). The conditional non-anticipativity constraints

dictate that the decisions at the beginning of time petiedl in scenarios ands must be identical.

Otherwise they are not imposed on the feasible space. Ax@riovGoel and Grossmann (2006), it is

enough to consider a subset of scenario pairs that diffenip one uncertain parameter. Therefore, in

egs. (2.5) and (2.6) each such scenario (m8) will be an element of exactly one of the sédg, Vg € Q.

Note that in egs. (2.4) and (2.5), vectof contains;vv{’S for each resolution levdl € L (e.g. in Figure 6

L={1,2,3}). Egs. (2.8)—(2.9) represent the variables propertiesraadrality requirements.

Note that conditional non-anticipativities are not impbs recourse variablag. This is different

than Goel and Grossmann (2006) where the uncertainty wamastto resolve instantaneously. In case of
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gradual uncertainty, although the decision maker obseswe® output from the system, the decision maker
may not differentiate scenarios. For instance, let us asghere is a process which takes a raw material
and generates a final product (Figure 5). The demand for fioduzt has to be satisfied exactly and in case
of shortage, the final product can be bought from the markké decision at the beginning of each time
period is the amount of raw material to buy and the recourigeagnd of each period is the amount of final

product to buy from the market to satisfy the shortage.

Final Product to buy
lfrom market

Raw Final Product
Material » Process ’( ) > to sell

Figure 5: Simple process converting raw material to finatipiad.

Assume there is uncertainty in the yield of the process aredjitires two years of production to resolve
the uncertainty, which has four possible values, val@ésg?, 83, 4. After one year of production the
decision maker may observe that the yield is on the low &e6?) or on the high sidg82, 8). At this
partial resolution stage, the decision maker has to givetica decisions for the amount of raw material
to purchase for the second year for each indistinguishalglessio groups (i.e. scenarios (1-4) and (5-8))
as shown in the scenario tree in Figure 6. The decision malerat distinguish the scenarios within the
scenario groups (1-4) and (5-8) at partial resolution stagee the decision maker needs one more year to
know the exact yield. On the other hand, the recourse dec{simount of final product to buy from the
market) at the end of first year has to be different among sdrfeandistinguishable scenarios (e.g. (1-2)
and (3-4)) because the amount of production varies dueferdift yields whereas the demand for the final
product stays the same. Therefore, when two scenarios digdimguishable we impose only the decision

variables, and not the recourse variables, in the disjondti eq. (2.6).

t=1 | =1: No resolution O—O—O—O—O—O—O—O
t=2 | =2: Partial resolution (Hb—@l 6° 6@ @3—@3—@5—@5

t=3 | =3: Full resolution @ ) (¢ @ @ ) (& @
3 4 5 6 7 8

Scenarios: 1 2

Figure 6: Scenario tree representation of gradual uncgytegsolution in yield.

Toillustrate the constraints (2.2)-(2.5), we give spe@kamples from the synthesis of process networks
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problem (details in Appendix A). In the generic modE), eq. (2.2) corresponds to the linear constraints
such as the material balance constraints (A.3), (A.7), XA(8.9), (A.10) on every node and process.
Eqg. (2.3) corresponds to the non-linear constraints tleatiaed for calculating net present value for every
scenario (A.2). Eq. (2.4) corresponds to constraints (And) (A.5) which state that logic variabh%iS will

be true if and only if procesishas not been expanded, or not run as a pilot plant until tinmege— 1’
Similarly, vviziS will be true if and only if processhas operated only one time period or run as a pilot plant
until time periodt — 7”. Eqg. (2.5) corresponds to constraint (A.25) which staté dhaair of scenarios that

is an element oMg,Vq € Q (see Appendix A for specific subsets used for the examplel@mbwill be
indistinguishable if and only if for each process that digtiishes the scenario pa’nfijf holds true. As
explained in (Goel and Grossmann, 2006), it is enough toidenthe scenario pairs that differ in only one

uncertain parameter as shown in Table 1.

Table 1: Sets that differ only in the specified parametergmttesis of process networks problem.

Subsets of scenario paifly)
Process| Step(l) M1 Mz M3 My
1 2 0
3 0
2 0
2 3 0

3 Solution strategy

The size of the multistage stochastic MINLP mogf) increases quadratically with the number of scenarios
and linearly with time periods. Therefore, it is difficult$olve this nonconvex MINLP model in fullspace
for real size problems using commercial solvers. The m@egls composed of nonconvex mixed-integer
nonlinear subproblems. The subproblems are connectaaghinitial (eq. (2.7)) and conditional (eq. (2.6))
non-anticipativity constraints. When the initial and caiwhal non-anticipativity constraints are relaxed,
each subproblem can be solved independently. In order éoadiantage of this special problem structure,
we propose a duality-based branch and bound algorithm ahenlines of Goel and Grossmann (2006). In
the following sections, the upper and lower bounding praceslused at each node of the branch and bound

tree, branching scheme, and the proposed solution algoétk presented.

3.1 Upper bounding procedure

In the proposed algorithm, the upper bound at the root nodéebranch and bound tree is found by

optimizing modeI(P(')-R) in which the logic constraints (2.4)-(2.5) and disjunct{@6) have been removed
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and the initial non-anticipativity constraint (2.7) areatimed as follows:
d sg s g
(R") @ (Adr ) = max p° f (dP. ) + Adr (dP—d (3.1)
(A&f)=mex 5 3 3 ()

st. (2.2)— (2.3)(2.8) (3.2)

The parameterzjf represent the Lagrange multipliers corresponding to caim$t(2.7). In order to
find the tightest upper bound generated by mc(@éﬁ) at the root node, we consider the Lagrangean dual

problem(P§P) that minimizes the moddP§®) in the space of multipliers.
(RSP) @° =min @* (A7) (3.3)

At any noden, other than the root node in the branch and bound tree, m@&dglis optimized to
calculate upper bounds. In modé,), not only the initial non-anticipativity constraints, balso some
conditional non-anticipativity constraints are addedtiahnon-anticipativity constraints are added to the
model regardless of any decision whereas conditional awoes the relaxed disjunction are also included
based on the branching cuts. The conditional non-antigipatonstraints that apply in nodeare included
in the dynamic selZ. The selection of which conditional non-anticipativitynsiraint to include into set
Ng, as well as some necessary cuts to be addéhlawill be discussed. The modgh,), not including any

such cuts, is given as follows:

(Pn) ¢ = max Z p° f (P, ) (3.4)
tel se
st (2.2)-(2.3)

&= o V(s.S,t) € NLUNE (3.5)

The upper bound at nodeis generated by optimizing modéPr';R) in which the non-anticipativity

constraint (3.5) is dualized as follows:

(A) A =maxy 5 pf@D Y &5 (a-of)] (3.6)

(s,8,t)ENJUNZ

st. (2.2)— (2.3)(2.8)

Similar to the root node, in order to find the tightest uppeurih we again consider the Lagrangean

dual problem(P;P) which is minimization of the mod€lRLR) in the space of multipliers,

GG @ =mingk® (A57) (3.7)
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where)\jf represents the Lagrange multipliers corresponding totcaing (3.5).

Both models(P5R) and (PtR) can be decomposed into independent nonconvex MINLP sulgmmsb
for fixed values of the multipliers. Both models are relasias of the mode(P) for any fixed values of
the Lagrange multipliers, and in order to obtain valid ugpaunds, these nonconvex subproblems must be
globally optimized (for proof see Tarhan and Grossmann&200

Minimization of the Lagrangean dual mod¢®;°) and(P;P) in the space of multipliers is performed

by the subgradient method proposed by Fisher (1985).

3.2 Branching

In general, at any node in the branch and bound tree, the@oloft the Lagrangean dual may not satisfy
the dualized non-anticipativity constraint (2.7), or tlmmditional non-anticipativity constraints in relaxed
disjunction (2.6) inferred by decisions. In this case, neanbhes are generated from the current node by

considering the violations in the dualized non-anticiagticonstraints or the relaxed disjunction.

3.2.1 Branching on the dualized non-anticipativity constaints

At any node of the branch-and-bound tree, the solution oferh@a';D) may not satisfy the dualized
initial or conditional non-anticipativity constrain(N UNS). In this case, branching is performed over
the constraints in violation. If the violating non-antiatjvity constraint involves discrete variables then the
branching strategy divides the feasible region into twoerghone of the regions is restricteddd< LdNIJ
, ¢ < |d;| and the othed? > [d;] , df > [di]. d is calculated by the probability weighted average of
the variablesd[ = %. In case of continuous variables, the branches are formet} Igy[dN[J — €,
d¥ < |d| —eandd® > [d] +¢,df > [d] + e whered; is calculated as shown above.

A special case occurs during the branching of the first parmttanticipativity constraints. As these
constraints should hold for each scenario pair, we can tewrése equations as one expressu'@n,: diz =
.= dik. The branching can then be performed so that the entire ssipreis restricted tec [d}J and to

> [d;] (in case of continuous variables inequalities should thkedarms< |d;| — & and> [di] +&.

3.2.2 Branching on the disjunctions

When the dualized non-anticipativity constraints ares§ieti, it is possible to continue searching by
separating the feasible space into two using the disjun¢f2c6). The branching is performed using the
conditional non-anticipativity constraints in the relex@isjunctions that are supposed to hold, but do not
do so given the values of the variables at the previous timege For instance, assume the decisions
satisfy the initial non-anticipativity constraints thaiclude the first period non-anticipativity constraints

Then indistinguishable scenario pairs are inferred bygi&m)-(2.5). Given the indistinguishable scenario

10
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pairs, if the variable values do not satisfy the conditiarai-anticipativity constraints in disjunction (2.6),

the branching is performed aﬁsl as shown in Figure 7.

Figure 7: Branching on the disjunction in constraint (2.6).

The two generated nodes in Figure 7 (nodes 1 and 2) havedtiffproperties. At node 1235' is fixed
to false/zero and at node 2;Sj is fixed to true/one. At node 1 due to fixirlf;s' to false, it is required to
add some cuts which will guarantee the distinguishabilftthe scenario paifs s'). These cuts will be
generated using constraints (2.4)-(2.5). To illustragséhcuts, we will again use the synthesis of process
networks problem (Appendix A). If we fizf"sj to false, where the scenario péirs') belongs to the sé¥l,
then using Table 1 and (A.25) we find that logic constraint8)(and (3.9) must be included in scenario

subproblems ands, respectively.

Wit < False (3.8)
w? < False (3.9)

Different from node 1, at node 2 some non-anticipativity stoaints coming from the relaxed
disjunction are added to the s& in model (P,) due to the fixing ofzf’sl to true. Similar to node 1,
cuts are generated and added to md@g&e) wherezf'sj is fixed to true. These cuts are necessary to make the

solution algorithm convergent. (For proof see Goel and &rasn (2006))

3.3 Lower bounding procedure

At each node, a lower bound is found using a heuristic whiahveds the solution found by the upper
bound procedure to a feasible solution. Usually, the smtuibound by the upper bound generation does not
satisfy the non-anticipativity constraints. Feasiblaifiohs are generated using a rolling horizon approach
(Dimitriadis et al., 1997). Decisions in the indistinguadthe scenario pairs are found by calculating the
probability weighted average of variables in such scesaddter fixing these variables and considering the
resolution of uncertainty depending on the fixed decisitresnext period decisions are found iteratively by
calculating similarly the probability weighted averagelod variables in indistinguishable scenarios. This
procedure is terminated when all scenarios are distingbistor the end of the planning horizon is reached,

whichever comes first. Then having these decisions fixedWiihe.P model is solved in full space using

11
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an outer approximation algorithm (Duran and Grossmanng )L ®¢hich yields a feasible solution.

3.4 Solution algorithm (SP-GO)

Based on the multistage stochastic MINLP mo(®) and the previous explanations about the upper and
lower bounding procedures, the proposed algorithm is ptedebelow.&? denotes the list of open nodes
each having an upper bourg{® found by the Lagrangean dual problem at nogahile ¢'B represents
the objective value of the best feasible solution obtaireths Given these variables, the major steps of

the algorithm are given below.

Step 1 Initialization: ¢'B = —o0, @'B = w0, 27 = {Ry}, wherePy is the root node.

Step 2 Termination: If &2 =0, stop. The current best solution is optimal. Otherwispeat steps 2 to 6.
Step 3 Node selection: Select and delete nodefrom &2 based on the best bound.

Step 4 Bound generation: For the root node, generate the upper bOLQq#B) by applying a global optimization
algorithm and obtain a lower bound'®) solutions (d,%,0) and (d,x,0), respectively. (Details of this step

(steps a-g) will be explained below.)
Step 5 Fathoming: Delete from all problemsP’ with ¢ (P') < ¢'B.

Step 6 Branching: Branch on the dualized non-anticipativity constraintsisjushctions that are violated by the solution

(d,%,0) of the relaxed problentP,). Generate two children nodes, add thenvto

Note that step 1 is the initialization and the algorithmates between steps 2 and 6 until convergence

is achieved. The details of the step 4 (steps a to g) are exquiddelow.
Step a : Setiteration= 0.
Step b : Whild is less than or equal tmax_iteration, i =i+ 1, repeat steps b through h.

Step ¢ Generate upper bound: For fixed multipliers, use global optimizer for each MINLFbguoblem to solve(P,';R)

to obtain solutior(cf, %,0) with objective function valuep.
Step d Update upper bound: Update the upper bound tgt/® = min{ @8, @}

Step e Generate lower bound: Generate a feasible solutitéd_,i, u) with objective valuep for the model(P) based on

the solution(&, %,0) generated at step c.
Step f Update lower bound: Update the lower bound by-® = max{ ¢'B, ¢}.

Step g Update multipliers: Update multipliers using subgradient method.

12
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The bottleneck of the proposed algorithm (SP-GO), is theesuppunding procedure (step c) in step 4
where every scenario subproblem has to be globally optunizerder to have valid upper bounds during
the subgradient iterations. This is computationally exgpen Since it is enough to generate a valid upper
bound only at the final subgradient iteration, the proposgdrghm, SP-GO, can be modified such that
non-convex subproblems are solved using an outer-appatiximalgorithm instead of global optimization
at the intermediate subgradient iterations. The reasosudoh a modification is that in practice during
the subgradient optimization we do not intend to find theroptimultipliers, but multipliers that improve
the upper bound. This modification intends to improve theraage multipliers at each iteration, without
solving each scenario problem globally. The drawback ofaiygroach is not getting valid bounds during
these intermediate subgradient iterations.

The following algorithm (SP-OA) combines the global optiation and outer-approximation algorithm
for expediting the solution process without violating thedidity of the bounds. Note that the outer-
approximation algorithm can be replaced by any algoritheh@issumes convexity (e.g. generalized Benders

decomposition, extended cutting plane), that will find laszdutions in short time.

3.5 Solution algorithm (SP-OA)

In order to incorporate this idea into the proposed algorigBP-GO), steps c and d need to be modified. The
type of optimization (global or outer approximation) is ed®n the iterationand maximum iteration limit
(max_iteration). If iterationi is one or the maximum iteration limit, every subproblem ia ttagrangean
dual of the probIen(PnLR) is solved using global optimization; otherwise an outgoragimation algorithm
that relies on convexity assumption is used. The reasorsfagiglobal optimization at the first iteration is
for initializing the variable values close to global optirsalution which is taken as an input for the outer-
approximation algorithm at the second iteration. This iovess the chances of finding optimal solutions
during the outer-approximation algorithm. The reason &ing global optimization at the last iteration is
for generating valid upper bounds that will be used for pngrthe parts of the branch and bound tree and
calculating the duality gap. In step d, the upper bound isatgitionly after global optimization is used for
calculating valid bounds.

Figure 8 compares the typical profiles of the Lagrangean asia function of multipliers. The solid
lines represent a profile generated when all the subprotdeensolved using global optimization, whereas
the dashed lines represent a profile generated using oygemamation at the intermediate iterations. In
the first and last iteration a solution is found on the profé@erated by global optimization (solid lines)
and during the intermediate iterations outer approxinmefttashed lines) may end up in one of the local

optimal solutionsx°*).
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Figure 8: Graphical comparison of SP-GO and SP-OA iteration

4 Results

In this section, we present results for comparing the smhstproposed by the algorithms SP-GO and SP-
OA for the synthesis of process networks (Tarhan and Grassi{2008)) and planning of offshore oil or

gas field infrastructure problems (Tarhan et al. (2009)).

4.1 Synthesis of process networks

This section explains briefly the synthesis of process ndtsvexample and Section 4.1.1 analyzes the
solution time and quality of SP-GO and SP-OA. In the synthekprocess networks problem, we consider
the selection and capacity expansion of processes ovenaiptghorizon given that there is uncertainty in
the yields of some processes. Uncertainty can be reducedghiinvestment in pilot plants. The trade-off
is that pilot plants delay the introduction of processesabat reduced uncertainty. Concave cost functions
are assumed which are the sources of non-convexity in tbisligm.

Figure 9 shows the specific network used in the synthesisarfgss networks problem. The demand
for the final product A over the planning horizon is known ahd tompany must satisfy that demand.
The current production takes place only in process 3, whictsemes an intermediate product B from the
market. In case of production shortage it is possible to bogl foroduct A from the market at a higher
cost to satisfy the demand. Inventory for both the intermtdand final product can be maintained. Two
new technologies (process 1 and process 2) are availabledoige the intermediate product B from two
different raw materials C or D. These new technologies haeedainty in their yields which gradually
resolve over a two year period either with investments iatgilants or with plant operation.

In Figure 9 process 3 is already operational with an existaggacity of 3000 tons/year and a known

yield of 70%. The only difference between the two differeatinologies (Process 1 and 2) is the variance
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Figure 9: Schematic representation of synthesis of pravetsgorks problem.

of yield distributions. Although they possess the same nvadue, 75%, process 2 has a higher variance
than process 1 (see Table A.1). Process 1 can realize afieydiar a yield of 69 or 81% and after the
second year 69, 73, 77 and 81%. Similarly, yields of proceafiet first year are 60 or 90% and after
second year 60, 70, 80 and 90%. It is assumed that the pripaifieach scenario is the same. The
detailed optimization model and the scenarios and datdi®iristance are presented in Appendix A.

The size of this instance in full space with 10 periods andcE®arios is given in Table 2. Although the
problem seems to be trivial, combining 16 scenario subprablover 10 years with initial and conditional

non-anticipativity constraints, leads to a large scaléf@m.

Table 2: Model size in full space (16 scenarios).
Full Space Model
(16 Scenarios)

Individual Scenario

Binary Variables 160 4,912
Continuous Variables 181 2,897
Constraints 614 58,017

4.1.1 Performance analysis of SP-GO and SP-OA

The results in this section have been obtained on a Pen¥Mi320 GHz Windows machine. Also, we
employed AIMMS 3.8.4 for implementing the solution algbnit using solvers CPLEX 11.0, CONOPT
3.14, SNOPT 6.1, BARON 7.5.3 (Sahinidis (2000)), AOA (AIMND®iter Approximation Module).

The specific synthesis problem has been optimized usingdigtiithms SP-GO and SP-OA with 2%
worst case gap. Worst case gap is calculated by adding tleifisgdegap of 1% for the global optimizer
and specified gap of 1% for the branch and bound tree. The Igiptianization algorithms have been run

with 1% optimality gap, and both algorithms were terminatdtn the gap in the branch and bound tree
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is less than 1%. The results are presented in Table 3. Inrtkiarice, although both algorithms find close
solutions, SP-GO finds a slightly better (0.1%) feasibleisoh than SP-OA (6.636 vs. 6.629). However,
while SP-GO requires 90.7 hours to complete the branch anddeearch, SP-OA requires only 34.8
hours, a reduction of nearly 60%. In SP-OA the optimum sofutivas first found in 32.1 hours while
SP-GO found it in 71.1 hours. One can also compare the best iygpinds found by the two algorithms.
SP-OA reduces the best upper bound more than SP-GO by sgarnchire nodes in branch and bound tree,

but cannot find a better feasible solution.

Table 3: Performance comparison of SP-GO and SP-OA for sgiglof process networks problem.

SP-GO| SP-OA
Lower bou.nd($ X 1Q6) 6.636 | 6.629
Best feasible solution
Upper bound$ x 10°) 6.671 | 6.631
Worst case gap (%) 1.52 1.02
Best feasible solution found after (hrg) 71.1 32.1
Total CPU time (hrs) 90.7 34.8

4.2 Planning of offshore oil or gas field infrastructure

In this section, we briefly describe the specific planningftgtmre oil or gas field infrastructure problem.
Section 4.2.1 compares the results and the solution timagifoy the two algorithms (SP-GO, SP-OA).

We consider a field consisting of a single reservoir (Figudg vhere a number of wells can be
drilled and exploited for oil in every reservoir during thieupning horizon. The problem involves making
investment and operating decisions over the planning boriznvestment decisions are selection of the
number, type and capacity of facilities, and installatichedule of these facilities, as well as selection of
types of wells and drilling schedule of wells. Operatingidens are amount of oil production for each
time period given the limitations of the reservoirs. Thelgsdo capture the complex economic tradeoffs
that arise from the investment and operating decisionsderaio maximize the expected net present value
of the project.

The details and data for the planning of oil or gas field irtftature under uncertainty are reported
extensively in Tarhan and Grossmann (2008). Briefly, thenrnaicertainties considered are in the initial
maximum oil or gas flowrate, recoverable oil or gas volumewaater breakthrough time of the reservoir,
which are represented by discrete distributions. Furtbeerit is assumed that these uncertainties are not
immediately realized, but are gradually revealed as a foncf well drilling and production decisions. The
model optimizes the investment and operating decisionstbeeentire planning horizon. Two instances, 1
and 2 have been optimized to show the efficiency of the prapalg@rithm. In both instances the reservoir

behavior is nonlinear (because of the water flowrate equstiout in instance 1, the maximum oil flowrate
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Figure 10: A Typical oil field infrastructure.

is assumed to be linear function of the cumulative oil prdiduicwhereas in instance 2 it is a nonlinear
curve. In both cases the nonlinearities give rise to norvexities in the model. The size of the two

instances are the same and given in Table 4.

Table 4: Model size for the oil field problems.

Individual Scenario Full Space Model
(8 Scenarios)
Binary Variables 10 600
Integer Variables 100 800
Continuous Variableg 121 969
Constraints 271 8088

4.2.1 Performance analysis of SP-GO and SP-OA

The results of this section have been obtained on a Pentti®.20 GHz Windows machine. Also, we
employed AIMMS 3.8 for implementing the solution algorithusing solvers CPLEX 10.1, CONOPT 3.14,
SNOPT 6.1, BARON 7.5.3 (Sahinidis (2000)), AOA (AIMMS Outgpproximation Module).

Table 5: Performance comparison of SP-GO and SP-OA forrostal and 2.
Instance 1 Instance 2
SP-GO| SP-OA | SP-GO| SP-OA

Stochastic Programming
Objective function valug$ x 10°)
Total CPU time (hrs) 23 5.6 120 5.3
Worst case gap (%) 9.6 4.7 12 6.5

6.37 6.54 4.59 4.84

Table 5 shows that the solution times of both instances &g O are long for practical purposes (23
and 120 hours). As presented in Table 5, in both cases ugjogthim SP-OA, which combines the global

optimization and outer-approximation, reduces the sofutime by 76% and 96% respectively, and does
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not sacrifice the quality of the solution. In fact, SP-OA adebetter feasible solutions (6.54 vs. 6.37, 4.84
vs. 4.59) and narrower gaps between the upper and lower bdhad the one found with SP-GO. Similar
to the results obtained in the synthesis of process netwokdem, large reductions in solution time are
achieved by combining local and global MINLP solvers. Hoamin these problems, SP-OA also found

better feasible solutions.

5 Conclusion

We have presented in this paper a generic non-convex nagidiINLP model with decision dependent
uncertainties. We have proposed an improvement on thetghaised branch and bound algorithm
for solving the large sized instances where global optittomaand outer-approximation algorithms are
combined. The performance of the new algorithm (SP-OA) @ lzompared with the previous approach
(SP-GO) for two problems, the synthesis of process netwankisplanning of offshore oil or gas field
infrastructure. In the synthesis of process networks @mblSP-OA obtained a solution that is 0.1%
worse than SP-GO while reducing the solution time about 6084ahe oil field infrastructure problem,
SP-OA improved not only the best feasible solution found By&O by 3-5%, but also the solution time
by 85-97%. The improvement made by SP-OA can be accountembfobining the global optimizer and
outer-approximation in a certain way to reduce the solutiime. SP-OA takes advantage of the strengths
of both algorithms, leading to large reductions in solutiome without necessarily sacrificing the quality
of the solution. The results also show that a combinatiorocéll and global MINLP solvers can lead to
better solutions faster than using only a global solver. dlobal optimizer Baron was used to generate
valid bounds in longer time, while the outer-approximatigorithm AOA was used to update Lagrange

multipliers in a shorter time without finding the global aptim solutions.
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Nomenclature:

Sets:
D(s9)
DK

FK

I

IK

1V
IP(i)
IN(J)

: Processes that differentiate scenasasds’

: Streams employed as decision varialfle& C K)

: Final product streams in the process netw@dk C K)

: Processes in the process network

: Streams employed as decision variables for intermedratdyet purchasé K C DK)
: Processes with uncertain yield in the process network

. Input streams to process

. Input streams to nodg

: Nodes in the process network

- Nodes related to the balance of intermediate product iptbeess network
. Streams in the process network

. Levels of gradual uncertainty resolution (see Fugure 6)

. Highest uncertainty resolution level in which scenarisss’) are indistinguishable in
procesgL c L)

: Scenario pairgs, s') that differ in only one uncertain parameter

: Set of initial non-anticipativity constraints

. Set of conditional non-anticipativity constraints

. Set of conditional non-anticipativity constraints at eod

: Output streams from node

: Output streams from process

: Subsets of the scenario paisss)

: Possible scenarios

: Streams employed as state varialflés C K)

: Periods in time horizon

: Process in sdt
: Node in set)

: Stream in seK
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q
s, S

t,7

: Level in setL
. Element in se@Q
: Scenario in sef

: Time period in sef

Binary variables (or equivalent Boolean variables):

exp,s
di7t
oper,s
di.t
pilot,s
di.t
V\) S
it
z°

- Whether or not procegss expanded in period scenaris

: Whether or not procegds operated in periot] scenarics

- Whether or not pilot plant for processs built in periodt, scenaris

- Whether or not the yield of processs in levell in periodt, scenarics

: Whether or not scenariass are indistinguishable in periad

Continuous variables:

d’e : Capacity expansion of proceisi periodt, scenarics

di®  : Flowrate of streank € DK in periodt, scenarics

enpv . Expected net present value

npvs : Net present value of project under scenario

u{”v_fi”a"s: Amount of final product to put into inventory at the end ofipdtt, scenaris
u{”\’_im’s : Amount of intermediate product to put into inventory at #rel of period, scenarics
uf’Jes’s - Amount of sales of final product in periddscenaric

uP~ S - Amount of purchases of final product in perigdcenarics

Xe® : Capacity of processin periodt, scenarics

Xao°  : Flowrate of streank € SK in periodt, scenarics

Parameters:

D¢ : Demand for final product in periad

FEi; . Fixed expansion cost for process periodt

FOit : Fixed operating cost for process periodt

LE:; : Lower bounds

ps : Probability of scenaris

PR : Fixed and operating cost for pilot plant for procégs periodt
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U(f‘)) : Upper bounds

VE;; : Variable expansion cost for procdda periodt

VOt : Variable operating cost correspondingﬂt@[e’S in periodt

mfi”aj : Purchase price for final product in peribd

rém : Purchase price for intermediate product in petiod

y{ﬂ"a' : Cost of maintaining inventory of final product in peribd

ynt : Cost of maintaining inventory of intermediate product eripdt
& . Duration of period

GI' S - Yield of process in levell in scenarics, i € U

D

: Yield of process, i € I\IU

Q

: Exponent in the term for expansion c@t< a < 1)

7,77, 1" : Time delays

In this instance, for simplicity, we assume that uncerianesolves in two steps (i.e. in three levels,
L ={1,2,3}). Based on the above definitions, the model for the syntleégimcess networks is as follows:
Equation (A.1) represents the expected net present valighvgto be maximized over the set of scenarios
S

enpv= Y p°npv® (A.1)
2
The net present value for each scenaii@given by,

7= 33 (PP veu (o)) - 3 3 Foudea

rates rates
- Z Vok,tth & — Z Vok.tXKt o)
teT keDK teT ke

_ Z % PPu.tdi?tHOt’s— Z < an[mtdlzite,s_F nt_finaJ utp—finaLs) 3
teTie te ke

o %'ntu{nv—inns_ WfinaJu{nv—finaJ.S Vse S (A.2)

whereaq is a fractional exponent, @ a < 1, which gives rise to a concave cost function.
Disjunction (A.3) represents the input-output relatiapsHor the processes with uncertain yieleﬁ,s,

at each period and scenario. Note that at each time periodaardrio, the yield of a process must be in
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one of the possible resolution levéls L.

e

\/ rate,;s l,s rate;s rate;s
leL > %q =6 DI TR D W O
keOP(i) kel P(i)nDK kelP(i)nSK

Egs. (A.4) and (A.5) relate the Boolean variatzﬂtgS to the previous time period decision variables so

) VielUVseSwteT (A.3)

that the some set of constraints in (A.3) will be valid. Assugnthat the uncertainty will resolve in two
steps, there are three possibilities. If we build neitheitat plant nor actual plant, the set of constraints in
(A.3) that has zero yield (since there is no production ceyawill be valid which is expressed by (A.4).

If we build/operate the actual plant one year or run pilobplane year, the set of constraints in (A.3), that
have still uncertain yields (at level 2), will be valid. Thssreflected by (A.5). Finally, if the plant operates
two or more years or at least one year after pilot plant opmrathe set of constraints in (A.3) that have
exact yield will be valid (level 3). This is captured by (A €hce at anytime a process has to be in one of
the levels of uncertainty. Note that instead of using (A.8)asuld define the rule fdr= 3 but we simplify

the constraints by using (A.6). Instead of specifying a faldlevel | = 3 as in egs.(A.4)-(A.5), we only

specify that the process yield must in one of the leleld..

wie A - (dPsvdres) |=1ViclUVteT,vseS (A4)
=1
t—T" )

wie \/ (dProvali) | =2VielUVteT, vseS (A5)
=1

\/ W VieluvteT,VsesS (A.6)

=
Eq. (A.7) represents the input-output relationships fa& pinocesses with certain yield8, at each

period and scenario.

S xfk?esze,( S oodit+ ¥ xfkaf&S) Viel\lU,VseSvteT (A7)
keOP(i) kelPMNDK kelPMNK

The mass balance constraints at each node in the networkvarely,

> xrk‘:’tle’S: S erile,s VjelVseSvteT (A.8)
keON(j) kelN(j)

The balance constraint that relates inventory, purchasles sand production for final product at
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consecutive periods in the network is given by the follondéagation,

u{nv—final,s: uirlvl—finaLs_'_ < Z erite,s+utp—final,s_utsala.s> 5 VseSwteT (A.9)
keFK

Similarly, the balance constraint that relates inventgmyrchase, production and consumption of

intermediate product at consecutive periods in the netigogk/en by the following equation,

inv—int,s __inv—int,s rate,;s rate,;s rate,;s
Ut =U_; T+ di "+ Xt + Oyt &
keIN(j)nDK keIN(j)NSK keIN(])NIK

VjieTIVseSWvteT (A.10)

Constraint (A.11) forces the sales to satisfy demand ex&mtleach period and scenarig,
& ud®ss = py VseSwteT (A.11)
Constraint (A.12) restricts the input flow to each procesthieycapacity of the corresponding process.

A%+ Y xGeTee Viel,VvseSWteT (A.12)
kel P(NNDK kel P(NSK

The capacity of every process in peribend scenarig is computed by the available capacity in the

previous time period and the capacity expansion made (A.12)
Xeo S =X+ At Viel,VseSwteT (A.13)
Lower and upper bounds for capacity expansions are cagzlilgt constraint (A.14),
L™ < df® <udP® Viel,Vse SWteT (A.14)
, While constraint (A.15) restricts the output flow from egchcess to zero when they are not operating.

Y XGes<ydpes Viel,vseSWteT (A.15)
keOP(i)

Logical constraint (A.16) states that operating a process fgiven scenarig at periodt requires an

expansion at any periodbeforet — 1, i.e.T1=1,...,t — 1"

_m

t—t1
dt = \/ d7"* VielUVseSvteT (A.16)
=1
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Constraint (A.17) forces a proceis® operate in periotlif its capacity is expanded in that period.
dit™s = difee vieluvseSwteT (A.17)

Constraint (A.18) states that at most one pilot plant cambtiled for each process having uncertain

yield, for each scenario through the entire project life.
LI
Zdiﬁ' aS<q Vielu,vse S (A.18)

The logic constraint (A.19) states that if there has beenxparesion in the procesuntil periodt in

scenarics, then there is no need for a pilot plant for that process afkeiodt.
t .
\/ %P = —df'* VieluVseSwteT (A.19)

=1

Initial non-anticipativity constraints, (A.20)-(A.240pld regardless of the decisions made.

d%Ps = ¢S vielV(tss)eN (A.20)
dPpes — gopers VielV(tss)eN (A.21)
dfylos = gyl Vieluv(tss)eN, (A.22)
d78® = g Vielv(tss)eN (A.23)
daes = diaes ke DK,V (t,58) €N (A.24)

Logic equation (A.25) states that scenarsognds’ are indistinguishable if for each process unit that

differentiates the scenarids, s') the logic variablesv()if) are true at the levéle L(i,s,5).

2% e N A w{f (s,§) EMg,VqeQWteT (A.25)

ieD(s9)lel(i,ss)

Finally, the disjunctive constraint (A.26) includes cartaon-anticipativity constraints into the model
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if scenarioss ands’ are indistinguishable at the end of period

Ztgs’

gorers _ doper.s’

it+1 T Yit+l
exp,s _ qexp,s
i1 = di,t+1

d'pilons _ d.pilot,s’

it+1 it+1
QEs_ 4QES
di7t+1 - di,t+1

rates _ rates
A1 = Ao

Viel
Viel
Vielu
Viel

vk e DK

Data used in the instance

Note that the scenarios are generated assuming that daerggttial resolution, the yield of process 1 is
the lowest 0.69 or the highest 0.81. The actual yield at &8btution is either 0.69 or 0.73 if the yield

aEy

V(t,ss) eNc

(A.26)

is lowest at 0.69, and 0.77 or 0.81 if the yield is highest 8@t partial resolution. A similar resolution

approach is applied for process 2. The fractional cost esptix) is chosen as 0.8.

Table 6: Yield of each process in each scenario.

Scenario
Process| Level(l) | 1 2 3| 4 5 6 7 8 9 | 10| 11| 12| 13| 14 | 15| 16
1 2 69| 69| 69| 69| 69| 69| 69| 69| .81|.81|.81|.81|.81|.81| .81| .81
3 69| .69|.69| .69 |.73|.73| .73 | .73 | .77 | .77 | .77| .77| .81| .81| .81 | .81
5 2 60| .60| 90| 90| 60| 60| .90 | .90 | .60| .60 | 90| .90 | .60 | .60 | .90 | .90
3 60| .70| .80| 90| 60| .70 | .80| .90 | .60| .70 | .80| .90 | .60 | .70 | .80 | .90
Table 7: Various cost parameters used in the example.
Process Fixed Expansion | Variable Expansion Fixed Operating Pilot Plant
($x 10°/ expansion)|  ($x 10°/ton) ($x 10°/ year) | ($x 1(Pinstallation)

1 15 0.3 0.2 0.1

2 15 0.3 0.2 0.1

3 15 0.3 0.2 NA

Table 8: Capacity expansion limits for each process in tizergple.

Max Limit (U™)

Min Limit (LJ®)

Process (ton x10°/ year) | (ton x10%/ year)
1 10 1
2 10 1
3 10 1
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Table 9: Output flow limits from each process in the example.

Process Max Limit (U"%) | Min Limit (L")
(ton x10°/year) | (tonx10%/year)

1 10 0.5

2 10 0.5

3 10 0.5

Table 10: Price and cost values for flows used in the example.

A B C D
($x10%/ton) | ($x 10%/ton) | ($x 10%/ton) | ($x 103/ ton)
Material purchase price 1 0.4 0.1 0.1
Final product sales price 0.6 NA NA NA
Final product inventory cost 0.1 NA NA NA
Intermediate product inventory cost NA 0.1 NA NA

Table 11: Demand for final product in the example.

Time Period
1721345678910
(tgﬁr:igg‘i 1024 sle6l6|6|8]s

Subsets of scenario paif¥ly)
M, M, M3 My

(19 | @5 | @3 | 12
(1,13) | (2,6) (1,4) (3,4)
(2,100 | (3,7) (2,3) (5,6)
(2,14) | (4,8) (2,4) (7,8)
(3,11) | (9,13 (5,7) (9,10)
(3,15) | (10,14) | (5,8) | (11,12
(4,12) | (11,15) | (6,7) | (13,14)
(4,16) | (1216) | (6,8) | (15,16)
(5,9) (9,11

(5,13) (9,12

(6,10) (10,11)

(6,14) (10,12)

(7,12) (13,15)

(7,15) (13,16)

(8,12) (14,15)

(8,16) (14,16)
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Table 12: Subsets of scenario pairs specified in synthegigooess networks problem.






