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Abstract

Design space definition is one of the key parts in pharmaceutical research and development. In
this article, we propose a novel solution strategy to explicitly describe the design space without
recourse decisions. First, to smooth the boundary, the Kreisselmeier-Steinhauser (KS) function
is applied to aggregate all inequality constraints. Next, for creating a surrogate polynomial
model of the KS function, we focus on finding sampling points on the boundary of KS space.
After performing Latin hypercube sampling (LHS), two methods are presented to efficiently
expand the boundary points, i.e., line projection to the boundary through any two feasible LHS
points and perturbation around the adaptive sampling points. Finally, a symbolic computation
method, cylindrical algebraic decomposition, is applied to transform the surrogate model into
a series of explicit and triangular subsystems, which can be converted to describe the KS space.

Two case studies show the efficiency of the proposed algorithm.
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1. Introduction

In the pharmaceutical industry, process parameters' correspond to degrees of freedom or
variables that can be manipulated in the operation of a manufacturing process, and which can
be measured and set within the controller tolerance for a desired value. Design space is defined
as “multidimensional combination and interaction of input variables and process parameters
that have been demonstrated to provide assurance of quality”?. In other words, Product quality
is maintained as long as the process parameters are controlled within the design space.

Early approaches to identify the design space were solely based on experiments and empirical
functions’. By performing extensive experiments, the relationships of process parameters and
critical quality attributes (CQAs) can be built through regression and the process parameters
that have medium/high impacts on the CQAs can be determined. The design space is visualized
by response surface modeling and further verified by additional experiments*. This method
requires extensive experiments, and it is very time-consuming and expensive. To lower the
cost of developing design spaces, mechanistic models that contain relationships of process
parameters and CQAs can be formulated in advance and parametrized with less data. Goyal
and Ierapetritou® proposed an approach based on outer-approximation to identify the operating
envelopes where process operation is feasible, safe, and profitable. In addition, in order to
address the computationally expensive models, the surrogate-based methods are then proposed.
Rogers and Ierapetritou®’ applied Kriging as the surrogate models to approximate the original
functions and identify the design spaces with limited samplings. Compared with the kriging
surrogate models, Wang and Ierapetritou® used RBF surrogate models. Metta et al.® proposed
to use an artificial neural network to create the surrogate models for addressing problems that
are computationally expensive or do not have constraints in closed form.

Moreover, optimization approaches based on mechanistic models have been extensively

studied to describe the design space!®!!. Characterizing a design space for a process design
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model is analogous to the flexibility index problem in the chemical industry'?!314, The
flexibility index is used to describe an operational range, which represents a maximum scaled
departure of all process parameters from the given nominal conditions. It is worth stating that
“design space” and “feasible space” are interchangeably used in the pharmaceutical industry.
Generally, it is not easy to accurately describe the boundary of the real design space because
of the high nonlinearity. The flexibility index can approximate the design space by a largest
inscribed subspace with a specific shape, which may be a rectangle, ellipse, or other shapes.
Because we are only concerned with this subspace, for simplicity, this subspace is denoted as
“design space” in this paper. When approximating it as a rectangle, the vertex direction search
method!? can be employed to find the flexibility index, which is rigorous for convex regions.
To avoid the convexity assumption, Grossmann and Floudas'> developed an active constraint
strategy, where the two-level optimization formulation for the flexibility index problem can be
reformulated as a mixed-integer linear or nonlinear programming model by applying the KKT
conditions to the inner optimization problem. In addition, Pulsipher and Zavala! proposed to
use an ellipsoidal set to capture correlations of process parameters, as well as a mixed-integer
conic programming formulation to compute the flexibility index. A number of approaches are
proposed to quantify system flexibility, and an extensive review is provided by Grossmann et
al. '7 If the nominal conditions of the process parameters are unknown, the flexibility index
problem can be extended to the design centering problem!8, which focuses on determining the
nominal conditions that maximize the size of the design space. From a mathematical view, the
design centering problem is a generalized semi-infinite programming problem!%2°, Flexibility
index and design centering are two complementary ways for estimating a candidate design
space, which have been widely studied in recent decades; however, both methods need to
specify the shape of design space in advance, which is quite hard to reflect the reality of the

feasible region, especially for nonconvex cases.
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In the absence of models capable of efficiently probing the fullest extent of the feasible region,
design spaces were obligated to be defined with an assumption of shape to be probed
experimentally. With a robust model, there is no reason to make the shape assumption because
we can effectively probe the boundaries to the extent of the feasible region. The challenge is
thus computing and defining that boundary. Zhao and Chen?! first proposed representing the
design model as an existential quantifier formula and applied the cylindrical algebraic
decomposition (CAD) method?? to accurately describe the design space and explicitly express
the relationships between uncertain parameters. The CAD method can provide a complete
description of the design space (in this case, the design space is identical to the feasible region),
and the triangular structure makes possible the explicit algebraic representation of the bounds
of each process parameter. The method is suitable for convex and nonconvex systems described
by polynomials. Zhao et al.>3 proposed a space projection method based on the CAD method
to deal with flexibility index problems. Due to the heavy computational burden of the CAD
method, the above methods are only applicable to relatively small-scale problems. For high-
dimensional systems consisting of a large number of equalities and limited inequalities, Zheng
et al.>* proposed to build a surrogate model to correlate the inequality constraints based on an
initial sample set. The design space is explicitly expressed via the CAD method, and the
boundary can be checked to iteratively refine the CAD results. However, if the design space
has a severely irregular shape, the computational burden of the CAD method will be very high.
Moreover, since it is not appropriate to reduce process parameters, the number of inequality
constraints becomes another key factor of the computational complexity.

In this work, we propose a novel design space description method based on efficient adaptive
sampling and symbolic computation, and in which no recourse is considered for the realization
of the parameters. The proposed method not only can eliminate all the equality constraints and

state variables, but also significantly reduce the sampling burden, and decrease the number of
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inequality constraints to one. In addition, there is a tradeoff between the complexity of the CAD
method and the accuracy of design space description. The rest of this article is organized as
follows. Sections 2 provides problem statements including the research framework. Section 3
defines the design space based on the Kreisselmeier-Steinhauser (KS) function. Section 4
illustrates the main steps of the CAD method. Section 5 provides an adaptive sampling strategy
to find the explicit expression of the design space. Two case studies are provided in Section 6
to illustrate the proposed methods. Section 7 discusses the key characteristics of the proposed

method. Section 8 concludes the paper.
2. Problem statement

An ultimate goal of the design space definition problem is to accurately and explicitly describe
the design space, regardless of whether it is a convex and nonconvex space. For a given design
model with no recourse!?, the feasibility of the model can be described as:

v € DS(0){Vj €][g;(0,x) < 0], Vi € I[h;(0,x) = 0]} (1)
where 6 and x are process parameters and state variables, respectively. Equation (1) states that
for any possible realization of process parameters in the design space, denoted as DS(@), all

the individual constraints should be satisfied. In other words, DS(@) can also be defined as

g/(0,x) <0, VjEJA
hi(8,x) =0, Vi€ A

DS(0)={0 € R
pt<9<0Y

2)

DS(0) represents the entire feasible region of process parameters. It is generally difficult to
describe it analytically because of the nonlinearities of the design model. Based on previous
work?!, the CAD method can equivalently transform an inequality system to a triangular system,
and the upper and lower bounds of each process parameter can be expressed explicitly. For
high-dimensional cases, the equations and state variables can be eliminated through surrogate
models for the inequality constraints?4, which can reduce the computational burden of the CAD

method. Since it needs to sample points over the whole design space, this method must sample
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enough points and take many iterations to accurately capture the profile of the design space.

P
Equality constraints:

hi(8,x) = 0,Vi €[

Design model | <

Inequality constraints:
gj(0,x) <0,vj €]
97+2p(0) : 6 < 6 < Y

Design space

~
- !
KS function
KS(8,x,p) = lln[2§+zp ep.gj(e,x)] <0
KS space Section 3 P T
Desigg Space Polynomial fitting via adaptive sampling
approximation | J A surrogate model of KS function: <
based on KS . 5(0
functi Section 5 y(0)
nction v

Symbolic computation by CAD method
Triangular and explicit expression of

 |Section 4 $(0) <0

Figure 1. Conceptual computational framework.

In order to further ease the computational burden of the CAD method and improve the
efficiency of adaptive sampling and surrogate modeling, a novel solution strategy is proposed
in this work to explicitly describe the design space. The research framework is shown in Figure
1, which can be interpreted as follows.

(1) For a given design model, the KS function can aggregate all inequality constraints, and then
an underestimate of the desired design space, denoted as KS space, can be described by a
single inequality constraint. The boundary of the KS space is continuously differentiable.

(2) The KS function is a transcendental function. To be able to process the KS function with
the CAD method, an adaptive sampling strategy is proposed to create a polynomial
surrogate model of the KS function. Two methods are presented to efficiently expand the
boundary points of the KS space. i.e., line projection points through any two feasible LHS
points, and perturbation boundary points around the adaptive sampling points. The cross-
validation method is applied to evaluate the stopping criteria of the adaptive sampling.

(3) The CAD method is applied to triangulate the polynomial surrogate model. A simple
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checking rule is applied to evaluate the feasibility of the CAD result.
Based on the above conceptual computational framework, we can point out two motivations:

(1) The complexity of the original CAD method? is formulated as
0(d, " ""m?""") 3)
which indicates that the complexity grows doubly exponentially with the number of variables

n; d; is the maximum degree in any one variable in the original model; m is the number of

polynomials. After applying the KS function to aggregate all inequality constraints and create

its polynomial surrogate model, the complexity can be reduced to Equation (4),

0(d*"") (4)
where m has been reduced to one; d5 is the maximum degree in any one variable in the surrogate
model. While still doubly exponential in the number of variables, if the fitted degree, d>, is not
too large, the complexity is acceptable; thus, there is a tradeoff between the complexity of the
CAD method and the accuracy of design space description.

(2) According to Equation (2), the equalities are used to represent the process model, and the
state variables have the same dimension as equality constraints, i.e., dim(x) = |]. Once the
value of @ is specified, we can run the simulation and obtain the results of x. The inequality
constraints define the quality requirements of the process design problems. If we sample
the points in the space of 8, the results of x in the equalities can be used to evaluate the
inequality constraints. Thus, in this work, all the equality constraints and state variables can
be eliminated when generating the surrogate model of the KS function. Moreover, since
the KS space must be contained within the original design space, we only need to focus on
finding the points on the boundary of the KS space. The intention is to locate as many
boundary points as possible, which can significantly reduce the sampling burden.

In summary, approximating the design space by the KS space, the proposed method can ease

the sampling burden of surrogate modeling, reduce the computational expense of the CAD
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method, and the assumptions for the shape of design space are not required.
3. Design space approximation through KS function

The KS function was first proposed by G. Kreisselmeier and R. Steinhauser?®, which was
initially presented for controller design. In the last two decades, the KS function has been
widely used in constraint aggregation methods for gradient-based optimization, e.g., chemical
process design?’, as well as problems involving local stress constraints, e.g., aircraft design?®2°.
The KS function shown in Equation (5) can aggregate a set of inequality constraints into a

single function, and it only contains one parameter p.

1 ] p-g;(6)
KS(@,0) = n Y@ <o )

J

where g;(@) < 0 are inequality constraints, j € J. The KS function produces an envelope
surface that is continuous and represents a conservative estimate of the feasible region for a set
of constraints. p > 0 is an aggregation parameter defined by the user, which can control how
close the envelope is to the original constraints. In the following nonlinear and nonconvex
example, the KS function as a constraint aggregation method, and the effect of increasing p for
inequality constraints, can be visualized.
An illustrative example
Consider the inequalities,

91:(02—2)*+ (8, —2)° + (6, — 2)(6; —2) —0.5<0

92:(82—2)* + (6, —2)*—2<0

G 0<0 ©

gs5:0,—4<0

ge:—02,<0
For the design space definition problem, 8 and 8, are regarded as the process parameters. The

feasible region of these inequality constraints, which can be denoted as a complete design space,

is depicted by the yellow region shown in Figure 2(a). According to Equation (5), the KS
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function of g1,...,g¢ 1s formulated as
1 : : : : : :
KS(0,p) = l—)ln [eF 91 4 e 92 4 P 95 4 P 94 4 P " I5 4 P " 96] (7)

which generates an underestimate profile of the design space after fixing p. As p increases, the
profile depicted by the KS function can approach in the limit the true profile of the feasible
region. As shown in Figure 2(b), when p = 5, the profile of the KS function is continuous and
almost coincides with the real boundary of the feasible region. However, the profile for p =2

is smoother, although less accurate.

[T T | 4 o T T T L
4 - g1 = 0 ] r g1 = 0
2 =0 * g =0
3 i 3L ,—:\\\\ ----- p=15]
FaTTNINNL —eend —
‘) \\\:;~ pP= 2
l,,' \\\:;;\ =5
"|' \\:(‘ R=
\
< 2 i ,:S' 2 : |‘ \‘ \‘\‘ 4
I \‘\\ l‘ :'
: \\:- - t-';\:;\- _,/I ,’ |
f e =/
1+ 101t - 1
0 I I I L | O’\ L L I N
0 1 2 3 4 0 1 2 3 4
6, 0,
(a) (b)

Figure 2. Feasible region of the example and profiles of KS function with increasing p.

The KS function can be applied to approximate the design space. Hence, the problem of

approximately describing a design space can be transformed into describing the corresponding

KS space. The major motivations for using the KS function can be stated as follows:

(1) The KS function can aggregate multiple inequality constraints, and the space can be
depicted by a single inequality constraint. Since general constraints can be handled, the KS
function is also applicable to non-convex design spaces.

(2) The KS function only involves one parameter p > 0, which is a scaling factor of the space.
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As p increases, the KS function can provide a closer approximation to the design space,
1e.,

{6 € R"|KS(6,01) <0} c {8 € R|KS(8,02) <0}, 0<p;<ps (8)
In the limit, when p tends to infinity, the KS function can exactly represent the design
space, i.¢.,

{6 e R"{1im K5(8,0) <0} = {6 € R"|vj €/[g,(8) < 0]} )

p—0o
(3) The KS function is continuously differentiable. The KS function can smooth the profile
and reduce most irregular regions, e.g., removing the intersection points in the original
design space. As shown in Figure 2(a), the design space contains two orange intersection
points. However, the smooth profiles of the KS function in Figure 2(b) have no intersection

points. For p, = 5 and p; = 2, the profile of KS(8,p,) is smoother than the profile of KS

(8.p2).

According to the KS function, the design model in Equation (2) can be reformulated as follows,

] P
KS(G,x,p) — lln Zep-g,-(e,x) + (ep . (eé_ep) n ep.(ep—eg)) <0

p > ~
hi(0,x)=0, Vi€l

(10)

where KS(60,x) < 0 represents the KS space for a fixed value of p.
4. Explicit expression of design space through symbolic computation

Generally, the design space is a bounded and closed space. In previous work?!, if a design space
is formulated by a polynomial system, the CAD method can transform this polynomial system
into a series of triangular subsystems, where each subsystem corresponds to a subspace. All
the subspaces define the entire design space. For the design model shown in Equation (2), the

formulation of each triangular subsystem is as follows.
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ki1<0:1<q
k2(61) < Qz < q2(64)

kp(gl,...,gp_ 1) < QP < CIP(QL---;QP— 1) (11)
kp +1(601,...0p _1,0p) < X1=qp+ 1(61,...0p —1,6p)

kp 4 n(01,.0p %100y —1) < x.N < qp 4+ n(01,n0p X1 XN — 1)

All the lower and upper bounds of the process parameters are explicit expressions. For a given
(64,...8,), the lower and upper bound of 6,4 1, i.e., ky41(61,...0,) and qp 4 1(61,...6,),
become constants.
The CAD method mainly contains two stages: projection and lifting. In the projection stage,
the key point is to calculate discriminants and resultants®® of polynomials, which can find the
tangency and intersection points in each dimension. In this way, the space in each dimension
can be decomposed by using these points. For the example in Equation (6), as shown in Figure
3(a), if the triangular structure is set as 84 < 8,, the green tangency points and orange
intersection points can be calculated by

discriminant(g,,0,) = 38 — 526, + 256% — 463,

discriminant(g,,0,) = —4(2 — 464 + 6%),

resultant(g4,9,,02) = 0.25 * (473 — 14400, + 170007 — 101263 + (12)

32860% — 5603 + 46%)

Equation (12) are univariate polynomials of 84, so that 8, is eliminated. By performing the real
root isolation algorithm?!, five distinct real roots of 4 for these polynomials can be obtained.
0.585786 < 0.910159 < 1.35389 < 2.88639 < 3.41421
Figure 3(a) illustrates that the tangency and intersection points can be projected onto the 8-
axis, i.e., A;: (0.585786, 0), A,: (0.910159, 0), Az: (1.35389, 0), Ay: (2.88639, 0), As: (3.41421,
0). The boundary between any two adjacent projection points is continuously differentiable.
Based on these projection points, the entire two-dimensional (2D) space can be decomposed

into six cylindrical 2D subspaces, i.e., [0, Ai], [A1, Az], [Az, As], [Asz, A4, [Ag, As], [As, 4].

In the lifting stage, these cylindrical 2D subspaces should be checked successively. Taking the
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subspace on [A}, A;] as an example, in Figure 3(b), the steps of the lifting stage are as follows.

(1) C, is the midpoint of A, and A,. After substituting C;, g, and g, can be converted to

g1 — 246264 — 1.25203 % (— 2 + 0,) + (— 2 + 0,)2 "
G2t — 0.4324275990814064 + ( — 2 + 6,)? (13)

Thus, the intersections with g, and g, on the vertical line can be solved, i.e., B;: (0.747973,
0.936478), B,: (0.747973, 1.34241), B;3: (0.747973, 2.65759).

(2) Based on By, B,, B3 and the corresponding curves, the 2D cylindrical subspace on [A;, A;]
can be decomposed into four parts, which are marked by different colors in Figure 3(b).

(3) On the vertical line, four sampling points in four parts can be determined, 1.e., C;, C,, Cs
and C4, where C,, C; and C, are the midpoints of [By, B,], [B,, B3] and [B3, 4], respectively.

(4) Cy, Cy, C;5 and C4 are used to check the feasibility of all the subspaces. When substituting
C, to g1 and g,, we can get (g1 > 0, g > 0), which means that the subspace including C,
is infeasible, because they cannot meet the original signs, g; < 0, g, < 0. Similarly, for C,,
C; and C4, we can obtain (g1 <0, g,>0), (g1<0, g,<0) and (g1 <0, g >0),
respectively, and only the yellow subspace including C; is feasible. Therefore, it is a part
of the entire feasible region.

(5) As shown in Figure 3(c), on [A}, A;], the upper boundary of the feasible subspace is (Dy,
D;) and the lower boundary is (D;, D,). The coordinate of Bs is (0.747973, 2.65759). In
Equation (13), 2.65759 is the second root of g, = 0; thus, for any value of 8 in [A}, A;],
the corresponding values of 8, on (D, Ds) are the second roots of g,(6,,0,) = 0, denoted
as Root(g,&, 2). Similarly, the values of 8, on lower boundary (D;, D,) are the first roots

of gz(élﬁz) =0, i.e., Root(g,&, 1). Therefore, this subregion can be expressed as

0.585786 < 6; <0.910159
{Root(gz&, 1) <6, < Root(g,&, 2) (14)

which is a triangular and explicit expression of this feasible subspace. Moreover, since g,

AIChE Journal
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is a bivariate polynomial, 8, can be solved explicitly, and Equation (14) is reformulated as,

oNOYTULT D WN =

0.585786 < 61 < 0.910159
[2—\/—2+491—9%§9st+\/—2+491—9% (15)

10 After checking all the cylindrical subspaces, as shown in Figure 3(d) and Figure 3(e), another
12 two feasible subspaces can be found. Finally, we know that the feasible region consists of three
subregions, as shown in Figure 3(f). Equation (16) shows the complete triangular and explicit
17 expressions of the feasible region. The command CylindricalDecomposition in Mathematica3?

19 can perform the CAD method.

21 0.585786 < 61 < 0.910159

1. 2 2
[2—\/—2+491—91§9252 +.—2+40,— 6%

24 0.910159 < 6; < 1.35389
2_{0.5(6 — 0;) — 0.5,/38 — 526, + 256 — 463 < 0, <

27 2 +./—2+46, - 63 (16)

28 (1.35389 < 6; < 2.88639

30 3.10.5(6 — 61) — 0.5,/38 — 520, + 2562 — 463 < 9, <

31 0.5(6 — 01) + 0.5,/38 — 520, + 2567 — 467
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0

)

(e) (H

Figure 3. Solution process of the CAD method for the example.
According to the KS function, for a fixed p, the design space can be approximated by
y:=KS(0,x) <0 (17)

However, Equation (17) is an implicit and transcendental function, which cannot be directly
used for symbolic computation. A common way is to create its polynomial surrogate model.
As shown in Figure 4, KS(0,x) aggregates all the inequality constraints. The surrogate model
7(0) can then be created through polynomial fitting, while the state variables x are eliminated.
Thus, the CAD result of (@) < 0 contains a series of subspaces, each of which is a triangular

system of 04,..., Op.
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Triangular model of ki<6;<q Original design model:
Each subspace: k,(8,) < 6, < q5(6;) g0,x)<0
: h(8,x) =0
kp(61, ...,0p_1) < 0p < qp(6,, ...,0p_1) 0" <6<6"
kp+1(01, ..., 0p_1,0p) < x1 < qpy1(61, ..., O0p_1,6p) @
kpy2(64,...,0p_1,0p,%1) < x:z < qp+2(61, .-, 0p_1,0p,%1) KS function:

: .= KS(8,x) <0
kpin(O1, -, 0p, X1, s XN-1) < Xy < qpyn(By, -, Op, X1, o, Xy 1) ?Iz(ﬂ x)=0

Triangular model of the @ @

surrogate function:

kKi<6:<q" Polynomial fitting of
krz(e-i) < 9_2 < q’z(él) KS_}‘inwfi_on:
; O

k'p(B1,..,0p_1) < 9_:1) < q'p(01, ., 0p_1)

Figure 4. Triangular structure obtained by the CAD method.
Once the polynomial surrogate model y(8) is obtained, it is convenient to analyze the design
space, because the space can be described by a single constraint. Moreover, as shown in Figure
2(b), the smooth profile of the KS function has no intersection points, and we do not need to

calculate the resultant for a single KS function.
5. Polynomial fitting of KS function through adaptive sampling

To create a polynomial surrogate model of the KS function, an adaptive sampling strategy is
proposed. According to Equation (17), a point on the boundary of the KS space is denoted as

{(04,...0p) € R’|KS(8,x) = 0} (18)
which can be solved by the following system of equations,

KS(8,x) =0
hi(0x)=0, Viel (19)

Note that, since the bounds of process parameters are also used for formulating the KS function,
the KS space must be a closed space. If the design space is described by a set of inequality
constraints, the traditional methods to build a surrogate model need to sample enough points
over the whole space. However, in this work, a single equation, KS(6,x) = 0, can describe the
entire boundary of the KS space. Thus, we only focus on exploring enough sampling points on

the boundary to create the surrogate model. The solution strategy of the proposed adaptive
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sampling method is shown in Figure 5, which contains four steps:

(1) Initial LHS sampling. For a given number of sampling points, perform Latin hypercube
sampling (LHS) over the space of process parameters. Those feasible sampled points in the
feasible region forms a set A;

(2) Expanded boundary points. Through each pair of points in A, a line can be generated. Two
intersection points of the line and the boundary can be obtained. All the intersection points
on the boundary form an initial set B;

(3) Adaptive sampling. Based on the KS function, a simple DFO model of adaptive sampling
is proposed. K-fold cross validation is applied to evaluate the stopping criteria. For each
adaptive sampling point in set C, P points around the current adaptive point can be found
through perturbation, which can form set D. All four sets are used for polynomial fitting.

(4) Explicit description. Through the CAD method, the fitted polynomial model y(8) can be

used to deduce the explicit expression of the KS space.

START
Parameters and Pyomo model
Generate points by Latin Obtain responses of KS function,
hypercube sampling method in [@%, 8Y] KS(8),forA,B C D
1. Initial LHS sampling v <
Check feasibility of each point using Ly ¢ Initial set of inner feasible sampling
KS(@) <0 points, {84, Y4}, a € Sy
G t dt bound: ints [ Set of ded bound; int
. enerate expanded boundary poin et of expanded boundary points,
2. Expanded boundary paints through finding intersection points B {Op, ¥y}, b € Sp
; &
Normalization and polynomial fitting by = Find P points around {8, .},
using all four data sets {04,yq4},d € Sp, P = dim(8)

. . K-fold cross validation by using data sets c
3. Adaptive sampling < B, C, D, and each fold contains A.

CV _error (MSE), k=0

Generate a new sampling point
on the KS boundary, {8, y.}, c € S¢

f

Adaptive sampling, DFO model:
min—|9(8)| + M - KS(8)
s.t.ot<o<og?

AN

4. Explicit description Call CAD package in |, Check each subspace FINAL
Mathematica using KS(8) <0 symbolic description

Figure 5. Solution strategy of the adaptive sampling method.
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5.1. Initial LHS sampling

The LHS strategy® is applied to generate a given number of sampling points, denoted as num,
in the process parameter space, where upper and lower bounds are required. Then, a feasibility
check needs to be performed by evaluating KS(0,x) at each LHS point. The presence of the
state variables implies that the KS space is described by a set of multivariate functions of 6

and x. Thus, the feasibility can be checked by solving the following NLP model,

U; =minu
s.it. KS(0,x) <u
hi(0,x)=0, Viel

(20)

where u, < 0 indicates that the point is feasible. All the feasible LHS sampling points and the
corresponding output of KS(0,x) form set A : = {(0,,y,), Va € S,}. Note that the number of

LHS sampling points needs to be specified in advance. The more sampling points specified,

the larger set A obtained, and the easier polynomial fitting will be.

LHS sampling points and feasible points

X X LHS sampling points
O  Feasible LHS sampling points

3.6 X

329 % x
2.8 x *
24 @ 2
& 2.0 x
1.6 * 8
1.2 1 X
0.8 X x
0.4 4 X x

0.0 x

00 04 08 12 16 20 24 28 32 36
61

Figure 6. Initial LHS sampling of the example. (p = 2, num = 40)
For the above-mentioned example with p = 2, the sampling ranges are set to [0, 4] and [0, 4]

for 81 and 6,. As shown in Figure 6, 40 points are sampled, and 9 of them are feasible.
5.2. Expanded boundary points

To build the surrogate model, we need to find enough sampling points on the boundary of the
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KS space. In this subsection, based on the properties of the KS function and the obtained initial
set A, an approach to efficiently locate many points on the boundary is proposed. For a pair of

points in the set A, e.g., 81 and 8, there are two directions, 8;—80, and 8,—01, which can be

formulated as follows,

91—>92: 9:01+6'(92—01) 21
0,-0;: 0=0,+5-(8,—0,) @D

Along both directions, we can find two intersection points on the KS boundary by solving the

following two optimization problems,

max 6

sit. KS(0,x)=0
h(8,x)=0, Viel (22)
9:91+6'(02—91)

max 6

s.t. KS(0,x)=0
hi(0,x)=0, Viel (23)

0=0,+6(6,—6,)
If the set A contains S, points, the total number of directions for all the pairs of points can be

calculated from Equation (24), which is a permutation problem. The obtained boundary points

and the output of KS(0,x) then define the set of initial boundary points, B : = {(Bb,yb), Vb € Sp

}. For example, in Figure 7, 4 points can generate 4 X 3=12 boundary points.

Sp=A%,=S4(Sa—1) (24)

/ON

Figure 7. Illustration of expanded boundary points via line projection.
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Sampling and updated points

0 9 0(} O  Set A: Initial LHS feasible sampling points
& Set B: Initial boundary points
2.84 .ho #  Set C: Updated points
¢ ¢{  Set D: Updated boundary points
o v O
§ (3
o
241 0

*
2.0 1 o

6

SR> I
o
o

<&

0.8 1.2 1.6 2.0 2.4 2.8

Figure 8. Sampling points of the example. (p = 2, num = 40).
For this example, 9 X 8=72 initial boundary points can be obtained by solving Equations (22)
and (23), which are marked as yellow points in Figure 8. Note that, even though we only have

9 feasible LHS feasible points, 72 boundary points can be directly found in this step.
5.3. Adaptive sampling

Based on the set of feasible LHS points A and the initial set of expanded boundary points B, a
common multivariable polynomial fitting method can be executed to build the surrogate model

between the process parameters @ = (64,...,0p) and the response y, denoted as y(8),

K
9O)= ),  cubu(B) where §,(6) =6} (25)

where ¢, € R and cg # 0. The sum is taken over all indices (nonnegative integer vectors) with
kp < deg. For example, a bi-variable polynomial with deg = 3, is formulated as follows,
5/(91,92) =co+ C102 + Cz@% + 0303 + C491 + C59192 +
60105 + c70103 + cgbf + o050, + c190765 +
€110163 + c1267 + ¢136102 + ¢146163 + ¢156163
The K-fold cross-validation (CV) method3* is used to evaluate the result of polynomial fitting.

The number of folds, ky, should be specified in advance. ¢y is given as the stop criteria of CV.

The set of B, C and D is split into ky folds for cross validation, and the set A is used for each
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fold. The maximum MSE (mean squared error) for all folds is used for comparison with gy
Moreover, the data set of process parameters should be normalized before polynomial fitting,
denoted as @. Then, a new point @ can be roughly scaled by the current stored minimization
™" and maximization ™%, and the corresponding output of the fitted model is 7(8),

0— Bmin
6=——— (26)

gmax _ omin

The purpose of adaptive sampling is to search the design space for areas of model inconsistency
or model mismatch and to find points that maximize the model error. Since only the points on

the boundary are considered, the adaptive sampling model is proposed as,

max |$(0)]

s.t. KS(0,x) =0
hi(0,x) =0, Vil 27)
l<o<o?

After relaxing the objective function |y(0)| into two constraints, (@) < Z and — $(0) < Z,
we can apply an NLP solver to solve Equation (27); however, most adaptive sampling points
are likely to fall into the same area that has the maximum model error and cannot escape to
explore other areas, which is not conducive to polynomial fitting. Therefore, in order to explore
the areas that contain more local information, we transform Equation (27) into the following
derivative-free optimization (DFO) model,

min — |$(0)| + M - KS(0)

stol<o<o? (28)

where M is a penalty coefficient. Compared with Equation (27), the equality system, i.e., h;

(0,x) =0, Vi c I, can be viewed as a black box. This black-box model is used to calculate the
state variables x for each iteration of adaptive sampling, and then to evaluate the objective
function of Equation (28).

A DFO solver, Py-BOBYQA, which is a Python implementation of the BOBYQA (Bound

Optimization BY Quadratic Approximation) Fortran solver by Powell3, is employed to solve
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the adaptive sampling model. In this work, the purpose of adaptive sampling is to explore local
areas leading to model mismatch as many as possible, rather than finding global optima in each
iteration. Py-BOBYQA is based on the trust-region method, and it has superior performance
in finding local solutions of nonlinear and nonconvex problems. Thus, we use this DFO solver
to address the adaptive sampling problem. In addition, the initial values are of great importance
to the results of the DFO solver. To take a more complete search, a reproducible random
sequence of the data set is generated as the initial values, and more local optima can be found.

The obtained adaptive sampling points form set C : = {(0.,y.), Vc € S¢}. To further expand the
points on the boundary, for a point in C, 6.: = (HCI,...,HCL.,...,QCP), a perturbation method is
proposed to find P points around 8., where P is the dimension of 0,
0.=(6.,..6%,.,6.), VieP (29)
First, we can find a point 8,: = (eal,...,eai,...,ea,,) in set A, which has the longest Euclidean
distance to 8. Then, assuming that the perturbation factor is a, if @, is located on the left side
of 8. on the coordinate 6;, 1.e., 8, < 0, Hii can be calculated by,
0L =0, (1+a), i€{12,..,P} (30)
If 8, is located on the right side of 8, 1.e., 8, > 6, 9& can be calculated by,
0.=0.-(1—a), i€{12,..,P} (31)
If6, =6, Héi = 6., For each point 0., the direction 8,— 0%, can be formulated as,
0=0,+65-(6.—0,) (32)
Through Equation (22), the intersection point on the KS boundary can be solved. All such
intersection points can form set D : = {(84,y4), Vd € Sp}.
To illustrate the above method, Figure 9 shows geometric interpretation of a bivariate case. In
Figure 9(a), 6, = (9C1,9C2) is the current adaptive sampling point, and the blue point 6, =

(eal,eaz) is a point in set A which is the farthest point from 6. Since the dimension P is 2 and
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6, is on the left of 8., two perturbation points around 6. can be expressed as follows,
0l=(0. (1+a)b,)
0; = (6,0, (1 + )
Thus, the following two direction formulations can be used to find two intersection points, 8}
and 63, on the boundary,
0=0,+65-(61—0,)
0=0,+5-(62-0,)
Similarly, as shown in Figure 9(b), @, is on the right of 8, thus,
0c= (0, (1 — a).0c,)

eg = (6C1'9C2 ' (1 - a))

QZA
Oq
6
0, >
602 _____ _’__é_|\
O, ! c g2
——————— ----¢\0a
: : c}\
:cha : _
51 9C1 91
(a) (b)

Figure 9. Perturbation points for an adaptive sampling point.
For the example, the maximum number of iterations for adaptive sampling is set to 50. Figure
8 shows the results of four different sets of points. All the points are used for polynomial fitting.

Figure 10(a) shows the MSE values of 4-fold CV. The final surrogate model with 4 degrees is
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_ 2 3 4
$0(61,8,) = 0.332558 — 4.9246840, + 27.6776210, — 48. 1309659 + 25. 49711091

Cross validation error
o Iy g N
7 = =Y O
!

o
o

54.

le—-5

—1. 3551769 + 5. 4232420 0 — 54. 4718599 9 + 89. 1271799 9

2 2 2
—43. 8563849 9 + 1. 1298039 —18. 8271939 0 + 60. 6552799 9
3 2 4.2
+21.7960858 0 — 44, 3391539 9 —0. 29169 + 14.540476 9
2 3 3 3 4.3 4
+ 54.8844840 0 — 326. 6547759 9 +223.2006278 9 + 1. 8877669
4 3_4 4 4

—11.2840096 9 — 44, 4653199 + 212. 9642359 9 —134. 3620059 9

n
L
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0.8 7 ~
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N
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\
\
\
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\ i
021 1
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1357 91113151719212325272931333537394143454749 G
Interation k 0.2 0.4 0.6 0.8 1.0
(a) (b)

Figure 10. Surrogate model of the example (p = 2, num = 40).

Explicit description

Since the sampling data has been normalized before performing polynomial fitting, the profile

of the KS space, y(8) < 0, should be limited within a square with [0,1] sides. Considering the

polynomial fitting error, the profile may be slightly outside of the square. Hence, the KS space

based on the surrogate model is the intersection of () <0and 0 <0 < 1,1i.e.,

{(6erR’|1P(O) <0n0<B<1} (33)

The CAD method can transform Equation (33) into a triangular system, which consists of a

series of subspaces, and each subspace is formulated as,

(34)
kp(81,..0p _1) < 0p < qp(B1,...0p 1)
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For the example, the corresponding triangular system with 8, < 8, is as follows:

[0 <8, <0.0964731
1 Root(ry(8y, #1)&1) < 8, < Root(I'y(84, #1)&, 2)

0.0964731 < 0, < 0.137589

2\ Root(Io(8y, #1)&,3) < B, < Root([o(0y, #1)8&4)

0.137589 < 6, < 0.266024
3 Root(I'y(84, #1)&,2) < 8, < Root(Iy(8y, #1)&, 3)

0.266024 < 6, < 0.290682

={
={
:{Root(ro(él, #1)&,2) <8, <1
={
={
={

NN

0.290682 < 6, < 0.376366

51 Root(I'o(8y, #1)&,2) < 8, < Root(Io(8y, #1)&, 3)

0.376366 < 0, < 0.732135
61 Root(I'y(F4, #1)&1) < 8, < Root(y(8y, #1)&,2)

0.732135< 6, <0.91514

710 <, < Root(Iy(8y, #1)&, 2)

[0.91514 <8, < 1
81 Root(I'y(Fy, #1)&1) < 8, < Root(y(8y, #1)&,2)

where I'y(64, #1) is a pure function with the parameter 8;, which is provided in Supporting
Information. Root(I'y(64, #1)& n) means nth root of I'y(64, #1) = 0 for a given 8;. The result
indicates that the bounds of 8, are explicit expressions of ;. To further test the feasibility of
the subspaces, a random point 8 can be converted into the KS space by Equation (35), denoted
as 0. KS(0,) < 0 means that the current subspace is feasible,

0, =0, (6™ —6™") + ™" (35)
In the original data set, the maximum values of #; and 6, are 2.809134, 3.03503, and the

minimum values are 0.653351, 1.251803, respectively. Taking the first subspace as an example,

a chosen point is 8 = (0.05, 0.4) and the corresponding 6 is (0.761141, 1.965094). KS(6)

= —0.207169 < 0 means that the first subspace is feasible. Similarly, we can find that the

other subspaces are also feasible. The final KS space is shown in Figure 10(b).
Note that through Equations (26), (34) and (35), the CAD result can be used to evaluate the KS

space. Each point satisfying (0) < 0 can be transformed into the KS space. The triangular
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formulation of KS space is formulated as follows,
o7 + (07 — 67™) - ki < 61 < q1 - (07 — O7"™) + 67"

min max min ! 61 — Brlni” ’ 91 — Brlnin
07" + (67 — 03™) - k <6:5q2

— | < UE———
erlnax _ erlnm erlnax _ Brlnm

) (or—ep)rert (36)

Moreover, another critical parameter, the number of initial LHS points, num, is also discussed.
First, compared with the result shown in Figure 8, we apply the algorithm by setting num = 80.
In this case, 16 feasible LHS points can be found, and more expanded boundary points can be

located. In Figure 11, the denser boundary points can generate a more precise surrogate model.

0
Sampling and updated points A
o @ O SetA: Initial LHS feasible sampling points [ o
& o ¢ Set B: Initial boundary points L0 AN
2.8 & o % Set C: Updated points el S
$ ¢ Set D: Updated boundary points 7 ‘\\
& V% 4 0.8F 7 ~
9 ° 4 =~
24+ B K/ N
g ] o % 1 N
v 0.6 7 N
~ o \
@ %o ¢ \
209 ¢ o \
0 o % 0.4} \
o
o h ‘|
161 % o N 1
® 90 V@ L ]
&0 T 00 0, 0 & 021N !
o ® N =" T~ A
12 0 70/6% ~- - y
T T T T T T L L L Sl | - gl
0.8 1.2 1.6 o 2.0 24 2.8 02 0.4 0.6 0.8 1.0
(a) (b)
. . .
Figure 11. Sampling points and surrogate model of the example. (p = 2, num = 80).
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006 08 // ~
o O¢ . 7 ~ -
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Figure 12. Sampling points and surrogate model of the example. (p = 5, num = 40).
Then, another key parameter is p. Compared with p = 2, we test the KS function with p = 5.

All sampling points are shown in Figure 12(a). The KS space is illustrated in Figure 12(b). We
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can see that the shape of the KS space with p =5 more completely covers the feasible region
than Figure 11(b). Therefore, we can conclude that more LHS points are more conducive to

the polynomial fitting, and larger p can make the profile closer to the original feasible region.
6. Case studies

Two case studies are presented to illustrate the proposed design space description method.
Pyomo?® is applied to define the models. The GAMS global solver, BARON, is used to solve
the NLP models through the interface of Pyomo and GAMS, and Py-BOBYQA is applied to
solve the DFO models. For both cases, the parameters in Table 1 are set to the same values.
The difference is the parameter p, which will be specified at different values.

Table 1. The specifications of the parameters.

Initial LHS Degree of polynomial, Perturbation, = Maximum MSE of CV, K-fold,

points, num deg a Iteration gy kg

100 4 0.2 50 10-10 4

6.1. CSTR reaction
This case study deals with a 2-step reaction with the following mechanism!%37,

k

A+B_1>C, T1:k1'CA'Cb
k

CSD+E, ry=kyc,

where r; are the reaction rates. Two process parameters correspond to the residence time, 61,
and the ratio of the concentration of B to A, 8. k; correspond to the model parameters, which
are fixed at their mean values {0.31051, 0.026650}. The feasible ranges of 8, and 8, are given

as follows.

0<6;<550
0<6,<6

The mass balance of the CSTR reaction is given by the following set of equations,
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ca—ca+t61-(—r)=0
C%—CB+91'(—7”1)=0
Cg—Cc+91'(T1—T2)=O
C%—CD+91'T'2=O
C%—CE+91'T2=O

where ¢ are initial concentrations {c§ = 0.53,c} = 0.53"86,,c2=0,c) =0, =0}. The

quality constraints are the minimum yield of D and the minimum ratio of D to unreacted species.

Cp

=09

cd—ca
Cp

————=0.2
Cqa+cp+cc

In this case, p is fixed to 20. Figure 13(a) shows the feasible LHS points and updated points.
All the updated points are located at the boundary of the KS space, and we can create the

following 4-degree polynomial surrogate model with this small amount of sampling points.

_ 2 3 4
$1(61,8,) = 0.00003937 + 0.0013846, — 0.0001186, — 0.0037726, + 0.0023896,

—0. 0006789 —0.1652386,6, — 0. 563174929 + 0. 265011939

+ 0. 4643740 10, +0. 00379692 —0.7904960, 92 + 10. 7573689292
—15. 6853659392 + 5. 7141489492 —0. 0072539 +2.0028116 93
—21. 1099449293 +31. 9401879393 —12. 8255999493 +0. 0044229
—1.0357636 9 + 10. 9350959294 — 16. 5954436394 + 6. 6918719494

The profile of 71(84,6,) = 0 is shown in Figure 13(b). Because of normalization, the profile is
limited within a square with [0,1] sides. 1(61,8,) < 0 can be used to describe the KS space.

Through the CAD method, the equivalent triangular system can be obtained, which consists of
3 explicit 2D subspaces.

(0<6;<0.107855
1 Root(r,(8y, #1)&,2) < 8, < Root(I', (84, #1)&, 3)

[0.107855 < §; < 0.90871
2\ Root(r1(8;, #1)&,1) < 6, < Root(I'1(8;, #1)&, 2)

(0.90871<6;<1
310 < 8, < Root(I'1(8;, #1)&, 2)
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where I'1(84, #1) is provided in Supporting Information. Due to the error of polynomial fitting,

the feasibility of each subspace must be tested. In the stored data set, the maximum values of

6, and 6, are 549.94261, 5.491875; the minimum values are 337.704, 0.226248. Taking the

second subspace as an example, a sampling point is chosen as @ = (0.5, 0.8). 8, = (443.823,
4.43875) is calculated by Equation (35). KS(65) = —0.011638 < 0 indicates that the second
subspace is feasible. Similarly, the other subspaces can be tested for feasibility Moreover, to
show the performance of p, Figure 14 illustrates the results with p = 5. Since p is set smaller,

the KS space is smaller than p = 20. The required CPU/Wall times are reported in Table 2.

6

Sampling and updated points 2
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Q0 GO0 Set B: Initial boundary points 108 e
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o & :
3.6 o © o o & 1
o § 1
~ 3.0 0.6+ 1
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1
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° oo ° 02+ |
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Figure 13. Results of design space description for Case 1. (p = 20, BARON)
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Figure 14. Results of design space description for Case 1. (p = 5, BARON)
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6.2. Michael Addition Reaction

This case study deals with the Michael Addition Reaction with kinetics'® described by the

following equations,

k
AH+B=A~ +BH™, ri=ky cay" cp
ka
A +CPAC™, ry=ky-cy- "¢
k3
ACT =A™ +C, r3=k3z Ccyc-
k
AC™ +AH:;A_ + P, T4 = k4' Cac— " CaH
k
AC~ +BHYSP+B, rs=ks cac— - Cpy+
where r; are reaction rates. The rate constants k; correspond to the model parameters, fixed at

their mean values: {49.7796, 8.9316, 1.3177,0.3109, 3.8781}. The mass balance is as follows,

i —Can+ 01 (—r1—74) =0
—cp+0,-(=ri+15)=0
cd—cc+0,-(—=ry413)=0

Q- —cy-4+60,-(ri—ry4+r3+1r)=0
- —cac-+01-(ra—r3—r4—15) =0

B+ —cpu+ +01-(r1—15) =0

d—cp+01-(ra+1rs)=0

Two quality constraints are specifying that the conversion of C must be greater than 90%, and

that the concentration of AC ~ in the outlet must be less than 0.002,

0
CC—Cc—Cqc-

>0.9
c?

Cac- < 0.002

The initial concentrations {c9y, c%, ¢, -, c%c-, cBy+, cB} are set to {0.3955, 0.3955/6,,
0.25, 0, 0,0, 0}. The process parameters are the residence time 6, and the molar ratio 6,.

400 < 61 <1400
10<6,<30

The KS parameter p is fixed to 10. Figure 15(a) shows all the feasible LHS points and updated

boundary points, which can demonstrate the boundary of the KS space. Based on all the points,
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2

3

4

$2(61,8,) = 0.008668 —0. 0701069 +0. 1805280 —0. 1933069 +0 0718089

4
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Figure 15. Results of design space description for Case 2. (p = 10, BARON)

The profile of the surrogate model ,(81,8,) = 0 is shown in Figure 15(b). Because of the
polynomial fitted error, the profile is slightly outside of the square. According to Equation (33),

the CAD method can generate a triangular and explicit system as follows, where I'5(8, #1) is

provided in Supporting Information.
[0 <6,<0.118986

1Y Root(r,(6,, #1)&, 2) < 8, < Root(I',(8,, #1)&, 3)

0.118986 < 6, < 0.228252

20 Root(I'y(84, #1)&1) < 8, < Root(I5(8y, #1)&,2)

(0.228252 < 6; < 0.930122
10 <8, < Root(I'y(6, #1)&, 2)

w

(0.930122 < 1 < 0.990867
10<6,<1

NN

(0.990867 <81 <1
10 <8, < Root(I'y(6,, #1)&, 2)

[O2

AIChE Journal

Page 30 of 80



Page 31 of 80

oNOYTULT D WN =

AIChE Journal

In the data set of polynomial fitting, the maximum values of 6, and 6, are 1400 and 29.9977,
and the minimum values are 644.084 and 10, respectively. Taking the third subspace as an
example, a sampling point is chosen as 8 = (0.6, 0.5) and 8, is (1097.63, 19.9989). KS(6)
= —0.250481 < 0 means that the subspace is feasible. Moreover, Figure 16 illustrates the
results with p = 5. For this case, Figure 15(b) and Figure 16(b) are almost the same, which

indicates that p = 10 can provide a good approximation of the feasible region.
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Figure 16. Results of design space description for Case 2. (p = 5, BARON)

Table 2. Summary of model information and computational expense.

Model information Proposed method
Part 1 Part 2 Use CAD
Number of Number of —
) . p Adaptive sampling and Explicit method only
eqs/ineqs  variables
surrogate modeling description
20  154.29/687.98 (BARON) 0.23/0.24
Case 1 8/6 10 0.35/0.36
5  89.81/578.12 (BARON) 0.26/0.29
0 352.68 /2279.72 (BARON) 0.25/0.27
251.68 /476.16 (CONOPT4) 0.22/0.22 >7200 /
Case 2 13/6 15
5 380.53/2701.63 (BARON) 0.25/0.25 >7200*
265.71 / 498.40 (CONOPT4) 0.20/0.21

*Cannot solve within 7200 seconds.

The computational time includes CPU time (s) / Wall time (s)

In Table 2, the model information of both cases and the computational times are summarized.

Case 1 includes 8 equalities and 10 variables; Case 2 has a larger scale, involving 13 equalities
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and 15 variables. The adaptive sampling and surrogate modeling are executed in Python, and
the explicit description based on the CAD method is implemented in Mathematica. The CAD
method transforms the surrogate model of KS function very fast. In addition, we also compare
the computational time with using the CAD method only. The CAD method can directly solve
Case 1 in 0.36s; however, Case 2 cannot be handled within 7200s, because of the larger scale.

The proposed method can solve Case 2 in around 2500s when using the BARON solver.

7. Discussion

The proposed method consists of adaptive sampling and symbolic computation. There are some
key points that can affect the results. To further clarify the performance of the proposed method,

some discussion is provided in this section.

7.1. Values of critical parameters

The critical parameters mainly contain the initial LHS points, num and the parameter of the KS
function, p. As shown in Figure 8 and Figure 11a, it is obvious that more initial LHS points are
specified, the denser the boundary points can be found, and the more accurate the surrogate
model will be. In addition, note that there may be empty spaces on the boundary, e.g., Figure
8. The main reasons are lack of feasible LHS points to generate the line projections on the
boundary and/or lack of exploration during DFO search. The empty spaces can affect the
polynomial fitting accuracy. In particular, if the empty area contains critical nonlinear features,
the fitted polynomial will have a serious distortion. Thus, to reduce the empty areas, we can
set a larger initial number of LHS points and a more stringent stopping criteria of adaptive
sampling, including a larger iteration limit and a smaller termination error of K-fold cross
validation.

Moreover, there are two main limitations for the KS function, i.e, the exponential functions can

make the KS function strongly nonlinear; it is difficult to determine an appropriate value of p
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for a specific problem. The different values of p have been compared in the example and cases.
A small value of p may lead to an overly conservative KS function, while too large a value of
p may make the KS function ill-conditioned and cause unstable convergence and making it
difficult to solve. Therefore, there is a tradeoff between accuracy of the KS function and ease
of finding its surrogate model. A larger value of p can make the envelope closer to the real
constrains, but possibly capture the undesired complex nonlinearity as well. It is not easy to
create an accurate surrogate model for the KS function with complex or nonlinear structures.

For simplicity, in this work, the value of p needs to be specified in advance.

7.2. Selection of NLP solvers

In the procedure of adaptive sampling, we propose two methods to expand the boundary points,
as shown in Figure 7 and Figure 9. Because there must be two intersection points for a line and
the boundary. The target is to locate both points; thus, the formula of the line should be defined
by a parametric form, as shown in Equation (21). Both methods of expanding boundary points
involve solving NLP models.

The real intersection points refer to the global optimal solutions, and common NLP solvers
cannot guarantee finding the global optima. In the above cases, the global NLP solver, BARON,
is adopted, and the results show that we can locate the boundary points effectively. Moreover,
it is worth noting that, as the value of p and the number of inequalities increases, the KS
function will be very complex and highly nonlinear, which will cause unstable convergence.
Therefore, BARON is often time consuming. To ease the computational burden, it is necessary
to compare the performance with a local solver. The local NLP solver in GAMS, CONOPT4,
is selected to deal with Case 1. The results shown in Figure 17 indicate that this local NLP
solver is also acceptable, and the design space can be described accurately. However, compared
with Figure 15(a), Figure 17(a) shows that some points in set B overlap on the points in set A

and some are located inside. The main reason is that the optimization model converges to the
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local solutions. Nonetheless, we also can use these points to build the surrogate model, because
these points are located within the design space. The CPU/Wall time for using CONOPT4 is
251.68s/476.16s, which is significantly less than using BARON. In addition, for an extremely
complex and nonlinear model, BARON may require long computational times, and may not
guarantee finding the global optimum for a fixed time limit. Therefore, there is also a tradeoff

between the selection of solvers and the computational efficiency.
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Figure 17. Results of design space description for Case 2. (p = 10, CONOPT4)
7.3. Effect of nonconvexity

The above numerical example and the Michael addition reaction case involve non-convex
feasible spaces. Figure 2 indicates that the non-convex boundary can be described more
accurately as the value of p increases. To further show the characteristics and performances of
the proposed method, the example shown in Equation (6) is modified as Equation (37), which

has a more nonconvex feasible region. The parameters are set to p = 5, num = 80.

g1:— ((62—2)% + (6, —2)* + (6, - 2)(6; —2) = 0.5) <0

g2:(6,—2)+ (6, —2)*=2<0

g3:01—4<0 .
g4 —01<0 (37
gs:02—4<0

ge:—062,<0
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In this case, BARON and CONOPT4 are compared. Figure 18(a) indicates that BARON cannot

capture the inner nonconvex areas, because the solutions are always converged to the global

maxima, i.e., the outermost boundary points. Thus, a large empty area on the boundary can be

generated. By comparison, the local solver CONOPT4 can converge to local solutions, and the

inner nonconvex areas can be described more completely, as shown in Figure 18(b). Based on

these points, Figure 19 shows that the surrogate model can be created effectively. Therefore,

the local solvers are more suitable for the problems with strongly nonconvex feasible regions.
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Figure 18. Sampling points of the modified example by using (a) BARON; (b) CONOPT4.
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Figure 19. Surrogate model of the modified example. (a) Real space; (b) KS space obtained

by CONOPT4
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8. Conclusions

In this paper, we propose a novel design space description method based on adaptive sampling
and symbolic computation. The KS function is applied to aggregate all the inequality
constraints, and the KS space can approximate the design space with a single constraint. Thus,
we only need to focus on finding the sampling points on the boundary of the KS space. Based
on the feasible LHS points and adaptive sampling points, two methods have been presented to
effectively expand the set of boundary points. i.e., line projection to the boundary through any
two feasible LHS points, and perturbation around the adaptive sampling points. The obtained
polynomial surrogate model can be transformed into an equivalent triangular model through
the CAD method, which can be further used to describe the KS space explicitly.

The case studies show that the proposed method is applicable to both convex and nonconvex
feasible regions. Moreover, it is worth noting that, the CAD method is originally limited to
polynomial functions, but the proposed method can address the inequality constraints with
transcendental terms. This is because before performing the CAD method, the single KS
function should be fitted as a multivariate polynomial by using the proposed adaptive sampling
method. In addition, theoretically, the proposed method is more applicable to the cases with a
small number of process parameters, because it is not easy to generate a single surrogate
polynomial model in a high-dimensional space.
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Abstract

Design space definition is one of the key parts in pharmaceutical research and development. In
this article, we propose a novel solution strategy to explicitly describe the design space without
recourse decisions. First, to smooth the boundary, the Kreisselmeier-Steinhauser (KS) function
is applied to aggregate all inequality constraints. Next, for creating a surrogate polynomial
model of the KS function, we focus on finding sampling points on the boundary of KS space.
After performing Latin hypercube sampling (LHS), two methods are presented to efficiently
expand the boundary points, i.e., line projection to the boundary through any two feasible LHS
points and perturbation around the adaptive sampling points. Finally, a symbolic computation
method, cylindrical algebraic decomposition, is applied to transform the surrogate model into
a series of explicit and triangular subsystems, which can be converted to describe the KS space.

Two case studies show the efficiency of the proposed algorithm.

Keywords: process design; design space; adaptive sampling; symbolic computation; cylindrical

algebraic decomposition
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1. Introduction

In the pharmaceutical industry, process parameters' correspond to degrees of freedom or
variables that can be manipulated in the operation of a manufacturing process, and which can
be measured and set within the controller tolerance for a desired value. Design space is defined
as “multidimensional combination and interaction of input variables and process parameters
that have been demonstrated to provide assurance of quality””. In other words, Product quality
is maintained as long as the process parameters are controlled within the design space.

Early approaches to identify the design space were solely based on experiments and empirical
functions’. By performing extensive experiments, the relationships of process parameters and
critical quality attributes (CQAs) can be built through regression and the process parameters
that have medium/high impacts on the CQAs can be determined. The design space is visualized
by response surface modeling and further verified by additional experiments*. This method
requires extensive experiments, and it is very time-consuming and expensive. To lower the
cost of developing design spaces, mechanistic models that contain relationships of process
parameters and CQAs can be formulated in advance and parametrized with less data. Goyal
and Ierapetritou® proposed an approach based on outer-approximation to identify the operating
envelopes where process operation is feasible, safe, and profitable. In addition, in order to
address the computationally expensive models, the surrogate-based methods are then proposed.
Rogers and Ierapetritou®’ applied Kriging as the surrogate models to approximate the original
functions and identify the design spaces with limited samplings. Compared with the kriging
surrogate models, Wang and Ierapetritou® used RBF surrogate models. Metta et al.” proposed
to use an artificial neural network to create the surrogate models for addressing problems that
are computationally expensive or do not have constraints in closed form.

Moreover, optimization approaches based on mechanistic models have been extensively

studied to describe the design space!®!!. Characterizing a design space for a process design
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model is analogous to the flexibility index problem in the chemical industry'>!*!4, The
flexibility index is used to describe an operational range, which represents a maximum scaled
departure of all process parameters from the given nominal conditions. It is worth stating that
“design space” and “feasible space” are interchangeably used in the pharmaceutical industry.
Generally, it is not easy to accurately describe the boundary of the real design space because
of the high nonlinearity. The flexibility index can approximate the design space by a largest
inscribed subspace with a specific shape, which may be a rectangle, ellipse, or other shapes.
Because we are only concerned with this subspace, for simplicity, this subspace is denoted as
“design space” in this paper. When approximating it as a rectangle, the vertex direction search
method'? can be employed to find the flexibility index, which is rigorous for convex regions.
To avoid the convexity assumption, Grossmann and Floudas'® developed an active constraint
strategy, where the two-level optimization formulation for the flexibility index problem can be
reformulated as a mixed-integer linear or nonlinear programming model by applying the KKT
conditions to the inner optimization problem. In addition, Pulsipher and Zavala'® proposed to
use an ellipsoidal set to capture correlations of process parameters, as well as a mixed-integer
conic programming formulation to compute the flexibility index. A number of approaches are
proposed to quantify system flexibility, and an extensive review is provided by Grossmann et
al. '7 If the nominal conditions of the process parameters are unknown, the flexibility index
problem can be extended to the design centering problem'®, which focuses on determining the
nominal conditions that maximize the size of the design space. From a mathematical view, the
design centering problem is a generalized semi-infinite programming problem!'®?. Flexibility
index and design centering are two complementary ways for estimating a candidate design
space, which have been widely studied in recent decades; however, both methods need to
specify the shape of design space in advance, which is quite hard to reflect the reality of the

feasible region, especially for nonconvex cases.
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In the absence of models capable of efficiently probing the fullest extent of the feasible region,
design spaces were obligated to be defined with an assumption of shape to be probed
experimentally. With a robust model, there is no reason to make the shape assumption because
we can effectively probe the boundaries to the extent of the feasible region. The challenge is
thus computing and defining that boundary. Zhao and Chen?' first proposed representing the
design model as an existential quantifier formula and applied the cylindrical algebraic
decomposition (CAD) method”? to accurately describe the design space and explicitly express
the relationships between uncertain parameters. The CAD method can provide a complete
description of the design space (in this case, the design space is identical to the feasible region),
and the triangular structure makes possible the explicit algebraic representation of the bounds
of each process parameter. The method is suitable for convex and nonconvex systems described
by polynomials. Zhao et al.>* proposed a space projection method based on the CAD method
to deal with flexibility index problems. Due to the heavy computational burden of the CAD
method, the above methods are only applicable to relatively small-scale problems. For high-
dimensional systems consisting of a large number of equalities and limited inequalities, Zheng
et al.>* proposed to build a surrogate model to correlate the inequality constraints based on an
initial sample set. The design space is explicitly expressed via the CAD method, and the
boundary can be checked to iteratively refine the CAD results. However, if the design space
has a severely irregular shape, the computational burden of the CAD method will be very high.
Moreover, since it is not appropriate to reduce process parameters, the number of inequality
constraints becomes another key factor of the computational complexity.

In this work, we propose a novel design space description method based on efficient adaptive
sampling and symbolic computation, and in which no recourse is considered for the realization
of the parameters. The proposed method not only can eliminate all the equality constraints and

state variables, but also significantly reduce the sampling burden, and decrease the number of
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inequality constraints to one. In addition, there is a tradeoff between the complexity of the CAD
method and the accuracy of design space description. The rest of this article is organized as
follows. Sections 2 provides problem statements including the research framework. Section 3
defines the design space based on the Kreisselmeier-Steinhauser (KS) function. Section 4
illustrates the main steps of the CAD method. Section 5 provides an adaptive sampling strategy
to find the explicit expression of the design space. Two case studies are provided in Section 6
to illustrate the proposed methods. Section 7 discusses the key characteristics of the proposed

method. Section 8 concludes the paper.
2. Problem statement

An ultimate goal of the design space definition problem is to accurately and explicitly describe
the design space, regardless of whether it is a convex and nonconvex space. For a given design
model with no recourse'?, the feasibility of the model can be described as:

v € DS(0){Vj €][g;(0,x) < 0], Vi € I[h;(0,x) = 0]} (1)
where 6 and x are process parameters and state variables, respectively. Equation (1) states that
for any possible realization of process parameters in the design space, denoted as DS(@), all

the individual constraints should be satisfied. In other words, DS(@) can also be defined as

g/(0,x) <0, VjEJA
hi(8,x) =0, Vi€ A

DS(0)={0 € R
pt<9<0Y

2)

DS(0) represents the entire feasible region of process parameters. It is generally difficult to
describe it analytically because of the nonlinearities of the design model. Based on previous
work?!, the CAD method can equivalently transform an inequality system to a triangular system,
and the upper and lower bounds of each process parameter can be expressed explicitly. For
high-dimensional cases, the equations and state variables can be eliminated through surrogate
models for the inequality constraints®*, which can reduce the computational burden of the CAD

method. Since it needs to sample points over the whole design space, this method must sample
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enough points and take many iterations to accurately capture the profile of the design space.

P
Equality constraints:

hi(6,x) = 0,Vi €I

Design model | <

Inequality constraints:
9j(0,x) <0,vj €]
9y+2p(0) : 6- <0 < 0Y

Design space
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Figure 1. Conceptual computational framework.

In order to further ease the computational burden of the CAD method and improve the
efficiency of adaptive sampling and surrogate modeling, a novel solution strategy is proposed
in this work to explicitly describe the design space. The research framework is shown in Figure
1, which can be interpreted as follows.

(1) For a given design model, the KS function can aggregate all inequality constraints, and then
an underestimate of the desired design space, denoted as KS space, can be described by a
single inequality constraint. The boundary of the KS space is continuously differentiable.

(2) The KS function is a transcendental function. To be able to process the KS function with
the CAD method, an adaptive sampling strategy is proposed to create a polynomial
surrogate model of the KS function. Two methods are presented to efficiently expand the
boundary points of the KS space. i.e., line projection points through any two feasible LHS
points, and perturbation boundary points around the adaptive sampling points. The cross-
validation method is applied to evaluate the stopping criteria of the adaptive sampling.

(3) The CAD method is applied to triangulate the polynomial surrogate model. A simple
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checking rule is applied to evaluate the feasibility of the CAD result.
Based on the above conceptual computational framework, we can point out two motivations:

(1) The complexity of the original CAD method? is formulated as
0(d, " ""m?""") 3)
which indicates that the complexity grows doubly exponentially with the number of variables

n; d; is the maximum degree in any one variable in the original model; m is the number of

polynomials. After applying the KS function to aggregate all inequality constraints and create

its polynomial surrogate model, the complexity can be reduced to Equation (4),

o(d”"") 4)
where m has been reduced to one; d5 is the maximum degree in any one variable in the surrogate
model. While still doubly exponential in the number of variables, if the fitted degree, d>, is not
too large, the complexity is acceptable; thus, there is a tradeoff between the complexity of the
CAD method and the accuracy of design space description.

(2) According to Equation (2), the equalities are used to represent the process model, and the
state variables have the same dimension as equality constraints, i.e., dim(x) = |/|. Once the
value of 0 is specified, we can run the simulation and obtain the results of x. The inequality
constraints define the quality requirements of the process design problems. If we sample
the points in the space of 8, the results of x in the equalities can be used to evaluate the
inequality constraints. Thus, in this work, all the equality constraints and state variables can
be eliminated when generating the surrogate model of the KS function. Moreover, since
the KS space must be contained within the original design space, we only need to focus on
finding the points on the boundary of the KS space. The intention is to locate as many
boundary points as possible, which can significantly reduce the sampling burden.

In summary, approximating the design space by the KS space, the proposed method can ease

the sampling burden of surrogate modeling, reduce the computational expense of the CAD
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method, and the assumptions for the shape of design space are not required.
3. Design space approximation through KS function

The KS function was first proposed by G. Kreisselmeier and R. Steinhauser?®, which was
initially presented for controller design. In the last two decades, the KS function has been
widely used in constraint aggregation methods for gradient-based optimization, e.g., chemical
process design?’, as well as problems involving local stress constraints, e.g., aircraft design?®2°.
The KS function shown in Equation (5) can aggregate a set of inequality constraints into a

single function, and it only contains one parameter p.

1 ] p-g;(6)
KS(@,0) = n Y@ <o )

j

where g;(@) < 0 are inequality constraints, j € J. The KS function produces an envelope
surface that is continuous and represents a conservative estimate of the feasible region for a set
of constraints. p > 0 is an aggregation parameter defined by the user, which can control how
close the envelope is to the original constraints. In the following nonlinear and nonconvex
example, the KS function as a constraint aggregation method, and the effect of increasing p for
inequality constraints, can be visualized.
An illustrative example
Consider the inequalities,

91:(02—2)*+ (8, —2)° + (6, — 2)(6; —2) —0.5<0

92:(82—2)* + (6, —2)*—2<0

fio<0 ©

gs5:0,—4<0

ge:—02,<0
For the design space definition problem, 8 and 8, are regarded as the process parameters. The

feasible region of these inequality constraints, which can be denoted as a complete design space,

is depicted by the yellow region shown in Figure 2(a). According to Equation (5), the KS
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function of g1,...,g¢ 1s formulated as

1
KS(6,p) =l—)ln [P 91 4 &P 92 4 eP 93 4 P "It 4 P " T5 4 P "] %)

which generates an underestimate profile of the design space after fixing p. As p increases, the
profile depicted by the KS function can approach in the limit the true profile of the feasible
region. As shown in Figure 2(b), when p = 5, the profile of the KS function is continuous and
almost coincides with the real boundary of the feasible region. However, the profile for p =2

is smoother, although less accurate.

[T T | 4*‘ RN T L
4 - g1 = 0 ] r g1 = 0
2 =0 * g =0
3 3 ,;::\3:\ """ p=13
,’:/ 3% T p=2
/ A RGN
"1'1 \\:;(‘ 0= 5
o 1 2F " ) y
< 2 | h [\
L AN — '| :'
L \\:: - - "_s:;\~ _’,I ,l |
B e -/
1 [ - [ -
0 I I I L | O’\ L L L N
0 1 2 3 4 0 1 2 3 4
61 0,

(@) (b)

Figure 2. Feasible region of the example and profiles of KS function with increasing p.

The KS function can be applied to approximate the design space. Hence, the problem of

approximately describing a design space can be transformed into describing the corresponding

KS space. The major motivations for using the KS function can be stated as follows:

(1) The KS function can aggregate multiple inequality constraints, and the space can be
depicted by a single inequality constraint. Since general constraints can be handled, the KS
function is also applicable to non-convex design spaces.

(2) The KS function only involves one parameter p > 0, which is a scaling factor of the space.
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As p increases, the KS function can provide a closer approximation to the design space,
1e.,

{6 € R"|KS(6,01) <0} c {8 € R|KS(8,02) <0}, 0<p;<ps (8)
In the limit, when p tends to infinity, the KS function can exactly represent the design
space, i.¢.,

{6 e R"{1im K5(8,0) <0} = {6 € R"|vj €/[g,(8) < 0]} )

p—0o
(3) The KS function is continuously differentiable. The KS function can smooth the profile
and reduce most irregular regions, e.g., removing the intersection points in the original
design space. As shown in Figure 2(a), the design space contains two orange intersection
points. However, the smooth profiles of the KS function in Figure 2(b) have no intersection

points. For p, = 5 and p; = 2, the profile of KS(8,p,) is smoother than the profile of KS

(8.p2).

According to the KS function, the design model in Equation (2) can be reformulated as follows,

] P
KS(G,x,p) — lln Zep-g,-(e,x) + (ep . (eé_ep) n ep.(ep—eg)) <0

p > ~
hi(0,x)=0, Vi€l

(10)

where KS(60,x) < 0 represents the KS space for a fixed value of p.
4. Explicit expression of design space through symbolic computation

Generally, the design space is a bounded and closed space. In previous work?!, if a design space
is formulated by a polynomial system, the CAD method can transform this polynomial system
into a series of triangular subsystems, where each subsystem corresponds to a subspace. All
the subspaces define the entire design space. For the design model shown in Equation (2), the

formulation of each triangular subsystem is as follows.
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ki1<0:1<q
k2(61) < Qz < q2(64)

kp(gl,...,gp_ 1) < QP < CIP(QL---;QP— 1) (11)
kp +1(601,...0p _1,0p) < X1=qp+ 1(61,...0p —1,6p)

kp 4 n(01,.0p %100y —1) < x.N < qp 4+ n(01,n0p X1 XN — 1)

All the lower and upper bounds of the process parameters are explicit expressions. For a given
(64,...8,), the lower and upper bound of 6,4 1, i.e., ky41(61,...0,) and qp 4 1(61,...6,),
become constants.
The CAD method mainly contains two stages: projection and lifting. In the projection stage,
the key point is to calculate discriminants and resultants®’ of polynomials, which can find the
tangency and intersection points in each dimension. In this way, the space in each dimension
can be decomposed by using these points. For the example in Equation (6), as shown in Figure
3(a), if the triangular structure is set as 84 < 8,, the green tangency points and orange
intersection points can be calculated by

discriminant(g,,0,) = 38 — 526, + 256% — 463,

discriminant(g,,0,) = —4(2 — 464 + 6%),

resultant(g4,9,,02) = 0.25 * (473 — 14400, + 170007 — 101263 + (12)

32860% — 5603 + 46%)

Equation (12) are univariate polynomials of 84, so that 8, is eliminated. By performing the real
root isolation algorithm?!, five distinct real roots of 64 for these polynomials can be obtained.
0.585786 < 0.910159 < 1.35389 < 2.88639 < 3.41421
Figure 3(a) illustrates that the tangency and intersection points can be projected onto the 8-
axis, i.e., A;: (0.585786, 0), A,: (0.910159, 0), Az: (1.35389, 0), Ay: (2.88639, 0), As: (3.41421,
0). The boundary between any two adjacent projection points is continuously differentiable.
Based on these projection points, the entire two-dimensional (2D) space can be decomposed

into six cylindrical 2D subspaces, i.e., [0, Ai], [A1, Az], [Az, As], [Asz, A4, [Ag, As], [As, 4].

In the lifting stage, these cylindrical 2D subspaces should be checked successively. Taking the
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subspace on [A}, A;] as an example, in Figure 3(b), the steps of the lifting stage are as follows.

(1) C, is the midpoint of A, and A,. After substituting C;, g, and g, can be converted to

g1 — 246264 — 1.25203 % (— 2 + 0,) + (— 2 + 0,)2 "
G2t — 0.4324275990814064 + ( — 2 + 6,)? (13)

Thus, the intersections with g, and g, on the vertical line can be solved, i.e., B;: (0.747973,
0.936478), B,: (0.747973, 1.34241), B;3: (0.747973, 2.65759).

(2) Based on By, B,, B3 and the corresponding curves, the 2D cylindrical subspace on [A;, A;]
can be decomposed into four parts, which are marked by different colors in Figure 3(b).

(3) On the vertical line, four sampling points in four parts can be determined, 1.e., C;, C,, Cs
and C4, where C,, C; and C, are the midpoints of [By, B,], [B,, B3] and [B3, 4], respectively.

(4) Cy, Cy, C;5 and C4 are used to check the feasibility of all the subspaces. When substituting
C, to g1 and g,, we can get (g1 > 0, g > 0), which means that the subspace including C,
is infeasible, because they cannot meet the original signs, g; < 0, g, < 0. Similarly, for C,,
C; and C4, we can obtain (g1 <0, g,>0), (g1<0, g,<0) and (g1 <0, g >0),
respectively, and only the yellow subspace including C; is feasible. Therefore, it is a part
of the entire feasible region.

(5) As shown in Figure 3(c), on [A}, A;], the upper boundary of the feasible subspace is (Dy,
D;) and the lower boundary is (D;, D,). The coordinate of Bs is (0.747973, 2.65759). In
Equation (13), 2.65759 is the second root of g, = 0; thus, for any value of 8 in [A}, A;],
the corresponding values of 8, on (D, Ds) are the second roots of g,(6,,0,) = 0, denoted
as Root(g,&, 2). Similarly, the values of 8, on lower boundary (D;, D,) are the first roots

of gz(élﬁz) =0, i.e., Root(g,&, 1). Therefore, this subregion can be expressed as

0.585786 < 6; <0.910159
{Root(gz&, 1) <6, < Root(g,&, 2) (14)

which is a triangular and explicit expression of this feasible subspace. Moreover, since g,
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is a bivariate polynomial, 8, can be solved explicitly, and Equation (14) is reformulated as,

oNOYTULT D WN =

0.585786 < 61 < 0.910159
[2—\/—2+491—9%§9st+\/—2+491—9% (15)

10 After checking all the cylindrical subspaces, as shown in Figure 3(d) and Figure 3(e), another
12 two feasible subspaces can be found. Finally, we know that the feasible region consists of three
subregions, as shown in Figure 3(f). Equation (16) shows the complete triangular and explicit
17 expressions of the feasible region. The command CylindricalDecomposition in Mathematica*”

19 can perform the CAD method.

21 0.585786 < 61 < 0.910159

1. 2 2
[2—\/—2+491—91§9252 +.—2+40,— 6%

24 0.910159 < 6; < 1.35389
2_{0.5(6 — 0;) — 0.5,/38 — 526, + 256 — 463 < 0, <

27 2 +./—2+46, - 63 (16)

28 (1.35389 < 6; < 2.88639

30 3.10.5(6 — 61) — 0.5,/38 — 520, + 2562 — 463 < 9, <

31 0.5(6 — 01) + 0.5,/38 — 520, + 2567 — 467
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)

(e) (H

Figure 3. Solution process of the CAD method for the example.
According to the KS function, for a fixed p, the design space can be approximated by
y:=KS(0,x) <0 (17)

However, Equation (17) is an implicit and transcendental function, which cannot be directly
used for symbolic computation. A common way is to create its polynomial surrogate model.
As shown in Figure 4, KS(0,x) aggregates all the inequality constraints. The surrogate model
7(0) can then be created through polynomial fitting, while the state variables x are eliminated.
Thus, the CAD result of (@) < 0 contains a series of subspaces, each of which is a triangular

system of 04,..., Op.
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Triangular model of ki<6;<q Original design model:
Each subspace: k,(8,) < 6, < q5(6;) g0,x)<0
: h(8,x) =0
kp(61, ...,0p_1) < 0p < qp(6,, ...,0p_1) 0" <6<6"
kp+1(01, ..., 0p_1,0p) < x1 < qpy1(61, ..., O0p_1,6p) @
kpy2(64,...,0p_1,0p,%1) < x:z < qp+2(61, .-, 0p_1,0p,%1) KS function:

: .= KS(8,x) <0
kpin(O1, -, 0p, X1, s XN-1) < Xy < qpyn(By, -, Op, X1, o, Xy 1) ?Iz(ﬂ x)=0

Triangular model of the @ @

surrogate function:

kKi<6:<q" Polynomial fitting of
krz(e-i) < 9_2 < q’z(él) KS_}‘inwfi_on:
; O

k'p(B1,..,0p_1) < 9_:1) < q'p(01, ., 0p_1)

Figure 4. Triangular structure obtained by the CAD method.
Once the polynomial surrogate model y(8) is obtained, it is convenient to analyze the design
space, because the space can be described by a single constraint. Moreover, as shown in Figure
2(b), the smooth profile of the KS function has no intersection points, and we do not need to

calculate the resultant for a single KS function.
5. Polynomial fitting of KS function through adaptive sampling

To create a polynomial surrogate model of the KS function, an adaptive sampling strategy is
proposed. According to Equation (17), a point on the boundary of the KS space is denoted as

{(04,...0p) € R’|KS(8,x) = 0} (18)
which can be solved by the following system of equations,

KS(8,x) =0
hi(0x)=0, Viel (19)

Note that, since the bounds of process parameters are also used for formulating the KS function,
the KS space must be a closed space. If the design space is described by a set of inequality
constraints, the traditional methods to build a surrogate model need to sample enough points
over the whole space. However, in this work, a single equation, KS(6,x) = 0, can describe the
entire boundary of the KS space. Thus, we only focus on exploring enough sampling points on

the boundary to create the surrogate model. The solution strategy of the proposed adaptive
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sampling method is shown in Figure 5, which contains four steps:

(1) Initial LHS sampling. For a given number of sampling points, perform Latin hypercube
sampling (LHS) over the space of process parameters. Those feasible sampled points in the
feasible region forms a set A;

(2) Expanded boundary points. Through each pair of points in A, a line can be generated. Two
intersection points of the line and the boundary can be obtained. All the intersection points
on the boundary form an initial set B;

(3) Adaptive sampling. Based on the KS function, a simple DFO model of adaptive sampling
is proposed. K-fold cross validation is applied to evaluate the stopping criteria. For each
adaptive sampling point in set C, P points around the current adaptive point can be found
through perturbation, which can form set D. All four sets are used for polynomial fitting.

(4) Explicit description. Through the CAD method, the fitted polynomial model y(8) can be

used to deduce the explicit expression of the KS space.

START
Parameters and Pyomo model
Generate points by Latin Obtain responses of KS function,
hypercube sampling method in [@%, 8Y] KS(8),forA,B C D
1. Initial LHS sampling v <
Check feasibility of each point using Ly ¢ Initial set of inner feasible sampling
KS(@) <0 points, {84, Y4}, a € Sy
G t dt bound: ints [ Set of ded bound; int
. enerate expanded boundary poin et of expanded boundary points,
2. Expanded boundary paints through finding intersection points B {Op, ¥y}, b € Sp
; &
Normalization and polynomial fitting by = Find P points around {8, .},
using all four data sets {04,yq4},d € Sp, P = dim(8)

. . K-fold cross validation by using data sets c
3. Adaptive sampling < B, C, D, and each fold contains A.

CV _error (MSE), k=0

Generate a new sampling point
on the KS boundary, {8, y.}, c € S¢

f

Adaptive sampling, DFO model:
min—|9(8)| + M - KS(8)
s.t.ot<o<og?

AN

4. Explicit description Call CAD package in |, Check each subspace FINAL
Mathematica using KS(8) <0 symbolic description

Figure 5. Solution strategy of the adaptive sampling method.
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5.1. Initial LHS sampling

The LHS strategy™’ is applied to generate a given number of sampling points, denoted as num,
in the process parameter space, where upper and lower bounds are required. Then, a feasibility
check needs to be performed by evaluating KS(0,x) at each LHS point. The presence of the
state variables implies that the KS space is described by a set of multivariate functions of 6

and x. Thus, the feasibility can be checked by solving the following NLP model,

U; =minu
s.it. KS(0,x) <u
hi(0,x)=0, Viel

(20)

where u, < 0 indicates that the point is feasible. All the feasible LHS sampling points and the
corresponding output of KS(0,x) form set A : = {(0,,y,), Va € S,}. Note that the number of

LHS sampling points needs to be specified in advance. The more sampling points specified,

the larger set A obtained, and the easier polynomial fitting will be.

LHS sampling points and feasible points

X X LHS sampling points
O  Feasible LHS sampling points

3.6 X

329 % x
2.8 x *
2.4 1 @ 2
& 2.0 x
1.6 * 8
1.2 1 X
0.8 X x
0.4 4 X x

0.0 x

00 04 08 12 16 20 24 28 32 36
61

Figure 6. Initial LHS sampling of the example. (p = 2, num = 40)
For the above-mentioned example with p = 2, the sampling ranges are set to [0, 4] and [0, 4]

for 81 and 6,. As shown in Figure 6, 40 points are sampled, and 9 of them are feasible.
5.2. Expanded boundary points

To build the surrogate model, we need to find enough sampling points on the boundary of the
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KS space. In this subsection, based on the properties of the KS function and the obtained initial
set A, an approach to efficiently locate many points on the boundary is proposed. For a pair of

points in the set A, e.g., 81 and 8, there are two directions, 8;—80, and 8,—01, which can be

formulated as follows,

91—>92: 9:01+6'(92—01) 21
0,-0;: 0=0,+5-(8,—0,) @D

Along both directions, we can find two intersection points on the KS boundary by solving the

following two optimization problems,

max 6

sit. KS(0,x)=0
h(8,x)=0, Viel (22)
9:91+6'(02—91)

max 6

s.t. KS(0,x)=0
hi(0,x)=0, Viel (23)

0=0,+6(6,—6,)
If the set A contains S, points, the total number of directions for all the pairs of points can be

calculated from Equation (24), which is a permutation problem. The obtained boundary points

and the output of KS(0,x) then define the set of initial boundary points, B : = {(Bb,yb), Vb € Sp

}. For example, in Figure 7, 4 points can generate 4 X 3=12 boundary points.

Sp=A%,=S4(Sa—1) (24)

/ON

Figure 7. Illustration of expanded boundary points via line projection.

AIChE Journal

Page 58 of 80



Page 59 of 80

oNOYTULT D WN =

AIChE Journal

Sampling and updated points

0 9 0(} O  Set A: Initial LHS feasible sampling points
& Set B: Initial boundary points
2.84 .ﬁo #  Set C: Updated points
¢ ¢{  Set D: Updated boundary points
o v O
§ (3
o
241 0

*
2.0 1 o

6

SR> I
o
o

<&

0.8 1.2 1.6 2.0 2.4 2.8

Figure 8. Sampling points of the example. (p = 2, num = 40).
For this example, 9 X 8=72 initial boundary points can be obtained by solving Equations (22)
and (23), which are marked as yellow points in Figure 8. Note that, even though we only have

9 feasible LHS feasible points, 72 boundary points can be directly found in this step.
5.3. Adaptive sampling

Based on the set of feasible LHS points A and the initial set of expanded boundary points B, a
common multivariable polynomial fitting method can be executed to build the surrogate model

between the process parameters @ = (64,...,0p) and the response y, denoted as y(8),

K
9O)= ),  cubu(B) where §,(6) =6} (25)

where ¢, € R and cg # 0. The sum is taken over all indices (nonnegative integer vectors) with
kp < deg. For example, a bi-variable polynomial with deg = 3, is formulated as follows,
5/(91,92) =co+ C102 + Cz@% + 030% + C491 + C59192 +
68105 + c70103 + cg67 + 9676, + ¢100765 +
€110163 + c1267 + ¢136102 + ¢146163 + ¢156163
The K-fold cross-validation (CV) method** is used to evaluate the result of polynomial fitting.

The number of folds, ky, should be specified in advance. ¢y is given as the stop criteria of CV.

The set of B, C and D is split into ks folds for cross validation, and the set A is used for each
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fold. The maximum MSE (mean squared error) for all folds is used for comparison with &¢y.
Moreover, the data set of process parameters should be normalized before polynomial fitting,
denoted as @. Then, a new point @ can be roughly scaled by the current stored minimization
™" and maximization ™%, and the corresponding output of the fitted model is y(8),

0— Bmin
6=——— (26)

gmax _ emin

The purpose of adaptive sampling is to search the design space for areas of model inconsistency
or model mismatch and to find points that maximize the model error. Since only the points on

the boundary are considered, the adaptive sampling model is proposed as,

max |$(0)]

s.t. KS(0,x) =0
hi(0,x) =0, Vil 27)
ot<o<6Y

After relaxing the objective function |y(0)| into two constraints, (@) < Z and — $(0) < Z,
we can apply an NLP solver to solve Equation (27); however, most adaptive sampling points
are likely to fall into the same area that has the maximum model error and cannot escape to
explore other areas, which is not conducive to polynomial fitting. Therefore, in order to explore
the areas that contain more local information, we transform Equation (27) into the following
derivative-free optimization (DFO) model,

min — |$(0)| + M - KS(0)

stol<o<o? (28)

where M is a penalty coefficient. Compared with Equation (27), the equality system, i.e., h;

(0,x) =0, Vi c I, can be viewed as a black box. This black-box model is used to calculate the
state variables x for each iteration of adaptive sampling, and then to evaluate the objective
function of Equation (28).

A DFO solver, Py-BOBYQA, which is a Python implementation of the BOBYQA (Bound

Optimization BY Quadratic Approximation) Fortran solver by Powell®, is employed to solve
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the adaptive sampling model. In this work, the purpose of adaptive sampling is to explore local
areas leading to model mismatch as many as possible, rather than finding global optima in each
iteration. Py-BOBYQA is based on the trust-region method, and it has superior performance
in finding local solutions of nonlinear and nonconvex problems. Thus, we use this DFO solver
to address the adaptive sampling problem. In addition, the initial values are of great importance
to the results of the DFO solver. To take a more complete search, a reproducible random
sequence of the data set is generated as the initial values, and more local optima can be found.

The obtained adaptive sampling points form set C : = {(0,y.), V¢ € S¢}. To further expand the
points on the boundary, for a point in C, 6.: = (661'---;0ci'---;0cP)a a perturbation method is
proposed to find P points around 8., where P is the dimension of 0,
0.=(6.,..6%,.,6.), VieP (29)
First, we can find a point 8,: = (eal,...,eai,...,ea,,) in set A, which has the longest Euclidean
distance to 8. Then, assuming that the perturbation factor is a, if @, is located on the left side
of 8. on the coordinate 6;, 1.e., 8, < 0, Hii can be calculated by,
0L =0, (1+a), i€{12,..,P} (30)
If 8, is located on the right side of 8, 1.e., 8, > 6, Géi can be calculated by,
0.=0.-(1—a), i€{12,..,P} (31)
If6, =6, Héi = 6., For each point 0., the direction 8,— 0%, can be formulated as,
0=0,+65-(6.—0,) (32)
Through Equation (22), the intersection point on the KS boundary can be solved. All such
intersection points can form set D : = {(84,y4), Vd € Sp}.
To illustrate the above method, Figure 9 shows geometric interpretation of a bivariate case. In
Figure 9(a), 6, = (9C1,9C2) is the current adaptive sampling point, and the blue point 6, =

(Galﬂaz) is a point in set A which is the farthest point from 6. Since the dimension P is 2 and
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6, is on the left of 8., two perturbation points around 6. can be expressed as follows,
0l=(0. (1+a)b,)
0; = (6,0, (1 + )
Thus, the following two direction formulations can be used to find two intersection points, 8}
and 63, on the boundary,
0=0,+65-(61—0,)
0=0,+5-(62-0,)
Similarly, as shown in Figure 9(b), @, is on the right of 8, thus,
0c= (0, (1 — a).0c,)

eg = (6C1'9C2 ' (1 - a))

QZA
Oq
6
0, >
602 _____ _’__é_|\
O, ! c g2
——————— ----¢\0a
: : c}\
:cha : _
51 9C1 91
(a) (b)

Figure 9. Perturbation points for an adaptive sampling point.
For the example, the maximum number of iterations for adaptive sampling is set to 50. Figure
8 shows the results of four different sets of points. All the points are used for polynomial fitting.

Figure 10(a) shows the MSE values of 4-fold CV. The final surrogate model with 4 degrees is
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_ 2 3 4
$0(61,8,) = 0.332558 — 4.9246840, + 27.6776210, — 48. 1309659 + 25. 49711091

Cross validation error
o Iy g N
7 = =Y O
!

o
o

54.

le—-5

—1. 3551769 + 5. 4232420 0 — 54. 4718599 9 + 89. 1271799 9

2 2 2
—43. 8563849 9 + 1. 1298039 —18. 8271939 0 + 60. 6552799 9
3 2 4.2
+21.7960858 0 — 44, 3391539 9 —0. 29169 + 14.540476 9
2 3 3 3 4.3 4
+ 54.8844840 0 — 326. 6547759 9 +223.2006278 9 + 1. 8877669
4 3_4 4 4

—11.2840096 9 — 44, 4653199 + 212. 9642359 9 —134. 3620059 9

n
L
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// \\
7/ \\\
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II \\\
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N
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\
\
\
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\ i
021 1
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1357 91113151719212325272931333537394143454749 G
Interation k 0.2 0.4 0.6 0.8 1.0
(a) (b)

Figure 10. Surrogate model of the example (p = 2, num = 40).

Explicit description

Since the sampling data has been normalized before performing polynomial fitting, the profile

of the KS space, y(8) < 0, should be limited within a square with [0,1] sides. Considering the

polynomial fitting error, the profile may be slightly outside of the square. Hence, the KS space

based on the surrogate model is the intersection of () <0and 0 <0 < 1,1i.e.,

{(6erR’|1P(O) <0n0<B<1} (33)

The CAD method can transform Equation (33) into a triangular system, which consists of a

series of subspaces, and each subspace is formulated as,

(34)
kp(81,..0p _1) < 0p < qp(B1,...0p 1)
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For the example, the corresponding triangular system with 8, < 8, is as follows:

[0 <8, <0.0964731
1 Root(ry(8y, #1)&1) < 8, < Root(I'y(84, #1)&, 2)

0.0964731 < 0, < 0.137589

2\ Root(Io(8y, #1)&,3) < B, < Root([o(0y, #1)8&4)

0.137589 < 6, < 0.266024
3 Root(I'y(84, #1)&,2) < 8, < Root(Iy(8y, #1)&, 3)

0.266024 < 6, < 0.290682

={
={
:{Root(ro(él, #1)&,2) <8, <1
={
={
={

NN

0.290682 < 6, < 0.376366

51 Root(I'o(8y, #1)&,2) < 8, < Root(Io(8y, #1)&, 3)

0.376366 < 0, < 0.732135
61 Root(I'y(F4, #1)&1) < 8, < Root(y(8y, #1)&,2)

0.732135< 6, <0.91514

710 <, < Root(Iy(8y, #1)&, 2)

[0.91514 <8, < 1
81 Root(I'y(Fy, #1)&1) < 8, < Root(y(8y, #1)&,2)

where I'y(64, #1) is a pure function with the parameter 8,, which is provided in Supporting
Information. Root(I'y(61, #1)& n) means nth root of I'g(84, #1) = 0 for a given 8;. The result
indicates that the bounds of 8, are explicit expressions of ;. To further test the feasibility of
the subspaces, a random point 8 can be converted into the KS space by Equation (35), denoted
as 0. KS(0,) < 0 means that the current subspace is feasible,

0, =0, (6™ —6™") + ™" (35)
In the original data set, the maximum values of #; and 6, are 2.809134, 3.03503, and the

minimum values are 0.653351, 1.251803, respectively. Taking the first subspace as an example,

a chosen point is 8 = (0.05, 0.4) and the corresponding 6 is (0.761141, 1.965094). KS(6)

= —0.207169 < 0 means that the first subspace is feasible. Similarly, we can find that the

other subspaces are also feasible. The final KS space is shown in Figure 10(b).
Note that through Equations (26), (34) and (35), the CAD result can be used to evaluate the KS

space. Each point satisfying (0) < 0 can be transformed into the KS space. The triangular
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1
2
i formulation of KS space is formulated as follows,
5 min max min ! ! max min min
6 o7 + (07 — O7™) - k1 < 01 < g - (67 — OT'™") + 07
6 _ Oml‘l’l 9 _ Bmln
7 omin 4 (emax _ amin) K ! ! < < ! ! . (amax _ emin) + guin (36)
8 2 2 2 2 gmnax _ gmin =02=q; gmnax _ emin 2 2 2
1 1 1 1
9
10
:; Moreover, another critical parameter, the number of initial LHS points, num, is also discussed.
1 3 . . . . . .
14 First, compared with the result shown in Figure 8, we apply the algorithm by setting num = 80.
15
16 In this case, 16 feasible LHS points can be found, and more expanded boundary points can be
17
13 located. In Figure 11, the denser boundary points can generate a more precise surrogate model.
20 %
21 Sampling and updated points A
22 o @ O SetA: Initial LHS feasible sampling points
ol ¢ Set B: Initial boundary points LOF 77N

23 2.84 '%O * Sch:Updallcdpoims ) /// - \\\\
24 *<>° O SetD: Updj;;;l::undmy points 0sl / \\\\
25 24l Y o 0y II/ \\\\\
26 § ° ° 0.6/ N
27 ® 204 s . %o © % \\\
28 o o, % 0.4 b
29 169 %O \‘\ |
30 9@0 000 W . 02, N i
31 2 gooo&{*o a7 ~\‘~\\\~ //l -
32 08 12 16 . 20 24 28 0‘2 0‘4 ‘ O‘.6 0‘8“‘ ‘ 1‘0 > 6
33 !
34
o (a) (b)
36 Figure 11. Sampling points and surrogate model of the example. (p = 2, num = 80).
37
38 %
39 Sampling and updated points \
40 om0
41 @0 ; Set C: Updated points ) ,/' b N
42 284 & Set D:'lgadoz:;ed boundary points ozl // .
43 (4 ° ° % O, / \\\

244 o “)% A .
44 . § ° @ 0.6/ M
45 PTT R S % \\
46 o o 041 v
47 0 \ o i )
48 b RAGURTEN 021" - E
49 12 oo N 0 O \\\ eI \\\ ,’
50 0‘8 12 166 2j0 2.4 2.8 \’0‘2 0‘4 0‘6 “(;8 - 1‘0 - al
51 !
52

a b

22 (a) (b)
54 Figure 12. Sampling points and surrogate model of the example. (p = 5, num = 40).
55
g? Then, another key parameter is p. Compared with p = 2, we test the KS function with p = 5.
58 . . . . . . . .
59 All sampling points are shown in Figure 12(a). The KS space is illustrated in Figure 12(b). We
60
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can see that the shape of the KS space with p =5 more completely covers the feasible region
than Figure 11(b). Therefore, we can conclude that more LHS points are more conducive to

the polynomial fitting, and larger p can make the profile closer to the original feasible region.
6. Case studies

Two case studies are presented to illustrate the proposed design space description method.
Pyomo?° is applied to define the models. The GAMS global solver, BARON, is used to solve
the NLP models through the interface of Pyomo and GAMS, and Py-BOBYQA is applied to
solve the DFO models. For both cases, the parameters in Table 1 are set to the same values.
The difference is the parameter p, which will be specified at different values.

Table 1. The specifications of the parameters.

Initial LHS Degree of polynomial, Perturbation, = Maximum MSE of CV, K-fold,

points, num deg a Iteration gy kg

100 4 0.2 50 10-10 4

6.1. CSTR reaction
This case study deals with a 2-step reaction with the following mechanism!'%37,

k

A+B_1>C, T1:k1'CA'Cb
k

CSD+E, ry=kyc,

where r; are the reaction rates. Two process parameters correspond to the residence time, 61,
and the ratio of the concentration of B to A, 8. k; correspond to the model parameters, which
are fixed at their mean values {0.31051, 0.026650}. The feasible ranges of 8, and 8, are given

as follows.

0<6;<550
0<6,<6

The mass balance of the CSTR reaction is given by the following set of equations,
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ca—ca+t61-(—r)=0
C%—CB+91'(—7”1)=0
C(g‘—Cc+91'(T1—T2)=O
C%—CD+91'T'2=O
C%—CE+91'T2=O

where ¢ are initial concentrations {c§ = 0.53,c} = 0.53"86,,c2=0,c) =0, =0}. The

quality constraints are the minimum yield of D and the minimum ratio of D to unreacted species.

Cp

=09

cd—ca
Cp

————=0.2
Cqa+cp+cc

In this case, p is fixed to 20. Figure 13(a) shows the feasible LHS points and updated points.
All the updated points are located at the boundary of the KS space, and we can create the

following 4-degree polynomial surrogate model with this small amount of sampling points.

_ 2 3 4
$1(61,8,) = 0.00003937 + 0.0013846, — 0.0001186, — 0.0037726, + 0.0023896,

—0. 0006789 —0.1652386,6, — 0. 563174é2é + 0. 265011939

+ 0. 4643740 10, +0. 00379692 —0.7904960, 92 + 10. 7573689292
—15. 6853659392 + 5. 7141489492 —0. 0072539 +2.0028116 93
—21. 1099449293 +31. 9401879393 —12. 8255999493 + 0. 0044229
—1.0357636 9 + 10. 9350959294 — 16. 5954436394 + 6. 6918719494

The profile of 71(84,6,) = 0 is shown in Figure 13(b). Because of normalization, the profile is
limited within a square with [0,1] sides. 1(61,8,) < 0 can be used to describe the KS space.

Through the CAD method, the equivalent triangular system can be obtained, which consists of
3 explicit 2D subspaces.

(0<6;<0.107855
1 Root(r,(8y, #1)&,2) < 8, < Root(I', (84, #1)&, 3)

[0.107855 < §; < 0.90871
2\ Root(r1(8;, #1)&,1) < 6, < Root(I'1(8;, #1)&, 2)

(0.90871<6;<1
310 < 8, < Root(I'1(8;, #1)&, 2)
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where I'1(84, #1) is provided in Supporting Information. Due to the error of polynomial fitting,

the feasibility of each subspace must be tested. In the stored data set, the maximum values of

6, and 6, are 549.94261, 5.491875; the minimum values are 337.704, 0.226248. Taking the

second subspace as an example, a sampling point is chosen as @ = (0.5, 0.8). 8, = (443.823,
4.43875) is calculated by Equation (35). KS(65) = —0.011638 < 0 indicates that the second
subspace is feasible. Similarly, the other subspaces can be tested for feasibility Moreover, to
show the performance of p, Figure 14 illustrates the results with p = 5. Since p is set smaller,

the KS space is smaller than p = 20. The required CPU/Wall times are reported in Table 2.

0

Sampling and updated points 2

541 | O SetA: Initial LHS feasible sampling points 1
e A Al OO Set B: Initial boundary points 1.0 e mmm e —-——————
48 f % SetC: Updated points mmmmmmm \
o O Set D: Updated boundary points - -
42 o o v 0 1
o 0.8 I
o ¥ .
3.64 o] © o o & 1
o § 1
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o
UN . |
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1
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° oo ° 02+ |
0.6 1 °© § ’ !
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6, 0.2 0.4 0.6 0.8 1.0
(a) (b)

Figure 13. Results of design space description for Case 1. (p = 20, BARON)
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Figure 14. Results of design space description for Case 1. (p = 5, BARON)
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6.2. Michael Addition Reaction

This case study deals with the Michael Addition Reaction with kinetics'® described by the

following equations,

k
AH+B=A~ +BH™, ri=ky cay" cp
ka
A +CPAC™, ry=ky-cy- "¢
k3
ACT =A™ +C, r3=k3z Ccyc-
k
AC™ +AH:;A_ + P, T4 = k4' Cac— " CaH
k
AC~ +BHYSP+B, rs=ks cac— - Cpy+
where r; are reaction rates. The rate constants k; correspond to the model parameters, fixed at

their mean values: {49.7796, 8.9316, 1.3177,0.3109, 3.8781}. The mass balance is as follows,

i —Can+ 01 (—r1—74) =0
—cp+0,-(=ri+15)=0
cd—cc+0,-(—=ry413)=0

Q- —cy-4+60,-(ri—ry4+r3+1r)=0
- —cac-+01-(ra—r3—r4—15) =0

B+ —cpu+ +01-(r1—15) =0

d—cp+01-(ra+1rs)=0

Two quality constraints are specifying that the conversion of C must be greater than 90%, and

that the concentration of AC ~ in the outlet must be less than 0.002,

0
CC—Cc—Cqc-

>0.9
c?

Cac- < 0.002

The initial concentrations {c9y, c%, ¢, -, c%c-, cBy+, cB} are set to {0.3955, 0.3955/6,,
0.25, 0, 0,0, 0}. The process parameters are the residence time 6, and the molar ratio 6,.

400 < 61 <1400
10<6,<30

The KS parameter p is fixed to 10. Figure 15(a) shows all the feasible LHS points and updated

boundary points, which can demonstrate the boundary of the KS space. Based on all the points,
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2

3

4

$2(61,8,) = 0.008668 —0. 0701069 +0. 1805280 —0. 1933069 +0 0718089

4

—1. 6277399 —49. 3958999 9 +212 1802069 9 —391. 5912549 9 +230. 3598329

2

2 2

3.2

9 +75 2114536 —364 8683566 9 +858 6858839 9 —532.8027446 9 —35.709792

2 3

3 3

9 9 —38. 7840149 +191. 9591259 9 —902. 2190049 0 +903. 2652109 0

4 3
—155.1980756,6,
4 4 4
0, +6.7735456.,6,
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Figure 15. Results of design space description for Case 2. (p = 10, BARON)

The profile of the surrogate model ,(81,8,) = 0 is shown in Figure 15(b). Because of the
polynomial fitted error, the profile is slightly outside of the square. According to Equation (33),

the CAD method can generate a triangular and explicit system as follows, where I'5(8, #1) is

provided in Supporting Information.
[0 <0,<0.118986

1Y Root(r,(6,, #1)&, 2) < 8, < Root(I',(8,, #1)&, 3)

0.118986 < 6, < 0.228252

20 Root(I'y(84, #1)&1) < 8, < Root(I5(8y, #1)&,2)

(0.228252 < 6; < 0.930122
10 <8, < Root(I'y(6, #1)&, 2)

w

(0.930122 < 1 < 0.990867
10<6,<1

NN

(0.990867 <81 <1
10 <8, < Root(I'y(6,, #1)&, 2)

[O2
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In the data set of polynomial fitting, the maximum values of 6, and 6, are 1400 and 29.9977,
and the minimum values are 644.084 and 10, respectively. Taking the third subspace as an
example, a sampling point is chosen as 8 = (0.6, 0.5) and 8, is (1097.63, 19.9989). KS(6)
= —0.250481 < 0 means that the subspace is feasible. Moreover, Figure 16 illustrates the
results with p = 5. For this case, Figure 15(b) and Figure 16(b) are almost the same, which

indicates that p = 10 can provide a good approximation of the feasible region.

6
Sampling and updated points A
O SetA: Initial LHS feasible sampling points x & L .
Set B: Initial boundary points #o 1.0 [ - “
281 % Set C: Updated points p ﬂ*‘; o L _ 1
261 ¢  Set D: Updated boundary points [ o o E P -~ 1
- -
g‘) o o o 0 0.8+ - :
24+ 00 o r 7 i
22 4 o o ° o 8 0.6 I 7 :
6 / 1
S 20 $# O ° t / I
@ 00 o o 9 // I
181 'l o © [ s :
) o o 0.4r Ve
1
164 0 ° 5 8 F /
v o . 4 '
141 ¢ o, L o [ /’ I
] o o % © o 02 - i
12 o b e I
© o o & Y 1
101 %6 apoeo w0k Aw RO @ O @000 ¢ L !
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Figure 16. Results of design space description for Case 2. (p = 5, BARON)

Table 2. Summary of model information and computational expense.

Model information Proposed method
Part 1 Part 2 Use CAD
Number of  Number of —
) ) P Adaptive sampling and Explicit method only
eqs/ineqs  variables
surrogate modeling description
20 154.29/687.98 (BARON) 0.23/0.24
Case 1 8/6 10 0.35/0.36
5  89.81/578.12 (BARON) 0.26/0.29
0 352.68/2279.72 (BARON) 0.25/0.27
251.68/476.16 (CONOPT4) 0.22/0.22 >7200 /
Case 2 13/6 15
s 380.53/2701.63 (BARON) 0.25/0.25 >7200%
265.71 /498.40 (CONOPT4) 0.20/0.21

*Cannot solve within 7200 seconds.

The computational time includes CPU time (s) / Wall time (s)

In Table 2, the model information of both cases and the computational times are summarized.

Case 1 includes 8 equalities and 10 variables; Case 2 has a larger scale, involving 13 equalities
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and 15 variables. The adaptive sampling and surrogate modeling are executed in Python, and
the explicit description based on the CAD method is implemented in Mathematica. The CAD
method transforms the surrogate model of KS function very fast. In addition, we also compare
the computational time with using the CAD method only. The CAD method can directly solve
Case 1 in 0.36s; however, Case 2 cannot be handled within 7200s, because of the larger scale.

The proposed method can solve Case 2 in around 2500s when using the BARON solver.

7. Discussion

The proposed method consists of adaptive sampling and symbolic computation. There are some
key points that can affect the results. To further clarify the performance of the proposed method,

some discussion is provided in this section.

7.1. Values of critical parameters

The critical parameters mainly contain the initial LHS points, num and the parameter of the KS
function, p. As shown in Figure 8 and Figure 11a, it is obvious that more initial LHS points are
specified, the denser the boundary points can be found, and the more accurate the surrogate
model will be. In addition, note that there may be empty spaces on the boundary, e.g., Figure
8. The main reasons are lack of feasible LHS points to generate the line projections on the
boundary and/or lack of exploration during DFO search. The empty spaces can affect the
polynomial fitting accuracy. In particular, if the empty area contains critical nonlinear features,
the fitted polynomial will have a serious distortion. Thus, to reduce the empty areas, we can
set a larger initial number of LHS points and a more stringent stopping criteria of adaptive
sampling, including a larger iteration limit and a smaller termination error of K-fold cross
validation.

Moreover, there are two main limitations for the KS function, i.e, the exponential functions can

make the KS function strongly nonlinear; it is difficult to determine an appropriate value of p
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for a specific problem. The different values of p have been compared in the example and cases.
A small value of p may lead to an overly conservative KS function, while too large a value of
p may make the KS function ill-conditioned and cause unstable convergence and making it
difficult to solve. Therefore, there is a tradeoff between accuracy of the KS function and ease
of finding its surrogate model. A larger value of p can make the envelope closer to the real
constrains, but possibly capture the undesired complex nonlinearity as well. It is not easy to
create an accurate surrogate model for the KS function with complex or nonlinear structures.

For simplicity, in this work, the value of p needs to be specified in advance.

7.2. Selection of NLP solvers

In the procedure of adaptive sampling, we propose two methods to expand the boundary points,
as shown in Figure 7 and Figure 9. Because there must be two intersection points for a line and
the boundary. The target is to locate both points; thus, the formula of the line should be defined
by a parametric form, as shown in Equation (21). Both methods of expanding boundary points
involve solving NLP models.

The real intersection points refer to the global optimal solutions, and common NLP solvers
cannot guarantee finding the global optima. In the above cases, the global NLP solver, BARON,
is adopted, and the results show that we can locate the boundary points effectively. Moreover,
it is worth noting that, as the value of p and the number of inequalities increases, the KS
function will be very complex and highly nonlinear, which will cause unstable convergence.
Therefore, BARON is often time consuming. To ease the computational burden, it is necessary
to compare the performance with a local solver. The local NLP solver in GAMS, CONOPT4,
is selected to deal with Case 1. The results shown in Figure 17 indicate that this local NLP
solver is also acceptable, and the design space can be described accurately. However, compared
with Figure 15(a), Figure 17(a) shows that some points in set B overlap on the points in set A

and some are located inside. The main reason is that the optimization model converges to the
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local solutions. Nonetheless, we also can use these points to build the surrogate model, because
these points are located within the design space. The CPU/Wall time for using CONOPT4 is
251.68s/476.16s, which is significantly less than using BARON. In addition, for an extremely
complex and nonlinear model, BARON may require long computational times, and may not
guarantee finding the global optimum for a fixed time limit. Therefore, there is also a tradeoff

between the selection of solvers and the computational efficiency.
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Figure 17. Results of design space description for Case 2. (p = 10, CONOPT4)
7.3. Effect of nonconvexity

The above numerical example and the Michael addition reaction case involve non-convex
feasible spaces. Figure 2 indicates that the non-convex boundary can be described more
accurately as the value of p increases. To further show the characteristics and performances of
the proposed method, the example shown in Equation (6) is modified as Equation (37), which

has a more nonconvex feasible region. The parameters are set to p = 5, num = 80.

91— ((62—2)* + (81— 2)° + (6, - 2)(6: —2) = 0.5) < 0

92:(6,—2)2+ (6, —2)2=2<0

g3:61—4<0 .
g4 —01<0 (37
gs:02—4<0

ge:—02,<0
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In this case, BARON and CONOPT4 are compared. Figure 18(a) indicates that BARON cannot
capture the inner nonconvex areas, because the solutions are always converged to the global
maxima, i.e., the outermost boundary points. Thus, a large empty area on the boundary can be
generated. By comparison, the local solver CONOPT4 can converge to local solutions, and the
inner nonconvex areas can be described more completely, as shown in Figure 18(b). Based on
these points, Figure 19 shows that the surrogate model can be created effectively. Therefore,

the local solvers are more suitable for the problems with strongly nonconvex feasible regions.
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Figure 18. Sampling points of the modified example by using (a) BARON; (b) CONOPT4.
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Figure 19. Surrogate model of the modified example. (a) Real space; (b) KS space obtained

by CONOPT4
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8. Conclusions

In this paper, we propose a novel design space description method based on adaptive sampling
and symbolic computation. The KS function is applied to aggregate all the inequality
constraints, and the KS space can approximate the design space with a single constraint. Thus,
we only need to focus on finding the sampling points on the boundary of the KS space. Based
on the feasible LHS points and adaptive sampling points, two methods have been presented to
effectively expand the set of boundary points. i.e., line projection to the boundary through any
two feasible LHS points, and perturbation around the adaptive sampling points. The obtained
polynomial surrogate model can be transformed into an equivalent triangular model through
the CAD method, which can be further used to describe the KS space explicitly.

The case studies show that the proposed method is applicable to both convex and nonconvex
feasible regions. Moreover, it is worth noting that, the CAD method is originally limited to
polynomial functions, but the proposed method can address the inequality constraints with
transcendental terms. This is because before performing the CAD method, the single KS
function should be fitted as a multivariate polynomial by using the proposed adaptive sampling
method. In addition, theoretically, the proposed method is more applicable to the cases with a
small number of process parameters, because it is not easy to generate a single surrogate
polynomial model in a high-dimensional space.
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