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Abstract

This paper focuses on addressing the Production Routing Problem (PRP) of industrial gas supply chains (SC).
The work introduces a Mixed-Integer Linear Programming (MILP) based approach to effectively tackle this
challenging problem. The proposed framework aims to increase company profits by optimizing both production
and distribution activities simultaneously. For the distribution part, a route generation algorithm is employed to
initially generate a set of feasible routes, ensuring that only routes with practical significance are considered.
Subsequently, the mathematical model is developed considering only the set of routes generated. The
formulation includes decisions associated with plants production levels, plant selection to supply the different
consumers, clients to be visited per trip and day, quantity to be delivered and routes to be used. As part of the
problem, it is considered that trucks can make several trips per day, as well as trips of several days. To take into
account the last feature, the approach accounts for the explicit effect of the lead time on production and
distribution decisions. In this way, the work allows for different delivery times for customers included in the
same route, according to their inventories and usage levels. The model considers fleet unavailability until they
return to the plants after finishing a trip. Finally, two case studies, one motivating and the other industrial size,
are presented and solved. The results obtained demonstrate the effectiveness of the proposed approach to solve
the case studies in reasonable CPU times.
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1. Introduction

The proper design and management of supply chains (SC) is of great importance, especially considering the
companies dedicated to the sourcing, production and distribution of industrial gases. Decisions related to SC
are among the most critical within this industry, as their purpose is to ensure the timely and satisfactory
fulfillment of customer requirements. Distribution costs linked to SC constitute a large percentage, ranging
from 30% to 50%, of the total operational costs for companies in this sector. Therefore, a major objective for
the corporations in order to maintain their competitive advantage in the market is to enhance SC efficiency by
minimizing these associated costs. Ramaswamy et al. (2020) provide a detailed analysis of the characteristics
of the industrial gas SC. These authors remark that, in industrial processes, the supply chains are often less
efficient compared to other sectors on typical benchmarks like stock level, cycle time and material efficiency.

In the pursuit of reducing operational costs in the SCs of industrial gases, one of the policies that has gained
widespread attention is known as Vendor-Managed Inventory (VMI). Under this policy, companies monitor
customer inventories using remote telemetry units to track client consumption. A VMI strategy enables a more
precise estimation of when and how much product to dispatch, thereby improving logistical decisions in the
SC. When comparing a VMI policy with the classical reordering procedure, it can be noted that the first strategy
offers the advantage of more straightforward delivery consolidation, resulting in better resource utilization and,
consequently, a reduction in SC costs. The implementation of VMI policy requires extensive coordination
within the company's operations. When deciding to dispatch a quantity of product to a customer, it is essential
to ensure the availability of product (in storage or production) and the transportation capacity for the delivery.



To successfully achieve full synchronization between production and distribution, it is essential to maintain
continuous awareness of operational statuses. In the literature, routing under a VMI policy is referred to as the
Inventory Routing Problem (IRP). This problem differs from the classical Vehicle Routing Problem (VRP) in
that it integrates inventory management with routing. Another important distinction is that the IRP typically
deal with longer time horizons.

Considering the field of industrial gas supply chains, numerous works have been conducted, primarily aiming
to optimize economic performance. Comprehensive literature reviews focused on industrial gas supply chains
were undertaken by Barbosa-Povoa and Pinto (2020), as well as by Ramaswamy et al. (2020). These reviews
offer valuable insights by providing an overview of the most relevant problems addressed and challenges faced
related to various aspects in the SC scope of the industrial gas, such as integration, modeling, tractability, data
management and implementation.

The contributions related to the gas industry's supply chains can be categorized into three overarching themes:
those addressing production-related aspects, those tackling issues associated with distribution, and those
focusing on the integrated production and distribution.

Regarding production, some noteworthy and contemporary works in the literature are Mitra et al. (2012), Zhang
et al. (2016), Cao et al. (2016), Basan et al. (2018), Caspari et al. (2019) and Basan et al. (2020). Mitra et al.
(2012) presented a deterministic MILP model for the optimal operational production planning for power-
intensive processes considering time-dependent electricity pricing. Zhang et al. (2016) applied an adjustable
robust optimization approach to address the scheduling of power-intensive industrial processes that can
participate in the operating reserve market by providing interruptible loads. Cao et al. (2016) introduced a
dynamic framework in order to determine liquid storage, liquefaction, and vaporisation strategies for air
separation units while different electricity price, demand profiles, operation costs, as well as product
specifications are taken into account. Basan et al. (2018) presented a discrete-time MILP formulation to address
the scheduling problem of a power-intensive process working under time-sensitive electricity prices. Caspari et
al. (2019) proposed an economic nonlinear model based on a scheme of predictive control to achieve economic
advantage of flexible operation of multiproduct air separation units. In Basan et al. (2020), the author developed
a reactive-iterative optimization approach to improve the formulation presented in Basan et al. (2018), this
strategy integrates the rolling horizon concept into an iterative solution algorithm.

Some relevant works addressing issues associated with distribution are Dong et al. (2014), Dong et al. (2017),
Coccola et al. (2018) and Subramanyam et al. (2021). Dong et al. (2014) introduced an MIP model for dealing
with the inventory management and distribution of industrial gas, simultaneously. The approach addresses
issues such as heterogeneous vehicles, time-varying consumption rates and driver-related regulations. Since the
proposed formulation presents difficulties for solving industrial-sized case studies, Dong et al. (2017) presented
a two-level based iterative approach. Cdccola et al. (2018) addressed the IRP for multiple liquid products
transported via multi-compartment vehicles. This work addressed the complexity of the problem through the
implementation of a decomposition strategy, utilizing a nested column generation algorithm where the decisions
on routes and delivery patterns are considered separately. Subramanyam et al. (2021) proposed an MIP
formulation and a branch-and-cut strategy for generating robust routing plans when a multi-period vehicle
routing problem (VRP), considering the cost of customer visit schedules under order uncertainty, is addressed.
Considering the integrated production and distribution, some significant papers are Marchetti et al. (2014),
Zamarripa et al. (2016), Zhang et al. (2017), Misra et al. (2018), Lee et al. (2021) and Lee et al. (2022). Marchetti
etal. (2014) developed an MILP approach to minimize the total cost while production and distribution decisions
are addressed simultaneously. The formulation considers a gas supply chain with multi-site plants operating in
various production modes, the existence of combined vehicle routes and inventory management. However, the
model assumes that a truck can only make one round trip in each time period. Therefore, if it is necessary to
consider two or three trips in the same work period of a given driver, a more precise discretization of the time
horizon is required with a consequent increase in the model size. Using the formulation proposed by Marchetti
et al. (2014), Zamarripa et al. (2016) proposed a rolling horizon based solution technique to deal with large-size
industrial problems. Zhang et al. (2017) presented an MILP formulation involving two different time grids,
together with an interactive heuristic strategy to solve large problem instances for simultaneously dealing with
production, distribution, inventory, and routing decisions. In the paper presented by Zhang et al. (2017), for the
modeling of the inventory routing, the following assumptions were considered: a specific route can only be
used by one truck in each time period, every trip is completed within a time period and a truck cannot make
more than one trip in a time period. Thus, in the same way as in Marchetti et al. (2014), the consideration of
several trips in a work period of a driver requires a greater discretization of the time horizon. Misra et al. (2018)
developed an MILP model for the short-term planning of the production and distribution network for air



separation industries. The approach includes aspects of the problem related to the scheduling level complexities
and the coordination between the plants and the distribution network so as to minimize the overall production
and distribution costs. The proposed framework assumes that all the deliveries start at the beginning of the day,
and the vehicle available distribution capacity is recovered at the next day. In addition, the proposed formulation
provides an assessment of the number of trips that vehicles need to make to fulfill all the demands and gives an
estimation of the number of vehicles of different sizes that need to be purchased/hired to satisfy customer
demand. The work of Misra et al. (2018) also introduces a decomposition based framework to deal with
industrial case studies. Lee et al. (2021) presented an MILP formulation that takes into account production,
supply contracts, inventory management and distribution scheduling, simultaneously. For the distribution part
of the problem, the work takes into account possible connections, transportation modes between locations
(considering rail-cars and trucks), lead time and loading capacity. Nevertheless, the model assumes that rail-
cars and trucks return to its origin after visiting a unique location. They also developed a two-phase hierarchical
solution strategy to solve the resultant problem. More recently, Lee et al. (2022) proposed a mixed-integer linear
fractional programming (MILFP) formulation, based on an initial mixed-integer nonlinear programming
(MINLP) model, to determine the production plan, purchasing plan for both, a liquefied product and raw
material from external suppliers, as well as distribution plan. In contrast to the formulation introduced by Lee
et al. (2021), the MILFP formulation incorporates the decisions of the number of trucks and railcars at each
plant, depot, and third-party supplier to be considered. In addition, Lee et al. (2022) presented a multi-objective
optimization (MOO) approach as an alternative model and two solution strategies.

Despite the fact that several research papers addressing the integration of production and distribution problems
on the industrial gas supply chains have been presented, to the best of our knowledge, no work has
simultaneously considered the following critical real-world features: plants have different production levels and
inventory capacities, trucks can be used for a given number of hours per day, each truck can perform several
trips per day, trips of several days are allowed, the maximum travel time allowed for trucks depends on the
plant where the trucks are located, several customers can be visited in the same trip, customer inventory is
updated according with the arrival day of the truck to the customers and the number of visits per day to the
customers is limited.

This work introduces an MILP based approach developed to optimize the monthly operation of industrial gas
SC under a VMI policy. The framework simultaneously addresses both production and distribution activities,
to enhance coordination and, consequently, reduce supply chain costs. On the production side, the approach
takes into account multiple plants, considering their production rates for different products. On the distribution
side, the framework encompasses multiple customers that can be visited by several trucks coming from the
different plants to ensure the replenishment of customer storage. In this context, it is essential to emphasize that
the careful selection of candidate routes plays a vital role in enhancing the coordination between production
and truck distribution. The coordinated supply chain management is especially critical because it is necessary
to align the quantity of gas produced and stored at the plants with customer demands at any given time to
prevent shortages. Furthermore, the level of criticality escalates when production and delivery times exhibit
variability depending on the plant that supplies the product, the route and the customers visited. In addition, the
paper also presents a route generation algorithm to generate a set of feasible routes, ensuring that only routes
with practical significance are considered. The remainder of the article is organized as follows. Sections 2 and
3 outline the problem description and the proposed approach. Section 4 shows computational results, and
finally, Section 5 discusses the conclusions resulting from this work.

2. Problem Statement

This work addresses the Production-Routing Problem (PRP) in an industrial gas SC. The main objective is to
optimize the operation of the SC by minimizing the total cost associated with production and distribution
activities. A particularity of this SC is that the company responsible for supplying industrial gases also manages
the customers' inventory, following a vendor-managed inventory (VMI) policy. Therefore, based on the
customers' monthly demands and their maximum and minimum inventory capacities, the company must
develop optimal production and distribution strategies to ensure timely customer visits and meet their demands.
In the problem, multiple products are considered. To fulfill the daily demands, the company operates production
plants and manages inventory storage tanks. Each plant has a maximum daily production rate for each product.
In terms of distribution, each plant is equipped with a fleet of trucks dedicated to the delivery of specific



products. A relevant characteristic of the problem under consideration is that trucks can either make multiple
short trips within a day, or a single extended trip spanning several days. The duration of each trip depends on
factors such as the distance to the customer locations, the sequence of customer visited, and the loading and
unloading times of the products. Given that trips can last several days, the impact of lead time on the following
aspects are explicitly considered:

e The time in which the product is released from the plant.

e The time in which the product arrives at each customer.

e The time during which the trucks are unavailable for other trips.
Figure 1 provides a schematic representation that illustrates the flow of product throughout the supply chain.
The product is produced at the plants and stored in dedicated tanks. In order to perform the product deliveries
from a specific plant, product is loaded to trucks and transported to customers. The scheduled customers along
the truck route receive a given amount of product, which is then stored in their respective storage tanks.
Subsequently, customers consume a daily amount of the product based on their individual demand.
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production from plant to customers demand

Figure 1. Main flow to be considered in the problem

Figure 2 outlines the main parts of the general problem considered. In this sense, decisions can be grouped into
three categories: decisions regarding plants, customers, and product distribution.

Plant decisions Distribution decisions Customer decisions

Figure 2. Major decisions of the problem

It should be noted that each decision made in one of these categories will influence decisions in the others. In
the case of production plants, it is necessary to decide the amount of product to manufacture. Additionally, it
must be determined the time period on which the plant will be operated and the amount of products that will be
stored to increase inventory levels or used for customer deliveries.

Regarding product distribution, the selection of customers to visit each day is important. This decision takes
into account factors such as plant inventory levels, customer demand, the availability of trucks for deliveries,
which customers are visited per trip, and the order in which the customers are visited.

Lastly, decisions related to customers must consider the day of visit for product drop-off and the quantity of
product to be delivered. These decisions are made to ensure that inventory levels remain within the established
limits.



3. Proposed approach

For this problem, an efficient MILP approach to simultaneously minimize the production and distribution costs
of the PRP is proposed. The central decision variables of the model are: a) the amount of each product
manufactured in each plant per time period, b) the customers visited per time period, ¢) the customers visited
on the same trip, d) the order in which customers are visited, e) the trips that trucks make each time period, f)
the amount of product loaded in the trucks per trip, and g) the amount of product delivered to each customer
included on the trips. To address the mentioned problem characteristics, the model is based on the idea of the
explicit generation/representation of the trips thus, when a trip is selected all the information about it is available
and considered in the approach. Therefore, a procedure for generating routes is also presented.

In this section, the problem assumptions are discussed, along with the nomenclature employed in this work.
Following this, the detailed mathematical formulation is presented, and lastly, the algorithm for generating
feasible routes is introduced and explained.

3.1. Main assumptions and nomenclature
The main assumptions under which the model was developed are:
e A production and distribution horizon of several days is considered
e Trucks can only be used a given number of hours (hd) per day. Trips longer than 4d hours imply a multiday
trip.
e A truck can perform multiple trips in one day only if the total time of all trips is less than or equal to hd
hours.
Trucks making trips longer than hd hours are not available for use until they return to the plant.
The maximum travel time allowed for trucks depends on the plant where the trucks are loaded.
All the trucks in the fleet have the same capacity.
Routes of up to a given number of days (nd) are considered.
Routes of up to a given number of customers (cmax;) are considered.
Lead time is taken into account when scheduling a customer visit.
Each customer's ending inventory is allowed to be below 50% of the initial inventory.
The total ending inventory must be greater than or equal to the total initial inventory.
The customers' inventory should always be above the reserve level (I Vil_‘c’w .

A customer can be visited a maximum of mv times in the same day.
All the parameters and variables representing quantity of product are standardized to truck units.

The definition of sets, parameters and variables used in the MILP model and the route generation procedure are
defined as follows:

Nomenclature

Sets

T Time periods [1 ...te™% |

I Products

N Nodes

C Customers

P Plants

N Routes

SI; Routes transporting product i

SP, Routes departing from plant p

SC. Routes visiting customer ¢

SAS; Available routes on day t

IC; Customers consuming product i

IP; Plants producing product i

ES Routes that can be expanded

E §Aux Routes that can be expanded in next iterations
Parameters

InlvV; . Initial inventory of product i for customer ¢
InlVp,, Initial inventory of product i for plant p
Deit Demand of product i on day t for customer ¢

MaxDP,; Maximum daily production of product i on plant p
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v
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plgY

p
DeliveryMin,;

TS

Durationg
Arrival, g
ProdC,;

TCost,

ExtraCost

Aic

TruckSpeed
NodesDistance,, 1
MaxTravelTime
cmax;

hd

nd

mv
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Relaxation of the terminal condition of the inventory
Minimum customer inventory

Maximum customer inventory

Minimum plant inventory

Maximum plant inventory

Minimum delivery of product i for customer c

Travel time for route s

Number of available trucks that deliver product i in plant p
Duration in days for route s

Arrival day to customer c using route s

Production cost of product i in plant p

Cost of the route s

Extra daily cost for long distance routes

Unit purchasing cost of product i by customer ¢
Average truck speed considered

Distance between nodes n and n’

Maximum travel time allowed for trucks loaded on plant p
Maximum number of customers on a route for product i
Working hours per day

Maximum number of days allowed for a trip

Maximum number of visits to a customer per day

Positive continuous variables

IVc,i,t
IVpi,p,t
DLi,c,t
PCc,i,t
Qi,p,t
Ei,p,t
DLi,p,s,t
m‘i,p,s,c,t
TU;p:
CPP;p,
CTP;p
CTPp;p:

PcC,
TC

Binary variables
Ai,p,s,t

Inventory of product i at customer ¢ in period t

Inventory of product i at plant p in period t

Product i received by customer c¢ in period t

Purchase of product i to customer ¢ in time period t

Amount of product i produced by plant p in time period t

Product i transported from plant p during period t

Product i transported from plant p in period t using route s

Product i transported to customer ¢ from plant p in period t using route s
Trucks not available at plant p in period t

Production cost of product i at plant p in period t

Transportation cost of product i delivered from plant p in period t

Extra transportation cost incurred when trucks perform trips of several days to delivery product i from
plant p in period t

Purchase cost of products to third parties in period t

Objective function (total cost)

1 if route s is used for product i at plant p in period t

3.2. Model formulation
This section presents the MILP formulation developed under the hypotheses presented above. The formulation
consists of four blocks of equations.

3.2.1. Inventory constraints

This set of constraints is introduced to consider customer and plant inventories. In a given time period, the
inventory of plants is determined by the production made and the amount of product used to load the trucks.
The inventory of customers is computed taking into account their demand and the amount of product received
through shipments or purchases.

Typically, in the literature, updating customer inventory considers the current period (t) and the previous period
(t — 1). In the proposed formulation, this concept is extended so that the amount of product i received at time t



through shipments (DL; ) that left the plant up to t — nd — 1 periods ago. Equations 1 and 2 determine the
inventory for customers, while Constraints 3 and 4 determine the inventory for the plants.

IVc,i,t = InIVi,c + DLi,c,t + PCc,i,t - Dc,i,t' (1)
VielLVcel(C,vt:t=1

IVc,i,t = IVC,i,t—l + DLi,c,t + PCc,i,t - Dc,i,t'

2

Vi€l Ve €elIC, Vet > 1 @)

IVpiye = IV, + Qupe —LDyper ViELVp EIP, Vet =1 3)
IVpi,p,t = IVpi,p,l’—l + Qi,p,t - LDi,p,t' Vi € 1, Vp € IPi, Vt:t > 1 (4)

At the end of the time horizon, it is required that the customer inventories remain above a pre-established level.
Constraint 5 states that the final inventory of each customer must be greater than or equal to a value between
the initial inventory and the reserve level. In the model, the level to which the inventory can decrease is managed
with the DownlVi parameter. In the case of plant inventory, Equation 6 specifies that the final inventory must
be greater than or equal to the initial inventory.

IVC_i_tend = InlV;, — DownlVix (InlV; . — IVifgW

, ©)
Vi e ,Vc € I(,

IVD,  ena = IndVp;,, Vi € 1,Vp € IP, (©6)

3.2.2. Production and Distribution constraints

All decisions related to the daily amount produced at each plant, the customers visited, the routes used and the
quantity transported are considered here. Additionally, in this section restrictions that take into account the time
between loading the products on trucks and delivering them to customers are presented.

In constraint 7, the daily production of each plant is restricted to the maximum amount allowed. Equations 8 to
10 illustrate how the lead time is accounted for the product delivery.

Qpi¢c < MaxDP,; Vi€, Vp€IP, Vt 7)

LDi,p,t = Z mi'p'syt Vl € I, Vp € IP,:, vVt (8)

s €(SPpNSI;NSASY)



DL DL;pscr Vi € 1,Vp € IP, Vt,Vs € (SI; N SP, N SAS,) )

ipst =
c €(ICiNSCs)

DLy, = > DLipser

(0.5)E(IPiNSCNSI;NSPpNSASe: ), tt=t—Arrivalcs+1 (10)

Vi € I,Vc € IC;, Vt

Equation 8 calculates the quantity of product transported from a specific plant in a given period. Equation 9
specifies the amount of product delivered to each customer when they are visited using the route s. Finally,
Equation 10 determines the quantity of product i received by customer c at time ¢. This constraints takes into
account the lead time of each customer in the route considered using the parameter Arrival, .

Since the quantities demanded and produced are standardized to truck units, Equations 11 and 12 impose
restrictions on the maximum capacity transported (ﬁi,p’si) using a given route and the quantity received

(DLiyp s .c,c) by the customers included in the route, respectively.

DL < A

ipst = i,pst
(11
Vi € 1,Vp € IP, Vt,Vs € (SI; N SP, N SAS,)
m‘i,p,s,c,t < Ai,p,s,t
(12)

Vi € 1,Vp € IP,Vc € IC, Vt, Vs € (SI; N SP, N SC. N SAS,)

On the other hand, Equation 13 establishes the minimum quantity to be delivered to each customer included in
a candidate route. The calculation of this parameter can be found in Appendix A.

DLy e = DeliveryMing; « A;p, s

(13)
Vi € 1,Vp € IP,Vc € IC;, Vt, Vs € (SI; N SP, N SC. N SAS,)

3.2.3. Trucks and routes constraints

The equations in this subsection take into account the number of available trucks per period, preventing the use
of trucks that are travelling for more than hd hours. It is important to note that trucks on routes longer than hd
hours will become available again once their trip is completed.

Equation 14 limits the number of trips that can be made in hd hours. The number of trucks available at the
beginning of the day depends on the trucks assigned to the plant p, minus the trucks that have not yet returned
to the plant.

Aipse-Ts <|(LCip —TUp,) — Z Aipse|-hd
s €((SPpNSI;NSASt),Ts<hd) s €((SPpNSI;NSASt),tszhd) (14)

Vi €1, Vp € IP,Vt



Constraint 15 calculates the number of unavailable trucks for transporting product i from plant p in the period
t(TU;p,.)- This calculation is performed for trucks that are engaged in trips with durations longer than hd hours.

TU; A

SE (SPanIinSASt /\(Durations>1)),
tt:((tt=t—Durationg+1) A (tt<t—1))

ot = iLp.s,tt

(15)

Viel,vp€eIP,Vt:t>1

Equation 16 ensures that the number of trucks used must be less than or equal to the total number of available
fleet in each plant.

Ai,p,s,t < (LCi.p - TUi,p,t) ’
s €(SPpNSI;NSASy),(ts>hd)) (16)

Vi € 1,Vp € IP,Vt

Equation 17 imposes the condition that a customer can be visited a maximum of mv times per day.

A <mv,

i,p,stt
pPEIP;
s€(SPp N SI; N SCcN SAStt ) (17)
tt: tt=t—Arrivalcs+1

Vi€ l,Vc € IC,Vt

Equations 18 and 19 enable the selection of available routes for a given day. These constraints avoid the
selection of routes to customers whose minimum delivery exceeds the current storage capacity. Constraint 18
applies to routes in which the trucks arrive to the customers on the same day that the truck begins the journey,
while Equation 19 considers routes in which the trucks arrive to the customers in more than one day
(Arrival ;).

DeliveryMin,; * Z Aipse STV =1V g+ Doy —PCpyy
pEIP;
s1 €(SPp N SI; N SCc N SASt) (18)

Vi€ l,Vc €IC;,Vs € 5,Vt,c: Arrival s = 1

. . up .
DeliveryMin,; * E Aipsie <1V =1V q + Arrival
pPEIP;
s1 €(SPp N SI; N SCc N SASt)
t+Arrivalcs—1 t+Arrivales—2 (19)
* Dc,i - E PCc,i,t - E DLc,i,t
t t

Vi €1,VYc €IC;,Vs € S,Vt,c: Arrival s = [2 ..nd]



3.2.4. Terminal condition and costs
Equation 20 states that the total ending inventory must be greater than or equal to the total initial inventory. The
goal is to avoid running out of inventory when solving the model over multiple consecutive time periods.

WV = Z Inlv,,;

viel Vcelc; Vi€l YCEIC;
t: t=tend

(20)

Equation 21 calculates the production costs. Equations 22 and 23 determine the costs associated with
transportation. Equation 22 computes the cost of using the selected routes, and Equation 23 calculates the
additional cost incurred when trucks are unavailable for performing trips of several days. Equation 24 computes
the costs associated with purchasing the product from external sources.

CPPp = Qip - ProdC,;, Vi€l Vpe€IP,Vt 21
CTPp: = Z Aipse- TCosts , Viel,Vp €lP,Vt 22)
s €(SPpNSIpNSASt)
CTPp;p: = Aipse - ExtraCost . (Durationg — 1),

s €(SPpNSI;NSASt) (23)

Vi€ l,Vp € IP,Vt

pcC, > Z . PCyy, VE (24)

VielVcelC;

3.2.5. Objective function

In this subsection, the objective function (OF) for the proposed model is presented. Equation 25 defines the OF,
which aims to minimize total variable costs (TC), which comprise production, purchase, and transportation
costs.

minimize TC = Z CPP,,; + CTP;,, + CTPp;,, + Z PCC,
t

viel VpelP;
t

(25)

3.3. Route generation procedure
The routes to be used in the proposed model must first be generated, taking into account the distances between
customers and plants. In order to build a set of feasible routes, the following procedure was developed:

Algorithm 1. Route Generator
input: TruckSpeed, N odesDistancen'nr, MaxTravelTime
output: S {route list}
begin
S « [ ]{empty list}
s <0

p) CTNAX;



ES « [ ], ES%* « [ ] {empty lists}
counter < 0
forieldo
forp€elP,do
while counter < cmax; do
ifES=0do
for c € IC; do {single customer route}
DirectShipmentRoute(p, c)
ses+1
Add route s to list S
RouteProperties(s)
Add route s to list ESA%*
else
forcelC;do
fors€eES,cg SC.do
status = CheckNewRoute(s, c)
if status = True then
NewRoute(s, c)
ses+1
Add route s to list S
RouteProperties(s)
Add route s to list ESA%*
counter « counter + 1
ES « [ ]{clear list}
ES « ESAux
ESA « [ ] {clear list}
counter < 0
ES <[]

The procedure in Algorithm 1 takes into account the following information: available plants, customers, node
distances, average truck speed, maximum travel time allowed for the trucks of the plants and maximum number
of customers allowed per route. It provides as output a list of feasible routes to be used in the mathematical
model. The algorithm is primarily based on generating routes from the existing ones until the maximum number
of clients allowed in a trip is reached. In each iteration, the algorithm is applied to each producti € [ and each
plant p € IP; able to supply product i. The method allows the generation of routes from direct shipments to
routes with a maximum number of customers (cmax;). While the maximum number of customers in the
generated routes is below the parameter cmax;, the algorithm continues generating routes for product i and
plant p.

The algorithm uses three lists to build and store the generated routes: S, ES and ES4%*, While S is a general list
where all generated routes are stored, ES and ES4%“* will contain the routes that can add a new customer in the
current iteration, and the new routes that emerge from adding new customers to the routes in ES, respectively.
When the list ES is empty, direct shipment routes between a customer ¢ € I(; that requires the product i and
plant p are generated. The procedure DirectShipmentRoute(p, ¢), which allows to create a new direct trip, is
used. Then, a new route s is created and stored in the set S. Subsequently, the procedure RouteProperties(s)
saves the information associated with the assigned customers (SC.), the departure plant (SF,), and the
transported product (SI;), the total travel time, and its utilization cost (75, TCost;). Finally, the day of arrival to
the customer (Arrival ) and when the customer is visited on the generated route are recorded (Positiong ).
Furthermore, the new route is saved in the list ES4**. Then, the counter is incremented, and the list ES is
emptied and updated with the values of ES4**. As long as the counter stays below the value of cmax; and the
list ES is not empty, the algorithm iterates over the customers ¢ € I(; and routes s € ES such that ¢ is not
included in the route (¢ € SC,). Using the CheckNewRoute(s, c) function, it is determined whether it is
feasible to generate a new route by combining route s with customer c. This involves analyzing whether the



maximum allowed travel times for the plant are not exceeded, and whether the minimum shipments of the
involved customers do not exceed the truck capacity. If the combination is feasible, the procedure
NewRoute(s, c) generates a new route s, which is then added to the lists S and ES4**, and all its properties
are calculated using the RouteProperties(s) function. Finally, when cmax; is reached, the counter is reset to
0, and the ES list is emptied to initiate the generation of routes for the next plant in the list.

Once all possible routes have been generated with Algorithm 1, two new procedures are applied to the set of
routes created. The first one is defined as ClassifyRoutes(i,p, c), in which cone-shaped regions between a
plant p and a customer ¢ are defined based on the idea presented in Dong et al. (2017). Once these regions are
defined, all customer routes are sorted, considering whether they are inside or outside these cone-defined
regions. The second procedure, RankRoutes(i,p, ¢), creates rankings of the best routes for each customer in
terms of travel time and capacity of the route. These rankings are based on the following criteria:

e Route type (direct shipment, 2-customer route, 3-customer route)
e  Departure plant for the route
e Route status (inside or outside the cone region)

The first ranking orders routes based on their total travel time. If two routes have the same duration for a given
customer, the route with the shortest arrival time is considered the best. The second criterion ranks routes based
on their potential product transportation capacity. Routes that potentially can transport a greater volume of
product are given higher priority in the ranking. Some examples of the resulting rankings are:

e Ranking based on travel time of routes for two customers from plant p that are within the cone region
e Ranking based on route’s capacity of routes for three customers from plant p that are outside the cone
region

4. Computational studies

In this section, the performance of the proposed MILP model, using the routes generated by the algorithm, is
evaluated through an illustrative example and an industrial case. The illustrative example was designed by the
authors to show in more detail the behavior and solutions obtained with the formulation. The industrial case,
provided by Linde, tests the model’s response in a real-world scenario. For both cases, the model’s performance
is assessed using different sets of routes. The model was implemented in GAMS 32.0 and solved using GUROBI
10.0.0 on a desktop computer with a 2.80GHz Intel(R) Core(TM) 19-10900F processor and 16 GB RAM running
on Windows 10.

It is important to remark that all the data presented in this section, representing production levels, product
storage, customers demand, are expressed in truck units. Thus, if a plant produces 1 unit per day, it means that
the plant produces the quantity of product necessary to complete the capacity of one truck.

4.1. Hlustrative example
The example considers the production and distribution of a single product in a unique plant. The plant has a
fleet of three trucks to deliver product to 14 customers. A 28-day horizon is taken into account. In this example,
trips of up to 24 hours are allowed. In the case of trips of more than 12 hours, the trucks assigned are not
available the day after the start of the trip. The locations of customers and plants are depicted in Figure 3. All
the data related to this example can be found in Appendix B.
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Figure 3. Customers and plant location

Using the route generator, 460 possible routes were generated in 3.5 seconds. This set of routes includes direct
shipments and routes of up to 3-customers, with a maximum time limit of 24 hours. A total of 64 routes are
inside of the defined cone regions. To illustrate the criteria used for classifying routes as either inside or outside
the regions defined by cones, Figure 4 shows the areas established for plant P1 and customer C1 (in dotted red
line), and plant P1 and customer C13 (in dashed black line).
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Figure 4. Illustration of cone-defined regions

The region defined for C1 and P1 shows that customers C5, C9, and C11 can easily be grouped in order to
obtain feasible routes. Consequently, any route that includes C1 with the mentioned customers will inherently
be within the cone region. Figure 4 displays one of the potential routes within the designated region, comprising
Cl1, C5, and C11. On the other hand, the region defined for C13 and P1 includes customers C2 and C7.
Therefore, the route that includes customers C3, C7, and C13 is out of the established region since C3 is not
inside the region delimited by the dashed line. Nevertheless, it is important to note that the route has practical
feasibility, and its use could be convenient in certain conditions. Considering the characteristics to the
mentioned routes, the procedure ClassifyRoutes(i,p, ¢) classifies the orange route as within the cone region
defined for C1 and P1, while the gray route is considered outside the cone region defined for C13 and P1.

In order to illustrate the filtering and selection of the best routes for each customer, Table 1 presents the order
of routes based on travel time for customer C13. Table 1 only shows the first 3 routes of each type of route:
Direct Shipment, 2-Customer route and 3-customer route.

Table 1. Ranking based on travel time for the C13 customer routes.



Route Type Origin Plant Region Route ID Rank

Sllljillarrfr:li:tn ¢ P1 Inside Cone 13 1
51 1

Inside Cone 108 2

2-Customer P1 75 3
Route 66 1
Outside Cone 91 2

90 3

245 1

Inside Cone 215 2

3-Customer 214 3
Route Pl 318 1
Outside Cone 203 2

229 3

The route order provided above is very useful when choosing a reduced set of routes for each customer. By
selecting a specific number of routes per customer, the size of the MILP model can be significantly reduced.
For example, if only the best routes (those with a ranking of 1) within the cone-defined regions are chosen, the
model will only have available the routes 13, 51 and 245 to make shipments to customer C13.

To test the model performance, along with a proper route selection, 7 different scenarios, involving distinct
route selection criteria are considered:

Scenario 1 (S1): All feasible routes generated are considered as options.

Scenario 2 (S2): The problem is solved considering only the direct shipment routes.

Scenario 3 (S3): The problem is solved considering routes of up to 2 customers.

Scenario 4 (S4): The top 3 routes within the regions defined by cones are selected, based on the ranking
of travel time.

Scenario 5 (S5): The top 3 routes within the regions defined by cones are selected, based on the
rankings of travel time and capacity.

Scenario 6 (S6): The top 3 routes, both within and outside the regions defined by cones, are selected,
based on the ranking of travel time.

Scenario 7 (S7): The top 3 routes, both within and outside the regions defined by cones, are selected,
based on the rankings of travel time and capacity.

In turn, each scenario is tested with CPU time limits of 120, 300, and 900 seconds in order to analyze the effect
of route filtering on the model’s performance.

Table 2 displays the model size and the number of routes considered in each scenario. As it can be seen, the
number of routes directly impacts on the resulting model size.

Table 2. Model sizes for each scenario.

Model Size
. . . Number of
Scenario Equations Continuous Discrete Possible Routes
qu Variables Variables
S1 96,784 48,665 12,880 460
S2 3,824 2,185 392 14
S3 24,656 12,601 3,864 138
S4 10,768 5,657 1,428 51

SS 10,936 5,741 1,456 52



Sé 24,040 12,293 3,332 119
S7 33,112 16,829 4,620 165

Table 3 displays the objective function value and the corresponding GAP for each scenario.

Table 3. Computational performance of the MILP model.

120 seconds i 300 seconds i 900 seconds
Scenario Total GAP |  Total GAP |  Total GAP
Cost [$] [%] | Cost][$] [%] | Cost|[$] [%]

S1 89,551.69 2.04% : 89,551.69 2.04% : 89,551.69 2.02%
S2 101,799.50 2.55% : 101,799.50 2.52% : 101,799.50 2.51%
S3 90,073.70 2.17% : 90,073.70 2.02% : 90,073.70 2.00%

S4 89,954.45 1.81% ' 89,954.45 1.80% ' 89,954.45 1.80%
S5 90,276.59 2.16% : 89,996.32 1.86% : 89,996.32 1.86%

S6 89,636.99 2.17% : 89,636.99 2.14% : 89,551.69 2.05%
S7 89,551.69 2.07% i 89,551.69 2.02% i 89,504.60 1.97%

(*) external purchases equivalent to 3% of the truckload were necessary.

Analyzing the results presented in Table 3, it can be seen that the scenario of only direct shipment routes (S2)
yields the worst solution in term of objective function. The high cost in S2 is due to the type of allowed trips,
which led to an intensive use of the trucks and thus external purchases to meet customer demand when trucks
are not available. In addition, it is noteworthy that external purchases were only performed in scenario S2.
Considering the solutions obtained with different CPU times, it can be observed that when the solution time is
increased, the optimality GAP of the solution found decreases. However, the objective function values are very
similar (with a maximum variation of 0.3%) indicating that good quality solutions are obtained even when the
CPU time was limited to only 120 seconds. In scenario S1, all possible routes are considered. Therefore, the
model that is generated is the largest among all scenarios (see Table 2). In this case, the second best objective
function value is obtained, being improved only by the result obtained in S7. It is important to note that in S1
this cost value is reached in 120 seconds, and the rest of the allowed resolution time (up to 900 seconds) is used
only to reduce the optimality GAP. On the other hand, in S6 the same solution is reached as in S1, but only
after 900 seconds.

In S4 and S5, which involve subsets of routes within the regions defined by cones, the results are acceptable
but the applied filters do not enable them to reach the solution achieved in S1.

In S7, which considers 165 routes, the lowest cost is achieved within 900 seconds. In this point, it is important
to note that the set of routes allowed in S7 is greater than the sets used in scenarios S2 to S6, but substantially
smaller than the number of routes used in S1. Thus, considering the solutions obtained for the different scenarios
and the number of routes used in each case, the importance of the route selection process is noted, because it
must achieve an adequate balance between the total number of routes used and their characteristics for allow
an adequate balance between resolution time and flexibility to obtain good quality solutions.

Table 4 presents important aspects of the solutions obtained for scenarios S1 and S7, considering the limit of
900 second of CPU time.

Table 4. Comparison of solutions at 900 sec. for S1 and S7.

Solutions Scenario 1 Scenario 7
Total Cost [$] 89,551.69  89,504.60
Product delivered [Truck unit] 59.64 59.64
Product not delivered [Truck unit] 0.00 0.00
Number of possible routes 460 165
Number of trips 62 61
Number of visits 82 83

Truck utilization [%] 96.19 97.77




As it is shown in Table 4, in both solutions the entire demand is satisfied with the plant's production, avoiding
the need of purchasing product from external suppliers. Nevertheless, the main difference is observed in the
number of trips and visits made. While S1 makes 82 customer visits in 62 trips, S7 achieves a superior solution
by reducing one trip and making 83 visits to customers. This minor difference in favor of S7 scenario is reflected
in a lower cost of the objective function due to a better truck capacity utilization (details in Figure 7).

When comparing the objective functions, it is observed that within the same CPU time, S7 improves the
objective function value found in S1 by 0.05%. This result shows the important advantage of making an
adequate selection of routes, since this reduces the number of potential alternatives, allowing better solutions
to be found in very similar solution times. In order to further highlight the importance of using the model with
an adequate subset of routes, it is observed that when scenario S1 is considered, a solution with a target value
of $89,504.60 is only reached in 27,788 seconds (7.72 hours).

Finally, some relevant parts of the solution obtained in S7 are presented graphically. Figure 5 represent the
plant's operation over a time horizon of 28 days. The maximum and minimum storage capacities are denoted
by the black lines. The orange bars schematically depict the daily production level of the plant, while the blue
bars indicate the amount of product dispatched in trucks on a given day. Additionally, the green line illustrates
the evolution of the inventory.

It can be observed that most days the plant operates at maximum capacity, producing the equivalent to the
capacity of 2.2 trucks. Simultaneously, it can be seen that every day the plant releases product from its
inventories to provide distribution to customers.
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Figure S. Inventory at P1

Figure 6 provides a detailed description of the daily number of trips made. It also illustrates how trips longer
than 12 hours impact truck availability. In the graph, the blue bars represent the number of trips conducted
during the day, while the green lines depict the number of trucks available at the start of the day. The orange
bars indicate the number of trucks currently on a trip and unavailable for consideration.
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Figure 6. Truck analysis per day

Taking into account day 12, it can be seen that all the trucks are available at the beginning of that day. Three
trips are scheduled for that day, with durations of 6.00, 17.50 and 20.40 hours. Consequently, at the start of day
13, two of the trucks assigned to the trips of 17.50 and 20.40 hours will still be in transit and, therefore,
unavailable for performing new trips. On day 13, the only truck available is assigned to two short trips, each
with durations of 4.16 and 6.00 hours. This allocation is permissible because the duration of both trips is less
than 12 hours. It is observed that the maximum number of unavailable trucks on any given day was two, and at
most, three trips were carried out simultaneously.

As is shown in Table 4, in the solution obtained for S7, a total of 61 trips were made, featuring an average truck
utilization of 97.77%. Figure 7 provides an overview of the utilization of the trucks and their respective travel
times for each trip. The figure shows the travel times, which have been normalized, with a value of 1 assigned
to the trip with the longest duration (20.46 hours in this case). In the figure, the duration of each trip is depicted
by the orange bars, with their corresponding values found on the left vertical axis. The representation of the
truck utilization is done in blue dots, with their values presented on the right vertical axis. Figure 7 shows that
most trips are made with trucks loaded to their maximum capacity.
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Figure 7. Travel time and utilization of each trip

In order to illustrate how the lead time on customer deliveries is addressed, a trip involving customers C1, C9,
and Cl11, visited in that sequence on day 12, is analyzed. The trip duration is 20.40 hours, meaning that the



truck will be on the road for two days. Given the location of the plant and customers, as well as the sequence
of the visits, customers C1 and C9 are visited on day 12, while C11 receives the delivery on day 13. The truck
departs from the plant at full capacity, subsequently unloading 14% of its load to customer C1, 56% to customer
C9, and the remaining 30% to customer C11. Figure 8 illustrates the route followed by the truck.
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Figure 8. Trip started on day 12

Figure 9 displays the evolution of the truck’s load throughout the travel. Simultaneously, it shows the inventory
levels of the customers along the route, indicating their levels both before and after the truck’s visit. It is
observed that C11’s inventory level remains unchanged after the visit since one day’s demand is delivered.
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Figure 9. Truck load evolution over time

Figures 10, 11, and 12 display the inventory profiles of customers C1, C9, and C11 throughout the planning
horizon, respectively. In particular, these figures illustrate how inventories are updated after the customers
receive the product deliveries on days 12 and 13. Deliveries made during the considered trip are indicated by
the red and yellow bars. Figures 10 and 11 illustrate that customers C1 and C9 receive their deliveries on day
12. It is worth noting that customer C1 was near its reserve level before the delivery. Figure 12 shows that
customer C11 receives the delivery on day 13. In this specific case, when the truck departs from the plant on
day 12, C11 had sufficient inventory to cover two days of demand.
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4.2. Industrial case study

To demonstrate the applicability of the developed model in a real case study, an industrial gases supply chain
problem was solved. The data was provided by Linde, as mentioned earlier, and corresponds to a region in
North America where some customers are located far from the nearest plant, making the problem more complex
to solve. To address this issue, it was necessary to consider multi-day trips from selected plants, as discussed
later in this section. The problem considers 5 production plants, 2 products (LO2: liquid oxygen and LN2: liquid
nitrogen), approximately 350 monthly deliveries to more than 100 customers, 13 vehicles, and a time horizon
of 30 days.

The production plants have different characteristics, such as production rates by products, storage capacities to
accommodate one or two days' production, assigned number of vehicles as well as production and transportation
costs. While all plants are capable of producing LO2, only 4 plants can produce LN2. Each plant has a given
fleet of homogenous trucks for product transportation and each truck can transport only one type of product.
Customers have a specific daily demand along with maximum and minimum inventory levels. In this case study,
around the 40% of customers require LO2, while the remaining customers require LN2. For confidentiality
reasons, it is not possible to provide a more detailed description of the problem.

Figure 13 offers a non-numerical representation of the maximum production capacities for the different plants

and products.
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Figure 13. Production capacities at each plant



To provide an overview of the plant locations, P2 is centrally located. P1 and P3 are placed within a radius of
540 km from P2. On the other hand, P4 and PS5 are situated at extreme points, approximately 1,200 km away
from P2.

Regarding the customer locations, a significant portion of them are concentrated near plants P1, P2, and P3.
Based on this information, it is evident that plants P4 and P5 require longer travel distances to reach most of
the customers. In order to satisfy customer demand from the most distant plants, trucks assigned to those plants
can perform trips longer than those of the other plants. Table 5 displays the number of trucks available at each
plant, along with the maximum time travel allowed.

Table 5. Trucks and maximum travel time

Number of trucks Maximum travel
Plant .
LO2 LN2 time [hours]
P1 1 - 24
P2 1 1 24
P3 1 3 24
P4 1 1 48
P5 3 1 48

The travel time for each route is calculated by summing the travel time between each node, along with the time
needed for loading and unloading product. Each customer under consideration has a specific monthly product
demand. The maximum and minimum inventory capacities for each customer are determined by their tank
capacity and the required reserve inventory levels. Additionally, information on the initial inventory levels for
each customer is available. Given the different characteristics of the customers, some of them require multiple
visits by month to meet their demand, while others only require a single visit. The monthly demand varies
significantly, ranging from a maximum of 13.5 trucks to a minimum of 0.02 trucks (2% of the truck's capacity).

The results obtained from solving the industrial case study using the proposed model and considering the seven
criteria of route selection are reported in this section. Taking into account a maximum of 3 clients per route and
the maximum travel time allowed per plant, for the case considered, the route generation algorithm results in
49,796 routes for LN2 and 25,282 routes for LO2. Since in this work it is assumed that the production of LN2
and LO?2 in the plants is independent, and the plants have different trucks for each product, the production and
distribution problem of each product is solved separately.

Table 6 shows the results obtained for each scenario and product. Given the size of the model for the addressed
case and the need to obtain good quality solution in short time of CPU, all scenarios were initialized with a
solution. This solution was obtained by running the proposed MILP model, considering only the direct shipping
routes for both products, with the objective of minimizing the amount of product to be purchased from external
sources. Scenario S1 is solved with a time limit of 3,600 seconds, while that for scenarios S2 to S7 a time limit
of 900 seconds is imposed.

It is worth noting that for scenario 1, no feasible solution could be obtained even though a longer time limit was
imposed. The difficulty of finding feasible solutions for this scenario is mainly due to the large model sizes
resulting from considering all possible routes. This result highlights the importance of selecting specific routes
based on certain criteria to reduce model size when addressing industrial-sized case studies. Table 6 shows the
number of possible routes to be chosen for each scenario. For example, the model size for scenario S2 (only
direct shipment routes are considered) is the smallest, but the objective function value has the highest cost. The
improvement in the objective value in scenarios S3 to S7 is explained by the flexibility introduced by
considering a larger number of routes and multi-customer routes.

Table 6. Statistics and computational performance of the MILP model.
Model Size

Product Scenarios Equations Continuous Discrete
! Variables Variables

LO2 S1 5,947,968 2,973,631 758,490 25,282 - -

Number of Total GAP
Possible Routes Cost [$] [%]




S2 25,848 12,571 3,660 121 219,430 1.03%

S3 375,408 187,351 61,920 2,063 205,445 2.81%
S4 131,178 65,251 18,870 629 205,978 2.46%
S5 207,498 103,411 29,790 993 205,619 2.99%
S6 237,498 118,411 34,050 1,135 206,164 3.03%
S7 389,058 194,191 55,290 1,843 205,257 2.93%
S1 11,723,859 5,861,191 1,493,910 49,796 - -
S2 35,919 17,221 5,190 172 341,172 9.42%
S3 701,379 349,951 116,100 3,869 294,904 8.46%
LN2 S4 193,149 95,851 27,810 927 293,266 6.55%
S5 332,589 165,571 47,730 1,591 287,390 6.12%
S6 318,729 158,641 45,690 1,523 289,540 5.77%
S7 560,529 279,541 80,040 2,668 285,485 5.68%

Table 7 presents the results obtained on the distribution of the products for the different scenarios. Considering
LO2, the table shows that for all scenarios (except S1) the total monthly demand can be satisfied using the
available plants. On the other hand, for LN2, the best solutions obtained in scenarios S2 and S3 involve
purchasing a small amount of product from external sources to satisfy monthly demand. Nevertheless, when
routes with up to 3 customers are considered (scenarios S4 to S7), third party purchases are not required.
Table 7 also summarizes the number of chosen routes from the available set, the total number of trips made
during the month, the number of customer visits, and the average percentage of capacity utilization of each
truck on each trip. For both products, it can be observed that when considering only direct shipments (S2), a
large number of routes are employed with trucks operating at low-capacity utilization. However, it should be
noted that as more routes are considered (those routes with multiple clients being of primary importance), the
number of trips decreases and the number of visits to clients, along with the use of trucks, increases.

Table 7. Distribution solutions for the different scenarios tested

Product Scenarios Product [Truck Units] Number of Number of Number of Truck
Delivered Not Delivered Routes Selected Trips Visits Utilization [%]
S1 - - - - - -
S2 54.21 0.00 51 100 100 54.17%
S3 54.21 0.00 42 65 109 83.40%
LO2 S4 54.21 0.00 38 63 113 86.10%
S5 54.21 0.00 41 63 113 86.06%
S6 54.21 0.00 42 64 113 84.72%
S7 54.21 0.00 42 61 116 88.86%
S1 - - - - - -
S2 70.34 0.03 71 180 180 39.16%
S3 70.36 0.01 72 119 196 59.11%
LN2 S4 70.37 0.00 65 114 212 61.74%
S5 70.37 0.00 59 99 206 71.11%
S6 70.37 0.00 62 106 200 66.40%
S7 70.37 0.00 64 97 205 72.57%

Based on the results shown in Tables 6 and 7, it can be seen that the best solutions for both products (LO2 and
LN2) were obtained in scenario S7. The solutions obtained using the model with the routes considered in
scenario S7 have the lowest total costs and the highest truck utilization. Figure 14 illustrates the average truck
utilization by plant and product for the solution achieved in S7. For both products, it is evident that shipments
from the most distant plants (P4 and P5) are mostly carried out at the maximum capacity of the trucks. On the



other hand, the figure shows the low utilization of the trucks devoted to the shipments of LO2 from plant P3
and LN2 from plant P2. Considering the problem data, it follows that the low utilization of truck capacity in the
aforementioned cases is attributed to the production capacity of the plants. In fact, P3 and P2 produce daily
quantities of LO2 and LN2, respectively, much lower than the trucks' capacities. To avoid the aforementioned
problem, a possible solution is to propose the use of trucks with capacity adjusted to the plants' production and
thus take advantage of their proximity to the customers while minimizing product distribution costs.
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Figure 14. Average truck utilization by plant and product for the solution obtained in S7

It can be seen that the proposed model, together with an adequate route selection strategy, found good quality
solutions in reasonable CPU times (900 seconds) for the industrial case. It should be noted that from the analysis
of the results obtained for each scenario, the importance of the generation and selection of routes when resolving
the instances of problems addressed becomes evident. In this way, it is highlighted that while when considering
all possible routes (scenario S1), for both LO2 and LN2, no solutions could be found, in all cases where the
routes were selected, solutions were obtained.

5. Conclusions

This paper introduces a new MILP model for addressing the production inventory routing problem of industrial
gas supply chains. The formulation comprehensively considers a broad and relevant group of decisions
connected with: plants production levels, plant selection to supply the different consumers, clients to be visited
per trip and day, quantity to be delivered and routes to be used. As part of the problem, it is considered that
trucks can make several trips per day, as well as trips of several days. In consideration of the aforementioned
case, the approach precisely considers the explicit impact of lead time on both production and distribution
decisions. Consequently, this methodology accommodates varying delivery times for clients sharing the same
route. It facilitates the real-time updating of client inventories based on delivery schedules and addresses the
downtime of trucks until their return to the plants following the completion of a journey. In addition, for the
distribution aspect of the problem, this paper introduces a route generation algorithm to initially create a set of
viable routes, ensuring that only routes with practical significance are taken into account. Following this, the
mathematical model is formulated, focusing exclusively on the set of generated routes.

It is important to note that the performance of the proposed MILP-based approach was positively tested with
two case studies: one small case and another of industrial size. The outcomes highlight the effectiveness of the
proposed approach, showcasing its ability to successfully address the case studies within reasonable CPU times.

In the future, two lines of research will be pursued. One is aimed at incorporating into the model a detailed
aspect of the production modes for the operation of the plants, with the idea of considering energy contracts.
The other addresses the explicit consideration of heterogeneous fleets of trucks at the plants.
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Appendix A: Calculation of minimum deliveries to customers

In this appendix, a step-by-step explanation is provided of how to calculate the minimum quantities to be
delivered to each customer in case they are visited. For each customer, there is information about their monthly

demand (TotDem,;), daily demand (D, ;), and maximum and minimum inventory levels (I Vclfip, I Vcl,‘l?W .

To begin, the minimum number of visits required to fulfill the customer's demand (NumberOfVisits.;) is
calculated. The maximum quantity that can be delivered to the customer in each shipment is determined by the
truck's capacity or the customer's maximum storage capacity. This calculation is expressed in equation A.1.

TotDem,;
min (1, IVC’,‘l.p - IVCZV‘L?W

NumberOfVisits.; = [ (A.1)

After obtaining the number of visits, the frequency of visits throughout the month (FrequencyOfVisits, ;) is
determined. The expression for this calculation is presented in equation A.2.

o 30
FrequencyOfVisits,; = l NumberOfVisits ] (A2)
C,l

To provide more flexibility in the frequency of visits, equation A.3 is introduced. This equation relaxes the
frequency calculated in A.2 by multiplying it with the RelaxedFactorDays, which takes values between 0
and 1. In this work, the factor was set to 0.65.

FrequencyOfVisitsRelaxed,; = [F requencyOfVisits,; - RelaxedF actorDast (A3)

Finally, expression A.4 presents the calculation of the minimum quantity to be delivered (DeliveryMin, ;).
This is obtained by multiplying the frequency of relaxed visits with the customer's daily demand.

DeliveryMin,; = FrequencyOfVisitsRelaxed, ;- D,; (A4)

The following numerical example illustrates the calculation of the minimum quantity to be delivered to a
| p=

specific customer. Assume that the following data is available: TotDem = 10.5 [w

0.35 [

month

”“C’ff;””t] V¥ = 4.40 [truck unit], V" = 1.90 [truck unit].



Equations A.1 and A.2 give the following results

10.5 10.5

_ visits
min (1, 4.40—1.90)] - [min 1, 2.5)

NumberOfVisits =

= [105]=11 [month

. 30 days
FrequencyOfVisits = IHJ = [2.72] =2 [ ]

Visits

As seen in this example, this customer would require 11 visits per month, resulting in an approximate visit
frequency of every 2 days.

By applying equations A.3 and A.4, the minimum quantity to be delivered to the customer can be calculated,
as is shown below.

.. days
FrequencyOfVisitsRelaxed = |2-0.65] = [1.3] =1 [ ]

visits

truck unit
DeliveryMin =1-0.35=0.35 [—]

visits
Therefore, for this customer, each visit should deliver at least the amount equivalent to one day's demand.

Appendix B: Data of the Illustrative Example

This appendix provides the data of the illustrative example addressed on subsection 4.1. Table B.1 lists the
coordinates of each of the considered nodes. Table B.2 contains the information related to each of the clients,
and Table B.3 presents the data associated with the production plant.

Table B.1. Coordinates of the nodes.

Node X-Coordinate Y-Coordinate

P1 0.00 0.00
C1 -300.00 150.00
C2 54.00 -49.00
C3 46.00 115.00
C4 318.00 -5.00
Cs -115.00 14.00
Co 120.00 329.00
Cc7 180.00 59.00
C8 130.00 231.00
c9 -325.00 250.00
C10 -377.00 7.00
C11 -185.00 125.00
C12 0.00 250.00

C13 200.00 0.00



C14 -200.00 -25.00

Table B.2. Customers specifications.
Monthly Daily Maximum Minimum Initial

Customer Demand Demand Inventory Inventory Inventory
C1 0.28 0.01 0.29 0.06 0.17
C2 1.96 0.07 0.42 0.07 0.16
C3 1.12 0.04 0.30 0.05 0.17
C4 5.04 0.18 2.17 043 1.30
C5 12.60 0.45 4.39 1.87 3.13
Cé6 1.40 0.05 0.33 0.09 0.19
C7 2.24 0.08 3.17 1.21 2.19
C8 5.32 0.19 2.00 0.94 1.47
Cc9 0.56 0.02 1.11 0.45 0.78
C10 0.84 0.03 1.03 0.19 0.61
C11 8.40 0.30 1.75 0.55 0.90
C12 14.00 0.50 3.50 1.00 2.25
C13 0.28 0.01 0.50 0.20 0.35
Cl4 5.60 0.20 2.25 1.30 1.90

Table B.3. Plant specifications.

Plant P1
Maximum Daily Production 2.20
Maximum Inventory 3.00
Minimum Inventory 0.00
Initial Inventory 1.00
Production Cost [$] 555.00
Purchasing Cost [$] 1665.00
Transporting Cost [$/distance]  1.50
Number of trucks 5.00
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