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Abstract 

This paper proposes a generalized Mixed-Integer Nonlinear Programming (MINLP) formulation for 

the optimal design of multiphase pipeline networks gathering oil and gas production from wellpads. 

In contrast to previous approaches, the model explicitly incorporates nonlinear correlations to predict 

multiphase pressure losses accurately, enabling a more rigorous optimization of the network design 

and pipeline sizes. Gathering flows according to production start times, wellhead pressures, and gas-

to-oil ratios proves essential to secure production, while simultaneously maximizing transportation 

capacity and minimizing surface facility costs. The model is able to effectively manage flow pressures 

at junction nodes, compositions after merging, and flexible network topologies. An efficient 

successive-relaxation approach based on piecewise-constant underestimations of pressure drops is 

also proposed to obtain solutions within reasonable computation times. Results show that relaxing 

the limiting assumptions imposed by previous approaches leads to improvements of up to 20% in the 

net present value (NPV) of illustrative cases comprising ten wellpads. However, the global 

optimization of real-size problems with more complex topologies remains a significant challenge. 

 

Keywords: pipeline network design, oil and gas, multiphase flows, pressure drop, nonlinear 

correlations, MINLP, successive relaxation 
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Introduction 

The design of pipeline networks to gather oil and gas production from multiple wells is known to be 

a challenging problem for energy companies worldwide. Sizing pipelines to transport multiphase 

flows comprising oil, gas and water from wellheads to separation facilities requires an accurate 

prediction of production rates, flow composition and wellhead pressures. Besides, the accurate 

estimation of head losses along pipelines is critical to avoid the need of expensive boosting 

equipment. If pipelines are too small, choking wells could be the only option for operators, losing 

productivity and eventually damaging the wells (Jacobs, 2015). To avoid this, facility planners 

usually oversize pipelines, resulting in expensive networks that remain underutilized over the lifetime 

of the oil and gas field.  

This problem has become even more challenging for companies producing from unconventional 

formations due to the relatively short lifespan of shale oil and gas wells. One after another, wells are 

drilled and fractured steadily to overcome rapid production declines, and a single separation facility 

can then be shared by dozens of wells to avoid underutilization (Cafaro and Grossmann, 2014). 

Furthermore, continuous efforts to accelerate drilling and completion times often outpace the network 

capacity to move the produced fluids (Jacobs, 2015). As a result, when a new high-pressure well 

comes online, it may force the system to operate in a range where the pipeline network becomes 

constrained, requiring the operator to choke the new well back and defer its production so that older, 

lower-pressure wells can continue flowing. To overcome these limitations, more detailed networks 

of multiphase flowlines need to be optimally designed and expanded over time. 

Previous contributions 

A recent review by Li et al. (2023) describes extensive research efforts to develop modern pipeline 

systems. The authors divide the pipeline life cycle into six stages: exploration, feasibility study, 

design, construction, operation, and end-of-life. The authors review both theoretical research and 

technological developments, with particular emphasis on the impact of digitalization techniques on 

decision-making at each stage. Focusing on shale oil and gas development, Drouven et al. (2023) 

thoroughly review recent contributions to the optimization of gathering systems. The authors 

highlight that for optimal surface facility planning, high-fidelity nonlinear correlations and 

superstructure-based models must be considered simultaneously, resulting in nonconvex Mixed-

Integer Nonlinear Programming (MINLP) models with significant combinatorial complexity. 
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The optimal design of single-phase pipeline networks has been studied by process systems engineers 

for decades (Duran and Grossmann, 1986). Interestingly, multiphase pipeline networks have been 

rarely designed using rigorous mathematical programming techniques. Ramos Rosa et al. (2018) 

develop a practical method based on Mixed-Integer Linear Programming (MILP) for the design of 

subsea production networks in offshore fields. The model determines the number and location of 

junction nodes (manifolds) and platforms (processing facilities), well assignments, and pipeline 

diameters. The approach uses multidimensional piecewise-linear functions to approximate 

multiphase pipeline pressure drops. While the proposed approach does not reach the accuracy of high-

fidelity models, it enables rapid assessment of how layout choices impact the NPV and cumulative 

production, allowing subsequent analyses to focus on the most promising configurations. Small 

instances can be solved to a 5% optimality gap after 12 hours of computation.  

In turn, Montagna et al. (2021) propose an MILP formulation with the aim of selecting the most 

convenient sites for separation facilities (also called tank-batteries) together with the proper diameters 

for multiphase and single-phase pipelines. However, the model relies on three simplifying 

assumptions that hinder its industrial application. First, pressures at intermediate nodes need to be 

arbitrarily fixed by the modeler before optimization, which limits the model’s ability to find the 

globally optimal design. If intermediate pressures are too low, junction nodes could be unnecessarily 

placed close to separation facilities, and the opposite is favored if intermediate pressures are set too 

high. In practice, intermediate pressures can be optimally managed over time to make a better use of 

the transportation capacity. Second, gas-to-oil (gor) and water-to-oil ratios (wor) are assumed to be 

constant and homogeneous all across the field, for every well over the time horizon. This is another 

questionable assumption from an industrial standpoint, since gor and wor vary significantly over 

space and time. Finally, the multiphase network cannot be built in more than two steps or “echelons”, 

configuring the so-called star-star designs, i.e. connecting wells to junction nodes, and junction nodes 

to separation facilities. The latter is a particularly limiting assumption when wells are arranged in 

rows, as often seen in unconventional assets.  

It is noteworthy that under such limiting assumptions, multiphase pressure drop calculations can be 

performed offline through multiple Nonlinear Programming (NLP) optimization runs, each of them 

aimed at computing the maximum admissible flow for every segment and diameter in the network 

superstructure. After pre-calculations, a relatively fast MILP can be solved to find a design that proves 

to be less than 5% close to the best solution that can be achieved when fixed compositions, two 

echelons and arbitrary intermediate pressures are assumed. 
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More recently, Pan et al. (2025) propose a hybrid approach that combines heuristic search and MINLP 

models to design large-scale oil gathering networks with more complex topologies. The methodology 

consists of two stages. First, wells are grouped using K-means clustering and assigned to optimal 

metering station locations, which feed a first-stage MILP model to design the network between wells 

and stations. Nonlinear relationships inherent in hydraulic and thermal properties are handled through 

piecewise linearization. This imposes boundary conditions for a second-stage MILP model that 

optimizes the network between metering stations and the centralized processing facility. However, 

this study is based on a steady-state (single period) model, without accounting for multiphase flow. 

Contribution summary 

The main contribution of this paper is a general MINLP optimization model and tailored solution 

strategies to address the optimal design of multiphase pipeline networks accurately, overcoming 

simplifying assumptions from previous works. In our novel approach, not only pipeline diameters but 

also pressures at junction nodes are decision variables that can be adjusted over time to adapt to 

changes in flow rates, wellhead pressures, and compositions. Fluid-dynamics calculations are 

explicitly incorporated into the formulation, such that the maximum admissible flowrate for each 

segment can be modified by managing intermediate pressures. Furthermore, any type of network 

topology can be handled by the model. All of these features lead to a challenging MINLP formulation 

with a nonconvex relaxation. To tackle the model’s complexity, we develop solution algorithms based 

on successively tightening relaxations of the fluid-dynamic constraints, yielding globally optimal 

solutions. 

 

Illustrative example 

For illustration purposes, consider the three alternative pipeline network configurations depicted in  

Figure 1, from left to right, ൫𝐺෠ଵ, 𝐺෠ଶ, 𝐺෠ଷ൯. Square dots represent production nodes (sources), which can 

also act as junctions or intermediate points within the network, while the pentagon indicates the 

separation facility. The width of each arrow reflects the internal diameter of the corresponding 

pipeline segment. From a fluid-dynamics perspective, a hard constraint is that flows need to reach the 

separation facility with enough pressure ( 3 Mega Pascals - MPa), using no boosters at intermediate 

points. In other words, the only driving forces to transport fluids are wellhead pressures. Another 

important consideration is that when two or more flows merge at an intermediate point, higher 

pressures need to be decreased to the minimum pressure among the incoming flows. This is required 

to avoid backflows, choking or unsafe operating conditions, and is performed by pressure control 

valves. 
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Figure 1. Alternative pipeline network configurations to gather multiphase flows from six wells.  

After performing fluid-dynamics calculations, that is, estimating pressure drops from wellheads to 

the separation facility, the network designer determines that the first layout 𝐺෠ଵ is not feasible. Pressure 

losses exceed acceptable limits. More specifically, the total pressure drop ∆𝑃௪ଷ,ௗ௣ from well w3 to 

the final point k results in a delivery pressure of 2 MPa (< 3 MPa). With the given diameters, the 

predicted pressure drops along segments w3-w4, w4-w5, w5-w6 and w6-k are ∆𝑃௪ଷ,௪ସ = 1 MPa, 

∆𝑃௪ସ,௪ହ = 0.5 MPa, ∆𝑃௪ହ,௪଺ = 0.5 MPa and ∆𝑃௪଺,௞ = 3 MPa, respectively. Note that, to avoid 

backflows, the wellhead pressures at nodes w5 and w6 must be reduced from 7 MPa to 5.5 MPa and 

from 6 MPa to 5 MPa, respectively. At this stage, multiple alternatives can be evaluated to achieve a 

feasible design. For simplicity, the analysis is restricted to two alternatives, namely 𝐺෠ଶ and 𝐺෠ଷ. The 

network 𝐺෠ଶ shows a significant increase in the diameter of the final segment, to ensure that the 

pressure at the delivery point meets the minimum required threshold. By increasing the pipeline 

diameter, the pressure drop along the segment w6-k reduces from 3 MPa to 2 MPa. In contrast, 𝐺෠ଷ 

suggests a remarkably different network topology. Parallelizing paths instead of gathering production 

along a single route avoids losing potential at intermediate nodes. From the comparison of 𝐺෠ଶ and 𝐺෠ଷ, 

a clear tradeoff emerges: increasing pipeline diameters (favoring simpler topologies) versus extending 

the network with longer or more complex paths. Ultimately, the most suitable layout among all 

feasible configurations will be the one that minimizes the total network cost. 

The problem becomes even more complex due to its multiperiod nature: wells begin production at 

different time periods. Additionally, wellhead pressures, flowrates, and fluid compositions vary over 
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time, further challenging the viability of network configurations at different periods of the planning 

horizon. 

 

Problem Statement 

The optimization problem addressed in this paper can be stated as follows. Given: 

a. A set of time periods 𝑡 ∈ 𝑇 comprising a long term planning horizon (typically divided in 

months, quarters or years). 

b. A set of production nodes 𝑖 ∈ 𝑉௦௥௖ (wells or wellpads), their location, production start 

periods, forecasted flowrates of components 𝑐 ∈ 𝐶 (oil, gas and water), and wellhead 

pressures over time. 

c. Potential location sites 𝑖 ∈ 𝑉௦௘௣ and sizes 𝑠 ∈ 𝑆 for processing facilities, with their available 

capacities per component, capital expenditure requirements and operating costs. 

d. Potential location for junction nodes 𝑖 ∈ 𝑉௝௡௖, installation and operating costs. 

e. Potential pipeline connections (arcs) between pairs of nodes (𝑖, 𝑗) ∈ 𝐴 to build the pipeline 

network. 

f. A set of standard diameter sizes 𝑑 ∈ 𝐷 to use and their installation costs, typically given per 

unit of length. 

g. The minimum inlet pressure at each separation facility. 

h. Forecasted unit price of produced components (oil, gas, water) and discount rate to bring 

future cashflows to present time. 

We look for the optimal design of a multiphase pipeline network that gathers production from wells 

with the goal of maximizing the NPV of the project. This includes oil and gas revenues and capital 

and operating expenditures of pipelines and processing facilities over the time horizon. To build the 

gathering network, the optimization model seeks to determine: (a) the location and size of separation 

facilities to install, along with their optimal timing and expansion planning; (b) the location of 

junction nodes; (c) the pipeline segments, including their diameters, used to connect wells, junctions, 

and facilities; and (d) the flowing pressures at the extremes of every pipeline segment over time. 

Because of processing capacity limitations or economic considerations, the optimization model may 

also exclude less promising production nodes from the network. 
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Model Assumptions 

The MINLP optimization model relies on the following assumptions: 

1. Well locations, production start dates, forecasts and wellhead pressures are assumed to be 

known and deterministic inputs. A multiperiod time horizon is considered, with flowrates, 

compositions and pressures specified discretely, for each time period. 

2. Potential sites for junction nodes and/or separation facilities are also given.  

3. A finite set of alternative, commercial pipeline diameters is available to build the network. A 

feasible network design should determine large enough diameters to segments such that, at 

every time period, multiphase flows reach destinations naturally, with enough pressure. 

Boosting multiphase flows at intermediate nodes is forbidden due to their relatively high cost.  

4. Although the general MINLP formulation admits any correlation to estimate pressure drops, 

we focus on the Lockhart-Martinelli (LM) correlation (Lockhart and Martinelli, 1949) 

commonly used to predict pressure drops yielded by liquid-gas flows in horizontal pipelines 

(Coker, 2007). Liquid components (oil and water) are treated as a single, incompressible 

liquid phase with average properties, which flow together with natural gas (the gas phase).  

 

Mathematical Formulation 

The mathematical formulation presented in this work is based on the following indices: nodes i 

(standing for production wells, potential sites for junction nodes and/or separation facilities, and 

destinations), components c, alternative pipeline diameters d, plant sizes s and time periods t. 

Fundamental equations such as material balances, facility location, processing capacities and 

expansion planning have been thoroughly described in previous contributions (Montagna et al., 2021; 

Cafaro et al., 2022; Presser et al., 2024). In this section, we focus on relevant equations from a fluid-

dynamics perspective, particularly those related to multiphase pipelines that connect production wells 

to separation facilities.  

The remainder of this section is organized as follows. First, we introduce the key equations of a 

generalized formulation for the optimal design of multiphase pipeline networks. The term generalized 

indicates that: (a) no specific multiphase pressure drop correlation is enforced, enabling the modelers 

to adopt the most appropriate for their case; (b) composition and wellhead pressures vary over time; 

(c) no pressure value is arbitrarily imposed at intermediate points; and (d) no constraints are placed 

on the network topology, yielding paths with an unrestricted number of echelons to reach the 

separation node. For implementation, the generalized framework is subsequently adapted to the 

Lockhart-Martinelli (LM) correlation, which has been widely used for multiphase (liquid-gas) flows 
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along horizontal pipelines (Coker, 2007). This problem yields a particular MINLP formulation with 

a nonconvex relaxation. Finally, we develop an iterative relaxation algorithm based on successively 

refining piecewise-constant underestimations of the LM correlation. The algorithm guarantees 

convergence to globally optimal network structures. 

A generalized model for the optimal design and operation of multiphase pipeline networks 

The superstructure of alternatives to build a multiphase pipeline network can be represented by means 

of a directed graph 𝐺 = (𝑉, 𝐸), where 𝐸 ⊆ 𝑉 × 𝑉 × 𝐷. The set 𝐷 denotes the list of available pipeline 

diameters. Each production node needs to reach only one separation node, whose location and size 

will be optimally determined. The mathematical model should also account for pressure drops 

throughout the network, ensuring a minimum threshold value when reaching the processing points. 

Intermediate pressures along a path are heavily influenced by decisions regarding network topology 

and pipeline sizing, specifically the selection of links and pipeline diameter for each segment.  

Managing pressures across a fixed network 

Assume that we are given a certain network 𝐺෠ = (𝑉෠ , 𝐸෠) connecting the subset of nodes 𝑣 ∈ 𝑉෠  ⊆  𝑉. 

The segments  𝑒 ∈ 𝐸෠  ⊂  𝐸 configure a set of trees, each rooted at the designated separation node. 

The pressure at an intermediate node 𝑗, for a given time period 𝑡 (namely variable 𝑃௝,௧), can be 

computed as follows, 

𝑃௝,௧ =  min
௜∈ఋಸ෡ (௝)

ቄ𝑃௜,௧ − ∆𝑃௜,௝,௧
(ௗ)

ቅ                ∀𝑗 ∈ 𝑉෠ − 𝑉෠ ௦௥௖ , 𝑡 ∈ 𝑇 (1) 

The set 𝛿 ෠ீ(𝑗) contains the predecessors of node 𝑗 in 𝐺෠. Note that the diameter selected for the pipeline 

connection (𝑖, 𝑗) is 𝑑 ∈ 𝐷, from which (𝑖, 𝑗, 𝑑) ∈ 𝐸෠. 

If the intermediate node j also coincides with a well location (i.e., a source node), the flow pressure 

is ultimately determined by Eq. (2). 

𝑃௝,௧ =  min ൜𝑝௝,௧
௪௘௟௟, min

௜∈ఋಸ෡ (௝)
ቄ𝑃௜,௧ − ∆𝑃௜,௝,௧

(ௗ)
ቅൠ                 ∀𝑗 ∈ 𝑉෠ ௦௥௖ , 𝑡 ∈ 𝑇 (2) 

As stated in Eq. (3), a network layout is said to be feasible if pressures at separation nodes 𝑗 ∈ 𝑉෠ ௦௘௣ 

remain above the specified minimum threshold, 

𝑃௝,௧ ≥  𝑝௠௜௡                  ∀𝑗 ∈ 𝑉෠ ௦௘௣, 𝑡 ∈ 𝑇 (3) 

By knowing the diameter 𝑑 ∈ 𝐷 selected for the segment (𝑖, 𝑗), the pressure drop yielded by the 

multiphase flow moving between 𝑖 and 𝑗 can be estimated as a function of physical properties and 

also model variables, namely inlet pressure 𝑃௜,௧, flow rates 𝐹௜,௝,௖,௧ and composition. Note that the index 
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𝑐 ∈ 𝐶 stands for an individual component (oil, gas, water) and the corresponding composition can be 

inferred from the relation between 𝐹௜,௝,௖,௧ and the overall flow. Pressure drop estimations are highly 

nonlinear and difficult to predict when multiple components coexist within the same pipe. To preserve 

generality, the pressure loss for a given link can be expressed as a function Ψ, as stated by Eq. (4). 

Pipe length is denoted by 𝑙௜,௝, while Θ௜,௝ synthetizes a set of physical properties including viscosity, 

temperature, compressibility and elevation profile, among others. 

∆𝑃௜,௝,௧
(ௗ)

= Ψ൫𝑃௜,௧ , 𝐹௜,௝,௖,௧ , 𝑙௜,௝ , Θ௜,௝൯                ∀𝑗 ∈ 𝑉෠ , 𝑖 ∈ 𝛿 ෠ீ(𝑗), 𝑐 ∈ 𝐶, 𝑑 ∈ 𝐷, 𝑡 ∈ 𝑇 (4) 

As flow composition varies along the lifespan of a well, one of the keys of this model is keeping track 

of the flow of individual components at every segment over time. With that purpose, Eq. (5) imposes 

mass balances per component at every node. The parameter 𝑝𝑟𝑜𝑑௜,௖,௧ stands for the forecasted 

production of component 𝑐 at node 𝑖 (if it is a source node) during time period 𝑡. Analogously, 

variable 𝑄௜,௖,௧ represents the flow of component 𝑐 that is processed at node 𝑖, provided that the node 

is selected for separation. The set 𝐴መ comprises arcs in the given graph, which is defined as 

𝐴መ =  ൛(𝑖, 𝑗) ∈ 𝑉෠ × 𝑉෠ห ∃(𝑖, 𝑗, 𝑑) ∈ 𝐸෠ൟ. 

𝑝𝑟𝑜𝑑௜,௖,௧ − 𝑄௜,௖,௧ + ෍ 𝐹௝,௜,௖,௧

௝∈௏| (௝,௜)∈஺෠

− ෍ 𝐹௜,௞,௖,௧

௞∈௏| (௜,௞)∈஺෠

= 0     ∀𝑖 ∈ 𝑉෠ , 𝑐 ∈ 𝐶, 𝑡 ∈ 𝑇 (5) 

Since splitting flows is not allowed, variables 𝐹௝,௜,௖,௧ and 𝑄௜,௖,௧ are predetermined by the network 

configuration 𝐺෠ = (𝑉෠ , 𝐸෠). However, the network design is at the core of our decision problem and is 

addressed in the next section.  

Addressing network design and pressure management problems together 

In the most general version of the problem, whether to connect nodes (𝑖, 𝑗) ∈ 𝐴 (set of potential arcs) 

with a pipeline of diameter 𝑑 is a decision represented by the 0-1 variable 𝑥௜,௝,௧
(ௗ) , where 𝑡 refers to the 

installation period. Moreover, the binary variable 𝑤௜ accounts for the decision of connecting (𝑤௜ =

1) or excluding (𝑤௜ = 0) the well i from the network, due to capacity limits or economic 

considerations. 

Based on the decision variables introduced thus far, Eqs. (1), (2) and (5) can be reformulated to obtain 

an appropriate mathematical programming representation of the problem, given by Eqs. (6), (7) and 

(8). Moreover, Eq. (9) is incorporated to associate the flowrate variable with the diameter chosen for 

that particular segment through the disaggregated variable 𝐹௜,௝,௖,௧
(ௗ) . 
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∆𝑃௜,௝,௧ =  𝑃௜,௧ − 𝑃௝,௧         ∀(𝑖, 𝑗) ∈ 𝐴, 𝑡 ∈ 𝑇 (6) 

𝑃௜,௧ ≤  𝑝௜,௧
௪௘௟௟                       ∀𝑖 ∈ 𝑉௦௥௖ , 𝑡 ∈ 𝑇 (7) 

𝑤௜  𝑝𝑟𝑜𝑑௜,௖,௧ − 𝑄௜,௖,௧ + ෍ 𝐹௝,௜,௖,௧

௝∈௏| (௝,௜)∈஺

− ෍ 𝐹௜,௞,௖,௧

௞∈௏| (௜,௞)∈஺

= 0     ∀𝑖 ∈ 𝑉, 𝑐 ∈ 𝐶, 𝑡 ∈ 𝑇 (8) 

෍ 𝐹௜,௝,௖,௧
(ௗ)

ௗ∈஽| (௜,௝,ௗ)∈ா

= 𝐹௜,௝,௖,௧     ∀(𝑖, 𝑗) ∈ 𝐴, 𝑐 ∈ 𝐶, 𝑡 ∈ 𝑇 (9) 

Note that the pressure difference between nodes (𝑖, 𝑗) at period 𝑡, denoted as ∆𝑃௜,௝,௧, will depend on 

the selected pipeline diameter 𝑑 and the flow direction. To better capture this relation, we propose a 

new, tighter formulation, which overcomes previous approaches that rely on Big-M constraints 

(Presser et al., 2024). To have an appropriate representation, four possible conditions may hold for 

each triplet (𝑖, 𝑗, 𝑑): (a) a pipeline of diameter 𝑑 is available and transports fluids from node 𝑖 to 𝑗 

during period t (𝑥𝑓௜,௝,௧
(ௗ)

= 1), which implies 𝑃௜,௧ ≥  𝑃௝,௧; (b) a pipeline of diameter 𝑑 is available in the 

same link, but fluids move in the opposite direction, i.e. from 𝑗 to 𝑖 (𝑥𝑟௜,௝,௧
(ௗ)

= 1); (c) no pipeline of 

diameter d is installed between nodes 𝑖 and 𝑗, while the pressure at node 𝑖 is greater than that at node 

𝑗 during time period 𝑡 (𝑥𝑛𝑓௜,௝,௧
(ௗ)

= 1); (d) no pipeline of diameter d is installed between i and j, and 

𝑃௜,௧ ≤  𝑃௝,௧ during period 𝑡 (𝑥𝑛𝑟௜,௝,௧
(ௗ)

= 1). It is worth nothing that, due to the unidirectional nature of 

the flows, all scenarios are mutually exclusive and only one of the corresponding 0-1 variables may 

be active at a given period for each triplet, as stated by Eq. (10). 

𝑥𝑓௜,௝,௧
(ௗ)

+ 𝑥𝑟௜,௝,௧
(ௗ)

+ 𝑥𝑛𝑓௜,௝,௧
(ௗ)

+ 𝑥𝑛𝑟௜,௝,௧
(ௗ)

= 1         ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸,  𝑡 ∈ 𝑇 (10) 

Any of the first two scenarios implies the existence of a pipeline segment installed between nodes 

(𝑖, 𝑗). This condition is captured by the 0-1 variable 𝑥̅௜,௝,௧
(ௗ)  and its value is determined by Eq. (11). In 

addition, Eqs. (12) and (13) allow the flow-rate variables to take a positive value only when the 

diameter 𝑑 is available and the corresponding direct or reverse direction is selected for the segment 

(𝑖, 𝑗) during period 𝑡, respectively. 

𝑥̅௜,௝,௧
(ௗ)

= ෍ 𝑥௜,௝,ఛ
(ௗ)

ఛஸ௧
= 𝑥𝑓௜,௝,௧

(ௗ)
+ 𝑥𝑟௜,௝,௧

(ௗ)
         ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇 (11) 

𝐹௜,௝,௖,௧
(ௗ)

≤ 𝑓௖
௠௔௫  𝑥𝑓௜,௝,௧

(ௗ)
            ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑐 ∈ 𝐶, 𝑡 ∈ 𝑇 (12) 

𝐹௝,௜,௖,௧
(ௗ)

≤ 𝑓௖
௠௔௫  𝑥𝑟௜,௝,௧

(ௗ)
            ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑐 ∈ 𝐶, 𝑡 ∈ 𝑇 (13) 

Furthermore, Eqs. (14) and (15) establish that if either of these scenarios is selected, the pressure drop 

along the corresponding segment must be computed using the general function Ψ, evaluated in the 
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appropriate direction. In turn, Eq. (16) limits the installation of at most one pipeline of a certain 

diameter on each link, while also preventing flow splitting. 

 
(14) 

 
(15) 

෍ ෍ ෍ 𝑥௜,௝,௧
(ௗ)

௧∈்ௗ∈஽| (௜,௝,ௗ)∈ா௝∈௏

≤ 1                 ∀𝑖 ∈ 𝑉 (16) 

In accordance with the disjunctive form of Eq. (10), Eq. (17) ensures that the multiphase head loss 

for each term is set to zero when the corresponding scenario is not the actual case. While individual 

variables are constrained to be non-negative, the resulting difference of pressures between nodes 𝑖 

and 𝑗 may take negative values when 𝑃௝,௧ > 𝑃௜,௧ for a given period 𝑡, as inferred from Eq. (18), 

 

(17) 

∆𝑃௜,௝,௧ = ∆𝑃𝑓௜,௝,௧
(ௗ)

+ ∆𝑃𝑛𝑓௜,௝,௧
(ௗ)

− ∆𝑃𝑟௜,௝,௧
(ௗ)

− ∆𝑃𝑛𝑟௜,௝,௧
(ௗ)

     ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇           (18) 

In line with previous contributions, we include constraints accounting for the facility installation and 

expansion planning, which are represented by Eq. (19). Note that alternative sizes 𝑠 ∈ 𝑆 with given 

capacities 𝑐𝑎𝑝௦,௖ to process component 𝑐 can be selected by the model to install in node 𝑖 at period 𝑡, 

whenever 𝑦௜,௦,௧ equals 1. 

           
(19) 

Finally, the objective function seeks to maximize the NPV of the total incomes from oil and gas 

production, discounting capital expenditures associated with pipelines and facilities, as stated by Eq. 

(20). Extensions of this equation to account for operating costs are straightforward.  

           

(20) 

The most general form of the MINLP formulation comprises Eqs. (6) to (19) and seeks to maximize 

Eq. (20). However, the actual implementation of the model requires adopting explicit algebraic 

correlations for Eqs. (14) and (15), as explained in the next section.   

∆𝑃𝑓௜,௝,௧
(ௗ)

≥ Ψ ቀ𝐹௜,௝,௖,௧
(ௗ)

, 𝑙௜,௝, 𝑃௜,௧ , Θ௜,௝ቁ       ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇

∆𝑃𝑟௜,௝,௧
(ௗ)

≥ Ψ ቀ𝐹௝,௜,௖,௧
(ௗ)

, 𝑙௝,௜ , 𝑃௝,௧ , Θ௝,௜ቁ         ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇

∆𝑃𝑓௜,௝,௧
(ௗ)

≤ ∆𝑝௠௔௫   𝑥𝑓௜,௝,௧
(ௗ)

 ;      ∆𝑃𝑟௜,௝,௧
(ௗ)

≤ ∆𝑝௠௔௫   𝑥𝑟௜,௝,௧
(ௗ)

 ; 

∆𝑃𝑛𝑓௜,௝,௧
(ௗ)

≤ ∆𝑝௠௔௫  𝑥𝑛𝑓௜,௝,௧
(ௗ)

 ;      ∆𝑃𝑛𝑟௜,௝,௧
(ௗ)

≤ ∆𝑝௠௔௫   𝑥𝑛𝑟௜,௝,௧
(ௗ)

       ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇

𝑄௜,௖,௧ ≤ ෍ ෍ 𝑦௜,௦,ఛ  𝑐𝑎𝑝௦,௖

௦∈ௌఛஸ௧

          ∀𝑖 ∈ 𝐼, 𝑐 ∈ 𝐶, 𝑡 ∈ 𝑇 

𝑀𝑎𝑥 𝑁𝑃𝑉 = ෍(1 + 𝑟)ି௧

⎣
⎢
⎢
⎢
⎡ ෍ ෍ 𝑝𝑟𝑖𝑐𝑒௖,௧  𝑝𝑟𝑜𝑑௜,௖,௧

௜∈ூ௖∈஼

  𝑤௜

− ෍ ෍ 𝑐𝑓௦  𝑦௜,௦,௧

௜∈ூ௦∈ௌ

 − ෍ 𝑐𝑝௜,௝,ௗ   𝑥௜,௝,௧
(ௗ)

(௜,௝,ௗ)∈ா

 
⎦
⎥
⎥
⎥
⎤

௧∈்
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The Lockhart-Martinelli correlation   

Without loss of generality, we adopt the Lockhart-Martinelli correlation (Lockhart and Martinelli, 

1949) to build the MINLP model. This correlation has been widely used in the field of chemical 

engineering to predict pressure drops for gas-liquid flows through horizontal pipelines (Coker, 2007) 

and has the advantage of providing a comparatively simple expression that can be directly embedded 

into the MINLP. The modeling is based on computing the pressure drops of each phase (gas and 

liquid) under the assumption that they flow independently through the pipeline. The square root of 

the ratio between these head losses is called the Lockhart-Martinelli (LM) parameter.  

In our model, for each pipeline segment (generically denoted by the arc (𝑖, 𝑗), with diameter 𝑑) we 

obtain an indicator of the relationship between gas and liquid pressure drops at every time period t. 

Note that, in contrast to previous contributions, this parameter may significantly vary in time, 

according to the composition of production flows gathered to node 𝑖. Moreover, the pipeline diameter 

and the wells whose production is gathered to node 𝑖 are model decisions, according to the network 

design. For convenience we use a variant of the LM parameter, as shown in Eq. (21). In our case, gas 

pressure drop is divided by liquid pressure drop, with no square root. In other words, we replace 

𝐿𝑀௜,௝,ௗ,௧ = 𝐼𝑋𝐿𝑀௜,௝,ௗ,௧
ିଵ/ଶ 

           

(21) 

Based on the ratio given in Eq. (21) we can estimate the LM multiplier (𝑌𝐿𝑀௜,௝,ௗ,௧ ≥ 1), which finally 

yields the multiphase pressure drop as in Eq. (22). Note that the multiphase pressure drop is obtained 

from the liquid head loss, and the multiplier synthetizes the effect of the presence of gas in the stream.  

 
(22) 

By fitting empirical data from the works by Lockhart and Martinelli (1949), Baroczy (1966) and 

Chisholm (1973), Wilkes (2018) suggests a generalized form of the correlation between 𝐿𝑀௜,௝,ௗ,௧ and 

𝑌𝐿𝑀௜,௝,ௗ,௧. The equation is based on the pressure drop that can be roughly estimated after discounting 

the void fraction of the pipeline section, i.e., the fraction used by the gas stream. The correlation is 

presented in Eq. (23), with the parameter n being equal to 4.12 for liquid turbulent - gas turbulent 

regimes, and 3.61 for liquid viscous - gas turbulent regimes. For oil and gas production from wells, 

the former condition is the common case.   

𝑌𝐿𝑀௜,௝,ௗ,௧  =  ൫𝐼𝑋𝐿𝑀௜,௝,ௗ,௧
ଵ/௡ + 1൯

௡
       ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇 (23) 

𝐼𝑋𝐿𝑀௜,௝,ௗ,௧ =  
∆𝑃௜,௝,ௗ,௧

௚௔௦

∆𝑃௜,௝,ௗ,௧
௟௜௤

                      ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇 

∆𝑃௜,௝,௧
(ௗ)

= 𝑌𝐿𝑀௜,௝,ௗ,௧  ∆𝑃௟௜௤
௜,௝,ௗ,௧            ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇
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Estimating pressure drops of gas and liquid phases 

To estimate the pressure drops of the phases as if they were flowing alone into the pipeline, we rely 

on two correlations widely used in the oil and gas industry: Darcy-Weisbach (Darcy, 1857) equation 

for liquids, and Weymouth correlation (Weymouth, 1912) for gases. We refer the reader to the works 

by Cafaro et al. (2022) and Presser et al. (2024), for a detailed description of these equations. For 

completeness, they are presented in the Appendix A. Finally, the MINLP formulation after adopting 

the Lockhart-Martinelli correlation for multiphase pressure drops seeks to maximize Eq. (20), subject 

to constraints (6)-(19), using equations (21)-(23) and (A1), (A3)-(A5) in the Appendix A to calculate 

the pressure drops generically expressed in Eqs. (14) and (15). 

Iterative solution algorithm: Successively refining relaxations of the multiplier 

The explicit inclusion of  hydraulic correlations for multiphase flows introduces highly nonconvex 

relationships such as those in Eqs. (21), (22) and (23). From an algorithmic standpoint, the loss of 

convexity is undesirable when global optimality is sought.  

Nonetheless, the relationship between 𝐼𝑋𝐿𝑀 and 𝑌𝐿𝑀 given in Eq. (23) is strictly concave. This 

property allows to underestimate the multiplier 𝑌𝐿𝑀 using piecewise-constant discretization, thereby 

avoiding the explicit inclusion of the aforementioned nonconvex equations.  

Piecewise constant underestimation of the LM multiplier  

For each pipeline segment (𝑖, 𝑗) sized with diameter 𝑑 and operated during time period 𝑡, the 

multiplier 𝑌𝐿𝑀 can be estimated by a stepwise function defined over a set of intervals 𝑝𝑤 in the 

domain of 𝐼𝑋𝐿𝑀, leading to breakpoints (𝑖𝑥𝑙𝑚௣௪ , 𝑦𝑙𝑚௣௪) ∈ 𝒦௜,௝,ௗ,௧. The set 𝒦௜,௝,ௗ,௧ comprises all 

breakpoints considered for that specific connection and period. Figure 2 illustrates an example in 

which the Lockhart-Martinelli function given in Eq. (23) is approximated by a stepwise function, 

using four intervals. 

 
Figure 2. Lockhart-Martinelli correlation (left) and piecewise constant relaxation (right). 
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The activation of a specific interval 𝑝𝑤 is captured by the binary variable 𝑥𝑖𝑛𝑡௜,௝,ௗ,௧,௣௪. When this 

variable equals one, the ratio 𝐼𝑋𝐿𝑀 between liquid-only and gas-only pressure drops lies within the 

interval 𝑝𝑤, as expressed in Eq. (24). Note that intervals are ordered following increasing values of 

𝐼𝑋𝐿𝑀 and  𝑌𝐿𝑀. Accordingly, Eq. (25) enforces that each connection must be assigned to exactly 

one interval 𝑝𝑤 for every period. 

∆𝑃௜,௝,ௗ,௧
௚௔௦

 ≤  𝑖𝑥𝑙𝑚௜,௝,ௗ,௧,௣௪ାଵ  ∆𝑃௜,௝,ௗ,௧
௟௜௤

+  ∆𝑝௠௔௫   ൫1 − 𝑥𝑖𝑛𝑡௜,௝,ௗ,௧,௣௪൯    

∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇, 𝑝𝑤 ∈ 𝒦௜,௝,ௗ,௧ 
(24) 

෍ 𝑥𝑖𝑛𝑡௜,௝,ௗ,௧,௣௪

௣௪∈𝒦೔,ೕ,೏,೟

 =  1       ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇 (25) 

Eqs. (26) and (27) assign the liquid-only pressure loss to the nonnegative variable ∆𝑃௜,௝,ௗ,௧,௣௪
௒௅ெ  linked 

to the interval 𝑝𝑤 that becomes active. This formulation ensures that only the term corresponding to 

the selected interval contributes to the summations in Eqs. (28) and (29), while all others are forced 

to zero. As a result, the parameter 𝑦𝑙𝑚௜,௝,ௗ,௧,௣௪ associated to the interval 𝑝𝑤 is the one used to compute 

the multiphase pressure drop for that connection and time period. 

∆𝑃௜,௝,ௗ,௧
௟௜௤

 =  ෍ ∆𝑃௜,௝,ௗ,௧,௣௪
௒௅ெ

௣௪∈𝒦೔,ೕ,೏,೟

        ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇 (26) 

∆𝑃௜,௝,ௗ,௧,௣௪
௒௅ெ  ≤  ∆𝑝௠௔௫   𝑥𝑝𝑤௜,௝,ௗ,௧,௣௪         ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇, 𝑝𝑤 ∈ 𝒦௜,௝,ௗ,௧ (27) 

∆𝑃𝑓௜,௝,௧
(ௗ)

≥ ෍ 𝑦𝑙𝑚௜,௝,ௗ,௧,௣௪  ∆𝑃௜,௝,ௗ,௧,௣௪
௒௅ெ

௣௪∈𝒦೔,ೕ,೏,೟

       ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇 (28) 

∆𝑃𝑟௜,௝,௧
(ௗ)

≥ ෍ 𝑦𝑙𝑚௝,௜,ௗ,௧,௣௪  ∆𝑃௝,௜,ௗ,௧,௣௪
௒௅ெ

௣௪∈𝒦೔,ೕ,೏,೟

        ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇 (29) 

The latter piecewise constant underestimation yields a relaxed MINLP formulation that still seeks to 

maximize Eq. (20) subject to constraints (6)-(19), but now uses equations (24)-(29) and (A1), (A3)-

(A5) in the Appendix A to estimate the pressure drops generically captured by Eqs. (14) and (15). 

Note that the only nonlinear equations in the relaxed MINLP model are those included in the 

Appendix A, which are quadratic and convex, as proved in the Appendix B. As a result, the piecewise 

constant approximation yields a mixed-integer, quadratically constrained program (MIQCP) with a 

convex relaxation.   

Solution procedure  

The iterative procedure presented as Algorithm 1 in the Appendix C is similar in nature to the 

Selective Tightening Algorithm (STA) in Presser et al. (2024), aiming to balance the trade-off 

between accuracy and computational tractability by only accounting for fluid-dynamic calculations 
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over promising segments. However, this strategy differs from the original STA in the following 

features. First, it is applied to multiphase rather than single-phase flows. Second, instead of explicitly 

embedding the corresponding hydraulic correlations into the optimization model, the algorithm 

progressively introduces breakpoints to construct tighter underestimations of the associated nonlinear 

functions. This strategy aims to limit the additional complexity introduced at each iteration and 

improve overall computational performance. 

The algorithm initializes with a single-interval configuration and subsequently verifies the feasibility 

of the relaxed solution obtained. Note that when only a single interval is employed (i.e., 𝒦 = {(0,1)}), 

the formulation reduces to a liquid-only pressure drop computation, substantially underestimating 

multiphase frictional losses in the presence of gas.  

If certain connections lead to infeasible pressure drops, falling below the admissible threshold, the 

discretization is refined by adding new breakpoints to prevent the recurrence of the same infeasible 

design in subsequent iterations. This iterative process continues until the network configuration found 

by the model satisfies pressure requirements. Since Algorithm 1 incorporates accurate pressure drop 

estimations at every iteration to check the feasibility of the network design obtained from valid 

relaxations, the first feasible solution identified by the algorithm is globally optimal. In Appendix C, 

we also provide the details of a partitioning routine (called Algorithm 2), which determines the 

additional breakpoints to place in every iteration.  

Results and discussion 

Three different instances of an illustrative problem are considered, all seeking to maximize the NPV. 

We begin with a simplified configuration in which pipeline diameters to be used in each segment are 

fixed. Thereafter, additional decision variables are progressively incorporated to overcome 

simplifying assumptions. Problem extensions aim to illustrate the trade-offs between further 

improvements to the objective function and the corresponding increases in computational complexity. 

Every instance is implemented using the MINLP model presented in previous sections, adapted to the 

LM correlation. Furthermore, the iterative strategy based on piecewise-constant underestimations of 

the LM multiplier is also applied to ease solving more complex instances. Monolithic models are 

implemented in GAMS 49.6.1, and the optimization runs are solved using the global solver BARON 

(Zhang and Sahinidis, 2024). As for the iterative strategy, relaxed MIQCP models are coded in 

GAMSPY 1.11.1 to enable successive refining. Each iteration is solved to global optimality using 

GUROBI 12.0.3. All computations for both methodologies are performed on a system with 20 threads 

on an Intel Core i7-13700H processor and 32 GB RAM. 
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The remainder of the section is organized as follows. First, we describe the layout of nodes included 

in all problem instances. Next, we analyze the results for the baseline configuration (Instance 1), in 

which diameter-sizing and topological decisions are assumed to be already made. The sole decision 

variable concerns the selection of wellpads to be connected to the network, resembling a classical 

knapsack problem. Building upon this, we incorporate diameter-sizing decisions within the first 

segments of the network, i.e. those connecting wellpads to the junction node (Instance 2). Finally, 

Instance 3 includes two additional junction nodes, allowing for a more flexible network design. 

Variations in the gas-to-oil (gor) and water-to-oil ratios (wor) across different regions play a critical 

role in this setting: avoiding the mixing of heterogeneous streams is desirable to mitigate the rapid 

increase in multiphase pressure losses. 

Case study description 

Consider a set of ten wellpads with known locations, whose production needs to be transported to a 

centralized facility for processing. Production start-times, flowrates and compositions are known a 

priori, for each of the 20 periods comprising the time-horizon. For simplicity, the installed facility is 

assumed to have sufficient capacity to accommodate the cumulative production of all wells, all along 

the time horizon. In the most general case, three junction nodes can be used to gather flows from 

multiple wells, each one requiring a different trunk line to reach the sink node. Geographical 

arrangement of nodes and potential connections (i.e., the network superstructure) are depicted in 

Figure 3.  

 

Figure 3. Network superstructure (left) and geographical distribution of wellpads (right). 

The reservoir is divided into four regions, as illustrated in Figure 4. Flow composition (gor and wor) 

is strongly influenced by the wellpad location. In addition, wellpads located in the high-oil area 

exhibit lower wellhead pressures. Correspondingly, Figure 5 shows the evolution of average wellhead 
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pressures over time for each region, with individual pressure profiles shown in the background for 

completeness. 

 
Figure 4. Regional characterization of the wellpads. 

 
Figure 5. Average wellhead pressure evolution at every region over time. 

Pipeline segments connecting source nodes to junctions can be installed using one of four alternative 

diameters: 8 in, 12 in, 16 in, or 20 in. Conversely, trunk pipelines connecting junction nodes to the 

central facility are restricted to the two largest diameter options (16 in or 20 in). Production processed 

at the sink node generates revenues from the sale of each component, according to its respective 

market price. The installation costs per mile for each pipeline, together with the unit prices of each 

component, are summarized in Table 1. Cash flows are discounted to their present value using a 

nominal annual interest rate of 10%. 
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Table 1. Pipeline installation costs by diameter and selling prices of fluid components. 

Pipeline diameter        [inches] 8 12 16 20 

Capital expenditures   [103USD/mile] 201.72 819.49 1954.16 3053.36 

Flow component Oil Gas Water 

Price [USD] 60 /bbl 3 /103scf 0 /bbl 

Despite its relatively limited scale, the case study retains practical relevance. It represents a network 

design problem in which several potential wellpads have been assigned to an existing processing 

facility for separating production flows, and therefore need to be connected via prospective gathering 

pipelines to reach the destination. This is a typical problem for unconventional operators, which 

usually define multiple regions or systems with their own subsurface characterization (Ondeck et al., 

2019). The layout proposed is similar, in terms of the number of wellpads and regions, to the multi-

system industrial case presented by Ondeck et al. (2019); however, the main difference lies in the 

need to transport multiphase (liquid-gas) flows, with significantly different compositions across 

regions. Needless to say, unlike the referenced work, the development plan in our case is assumed to 

be given. 

Instance 1: Well allocation 

The first case considers a simplified instance for which the junction node is restricted to the central 

one, denoted as 𝑗ଵ. Pipeline segments connecting sources to the junction node have 12 inches in 

diameter, whereas the trunk line from the junction to the sink node has 20 inches. The resulting 

network configuration is reduced to a two-echelon design as presented in Figure 6.  

Note that the only decision is to select the optimal set of wells to connect to the gathering network, 

effectively managing the pressure at node 𝑗ଵ. When a well is selected, its production is routed to the 

central trunk pipeline that conveys the multiphase flow to the processing facility. This decision 

directly impacts the value of the intermediate pressure at the corresponding junction node, which is 

also treated as a decision variable. Linking a well to the network affects the objective function in two 

ways: (a) through the revenue obtained from selling its oil and gas production, and (b) from the 

pipeline installation cost, both discounted back to the present time. 
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Figure 6. Reduced network superstructure proposed for Instance 1 (left) and optimal network design obtained 
through the successive relaxation strategy (right). 

In essence, this simplified version of the network design problem resembles a classical multiperiod 

knapsack problem. The trunk line represents the knapsack, while the wellpads correspond to the items 

to accommodate, with their production flows interpreted as their weights. However, given the 

relationship between pressures, flow rates and compositions, the consumption of the pipeline 

(knapsack) capacity is highly nonlinear. It basically depends on the composition of the mixed flows 

and the minimum pressure at the outlet sections of the pipelines linked to the junction.  

The problem is first addressed using the MINLP formulation described in previous sections. 

Subsequently, the instance is solved by applying the iterative relaxation algorithm (Algorithm 1) 

using piecewise constant underestimations of the multiphase multiplier. The monolithic MINLP 

optimization model involves 1,679 constraints (276 of which are nonlinear), 653 continuous variables 

and 21 binary variables. Using the computational settings described above, after one hour of 

computation BARON reports a solution with a 17% optimality gap. This solution successfully 

allocates 8 out of the 10 wellpads, resulting in a NPV of 730.48 MM USD.    

In contrast, the iterative solution strategy converges to the global optimal solution after four iterations 

and approximately two seconds of computation. The final iteration of the algorithm comprises 614 

constraints (39 of them quadratic) and 137 binary variables. Figure 7 further illustrates how the 

algorithm manages the piecewise constant approximation of the LM concave function for a given 

connection and period across successive refining steps. In the first iteration, it is assumed that the gas 

phase does not influence the pressure drop, and the multiplier 𝑌𝐿𝑀 is set to 1. If the solution obtained 

proves infeasible when accurate pressure drops are calculated, additional steps are introduced in the 
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underestimation to prevent that configuration from being selected in subsequent iterations. 

Computational details are presented in the Supplementary Material.  

 
Figure 7. Successive refining of the stepwise approximation of the LM multiplier at connection 𝑗ଵ → 𝑘 during 
period 11. Each plot shows the intervals imposed in the first (left), second (center) and third (right) iterations 

of the algorithm. 

The resulting configuration, which is proven to be globally optimal, also accommodates 8 of the 10 

wellpads. Although the total number of connected sources remains unchanged, the revised selection 

leads to an additional benefit of 57.97 MM USD, yielding a final NPV of 788.45 MM USD. The 

optimal solution, presented at the right of Figure 6, excludes the wellpads with the latest production 

start dates, namely pads 6 and 7. This design is expected as the time value of money is considered 

within the objective function. Furthermore, these wellpads do not exhibit sufficiently high oil output 

(with the oil having a more attractive price than gas), to compensate for the delayed cash flows. In 

contrast, the solution obtained with the monolithic approach incorrectly excludes pad 8, which is 

located in the oil region. 

Instance 2: Pipeline sizing 

Since connecting a wellpad to the network yields a positive NPV, it is expected that the optimal 

solution includes all available pads in order to maximize the total profit. However, the results from 

the first instance indicate that the trunk pipe lacks sufficient capacity to achieve the total production 

while maintaining the minimum pressure required at the destination. One possible approach to 

increase total flow throughput is to operate the trunk line at higher inlet pressures, which may increase 

the transportation capacity. Accordingly, the optimization model is now allowed to select larger 

diameters for wellpad-junction connections to achieve higher intermediate pressures. 

The size of the monolithic MINLP model increases to 5,293 constraints (276 nonlinear), 3,057 

continuous variables and 547 binary variables. As expected, the total number of nonlinear constraints 

monitoring the pressure drop at the trunk line remains unchanged. The global solver identifies a 

solution with a NPV of 756.85 MM USD after reaching the maximum runtime allowed of one hour. 

The reported optimality gap at the time limit is 13%. 
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On the other hand, the iterative algorithm efficiently converges to the global optimum after five 

iterations and five seconds of CPU. Despite the additional flexibility in upstream design decisions, 

the resulting configuration still connects eight wellpads to the network. Nonetheless, the objective 

value increases by 3.6 MM USD as a result of reduced pipeline investment. The intermediate pressure 

at the junction is determined by the minimum outlet pressure among all connected segments. 

Therefore, reducing the diameter of non-restricting pipelines does not compromise the feasibility of 

the overall network design. More specifically, the wellpads located in the high-oil region still require 

12-inch pipelines, but the remaining connections can be reduced to 8 inches. This design is consistent 

with expectations, as low-pressure pads predominantly determine the junction pressure throughout 

most of the time horizon. Further reduction in their diameter would likely render the network design 

infeasible, as illustrated in Figure 8. In turn, Figure 9 presents the optimal network design for Instance 

2, indicating the pipeline diameter selected for each connection. 

 

Figure 8. Evolution of the intermediate pressure at junction 𝑗ଵ and the outlet pressure of pipeline connections 
from wellpads located in the oil region. 
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Figure 9. Optimal network layout for Instance 2. 

Instance 3: Flexible network design 

So far, the network design has lacked the flexibility needed to gather production from all wellpads at 

the processing facility. Results from previous instances prove that a single trunk line with the 

maximum diameter of 20 inches cannot transport the total production. Consequently, in this instance, 

junction nodes 𝑗ଶ and 𝑗ଷ are introduced as alternative routing points toward the sink node to relieve 

capacity constraints. Selecting the optimal junction nodes is now a model decision.  

The iterative solution procedure requires 16 minutes of computation and 13 iterations to converge to 

the global optimum. In the final iteration, the relaxed MIQCP model comprises 9,829 constraints 

(including 240 quadratic), 6,969 continuous variables, and 2,070 binary variables. Compared with 

previous instances, the computational time increases substantially, primarily due to the inclusion of 

additional junctions and alternative pipeline diameters for the trunk lines. Tightening the relaxations 

of the head-loss function on the selected segments leads to higher capital expenditures in pipelines, 

causing the model to modify routes by using new segments for which the stepwise approximation has 

not yet been tightened. As a result, more iterations are required, and each successive iteration becomes 

computationally more expensive. 

Despite the increase in computational complexity, the results highlight the advantages of 

incorporating flexibility in the network design. The optimal configuration connects all wellpads 

through two of the three available junction nodes, namely 𝑗ଶ and 𝑗ଷ. The resulting network design 

yields a NPV of 917.90 MM USD, representing an improvement of 125.86 MM USD compared with 

the previous instance. The optimal layout is illustrated in Figure 10, together with the network 

superstructure for this case. 
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Figure 10. Two-echelon network superstructure proposed for Instance 3 (left) and optimal design obtained by 
the iterative solution strategy (right). 

The optimal design capitalizes on decentralization by selectively routing production flows into low- 

and high-pressure trunk lines. More specifically, junction 𝑗ଶ serves the leftmost region, characterized 

by lower gas fractions, thereby mitigating multiphase pressure losses. As outlined previously, the 

wells located in this area exhibit relatively low wellhead pressures over time, thus imposing a 

bottleneck on the intermediate pressure at the corresponding junction. Conversely, the wellpads with 

higher gas-to-oil ratios are routed through 𝑗ଷ, leading to larger pressure losses along the trunk line 

that are compensated by the higher wellhead pressures prevailing in this area. Owing to this 

differentiation, 16-inch pipelines prove sufficient in both cases to transport production to the 

processing facility while meeting pressure requirements. Figure 11 depicts the evolution of the 

intermediate pressures at both junction nodes, together with the inlet pressure at the processing 

facility. 

 

Figure 11. Evolution of flow pressures at the junction nodes (left) and variation of inlet pressure at the 
processing facility (right). 
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Regarding the performance of the monolithic approach, the additional degrees of freedom introduced 

in the network design led to a considerable increase in model size. The resulting MINLP formulation 

involves 12,908 linear constraints, 1,140 nonlinear constraints, as well as 8,341 continuous and 1,753 

binary variables. After three hours of computation, the global solver BARON attains a NPV of 816.73 

MM USD, reporting a 12.6% optimality gap. Even with the extended runtime, this case exhibits the 

largest deviation from the actual optimal solution (11%) among all instances. 

Table 2 provides a summary of the NPV, model size and computational performance of the monolithic 

and iterative methodologies across all instances discussed thus far. For the iterative strategy, the 

model size reported corresponds to the final iteration. 

Table 2. Summary of results for the monolithic and iterative approaches across Instances 1, 2 and 3. 

Instance Instance 1 Instance 2  Instance 3 

Methodology Monolithic Iterative Monolithic Iterative Monolithic Iterative 

Net present value 
[MMUSD] 730.48 788.45 756.85 792.05 816.73 917.90 

CPU Time [seconds] 3,600* 1.8 3,600* 5 10,800* 945 

Optimality gap at 
runtime limit [%] 17 0 13 0 12.6 0 

N° iterations - 4 - 5 - 13 

N° of constraints 1,679 614 5,293 3,043 14,048 9,829 

N° of nonlinear 
constraints 276 39 276 39 1,140 240 

N° continuous 
variables 653 276 3,057 2,183 8,341 6,969 

N° binary variables 21 137 547 221 1,753 2,070 

* Maximum runtime allowed 

Addressing the model extension to more than two echelons 

The results obtained so far suggest that both the monolithic model and the successive relaxation 

approach can effectively handle heterogeneous flow compositions and intermediate pressures at 

junctions for network designs comprising up to two echelons. However, solving problems with more 

echelons is considerably more challenging. After applying the iterative procedure to a more flexible 

superstructure, as the one shown at the left of Figure 3, no feasible solution is found after four hours 

of computation. The MIQCP in the first iteration comprises 56,222 linear constraints, 7,156 quadratic 

equations, and 41,378 continuous variables together with 16,758 binary variables. Overall, the model 

size is approximately one order of magnitude larger than the MIQCPs in previous instances.  
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It is worth noting that adding more echelons can further reduce pipeline costs. For instance, linking 

wellpad 𝑤଺ to 𝑤ସ on the way to junction 𝑗ଶ yields a three-echelon path that avoids the installation of 

parallel pipelines (see Figure 12). This adjustment results in a feasible network with a modest saving 

of 0.632 MM USD. Developing more efficient decomposition strategies to address extended network 

topologies remains open for future work.  

 
Figure 12. Comparison between the optimal network design with two echelons (left) and an improved 

configuration that includes the three echelon path w6 - w4 - j2 - k (right). 

Conclusions 

We have developed a generalized MINLP optimization model for the design of oil and gas gathering 

networks that incorporates accurate nonlinear correlations to predict pressure drops along multiphase 

pipeline segments. Besides managing pressures through reliable hydraulic estimations, the model is 

capable of synthetizing networks with flexible network topologies. Most importantly, it can handle 

heterogeneous and time-varying wellhead pressures, production flow rates and fluid compositions, 

thus providing a powerful tool to maximize transportation capacity utilization and, consequently, the 

NPV. 

However, the computational effort to solve the MINLP model to global optimality is very large. The 

monolithic approach becomes intractable for problems with as few as ten source nodes, even after 

having specified the network topology to be used. To overcome this limitation, we have developed a 

successive relaxation algorithm that iteratively tightens piecewise-constant underestimations of the 

multiphase pressure drops for each pipeline segment and time period. This strategy is enabled by the 

concave structure of the functions that model the increase in pressure drop of one phase (typically, 
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liquid) resulting from the presence of the other phase (typically, gas). The use of piecewise-constant 

functions to estimate multipliers leads to relaxed models at each iteration that can be expressed as 

MIQCP formulations, with convex relaxations. This property significantly facilitates the solution 

procedure, particularly for two-echelon (star-star) designs, reducing the required CPU time to identify 

the global optimum by up to two orders of magnitude. However, as the problem size increases, the 

feasible space of candidate network designs grows combinatorically, which may limit its 

effectiveness for large-scale instances with complex network superstructures.  

Based on the global optimal solutions found by the tailored solution strategy, we have proved that 

properly managing intermediate pressures and selectively gathering flows with different 

compositions through parallel trunk lines, with significantly different inlet pressures, the NPV can 

increase by more than 20%. When the network structure is given, pressure management allows for 

relatively small improvements from a better selection of pipeline diameters, reducing the net present 

cost of pipelines by roughly 3.6 million USD. Most of the value from the generalized model comes 

when the network structure is rendered more flexible, allowing for more wells to be connected to the 

network, which can only be made if significantly different pressures are set and manipulated over 

time at the junction nodes. Finally, the optimization models cannot find any feasible solution for 

extended topologies, when more than two echelons are allowed. However, slight adjustments on the 

optimal design with two echelons prove that there is still room for improvement.  

An interesting point to highlight is that the hydraulic feasibility check for a given network design is 

straightforward to perform, regardless of the fluid-dynamic correlation or simulation tool employed. 

Following this rationale, decomposing the monolithic optimization problem into separate network-

design and pressure-computation stages reduces complexity and may help identify better solutions. 

A promising direction for future work is to develop decomposition algorithms capable of efficiently 

exploring the vast combinatorial space of possible network configurations for real-size problems.  
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Nomenclature 

Sets and subscripts 

𝑐 ∈ 𝐶 fluid components of the multiphase flow {oil, gas, water} 

𝑐 ∈ 𝐿𝑖𝑞 ⊆ 𝐶 subset of liquid fluid components {oil, water} 

𝑑 ∈ 𝐷 available pipeline diameters 

𝐺 = (𝑉, 𝐸) directed graph representing the pipeline network superstructure 

𝐺෠ = (𝑉෠ , 𝐸෠) instance of a network configuration 

𝑖 ∈ 𝑉 set of nodes comprised in the network superstructure 

𝑖 ∈ 𝑉௦௘௣ ⊆ 𝑉 subset of nodes allowed to install a separation facility 

𝑖 ∈ 𝑉௦௥௖ ⊆ 𝑉 subset of source/productive nodes 

(𝑖, 𝑗) ∈ 𝐴 arcs comprised in the network superstructure 

(𝑖, 𝑗, 𝑑) ∈ 𝐸 segments comprised in the network superstructure 

𝑝𝑤 ∈ 𝒦௜,௝,ௗ,௧ piecewise constant intervals for segment (i, j, d) at time period t 

𝑠 ∈ 𝑆 alternative sizes for processing facilities 

𝑡 ∈ 𝑇 discretized planning horizon 

𝛿 ෠ீ(𝑗) predecessors of node j in network configuration 𝐺෠ 

 

Parameters 

𝑐𝑎𝑝௦,௖ capacity to process fluid component c of a size s separation facility  

𝑐𝑓௦ capital expenditures associated with processing facility of size s  

𝑐𝑝௜,௝,ௗ capital expenditures associated with potential connection (i, j, d)   

𝑑𝑖𝑎𝑚ௗ diameter corresponding to option d  

𝑓௖
௠௔௫ maximum flowrate of component c  

𝑖𝑥𝑙𝑚௜,௝,ௗ,௧,௣௪ value of LM parameter for breakpoint pw of connection (i, j, d) at period t 

𝑘𝑤௜,௝,ௗ Weymouth parameter for segment (i, j, d)  

𝑙௜,௝ pipeline length of connection (i, j)  

ℓ௩ topological depth of node v for given network configuration 𝐺෠ = (𝑉෠ , 𝐸෠) 

𝑝௜,௧
௪௘௟௟ wellhead pressure of source node i during period t 

𝑝௠௜௡ minimum admissible inlet pressure at separation facilities 

∆𝑝௠௔௫ maximum feasible pressure drop 

𝑝𝑟𝑖𝑐𝑒௖,௧ price of fluid component c during period t  

𝑝𝑟𝑜𝑑௜,௖,௧ production rate of component c from node i during time period t  
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𝑟 discount rate per period  

ℎ𝑓𝑓𝑙௜,௝,ௗ,௧ friction factor for segment (i, j, d) during time period t 

𝑦𝑙𝑚௜,௝,ௗ,௧,௣௪ value of LM multiplier for breakpoint pw of connection (i, j, d) at period t 

𝜌௜,௝,௧
௟௜௤,௔௩௚ average density of the liquid phase along arc (i, j) during period t 

 

Nonnegative variables  

𝐹௜,௝,௖,௧ flow rate of component c along arc (i, j) during period t  

𝐹௜,௝,௖,௧
(ௗ)  flow rate of component c along segment (i, j, d) during period t  

𝐼𝑋𝐿𝑀௜,௝,ௗ,௧ variant of the LM parameter for connection (i, j, d) during time period t 

𝑃௜,௧ intermediate pressure at node i during time period t 

∆𝑃௜,௝,௧
(ௗ) multiphase pressure drop along segment (i, j, d) at period t 

𝑃௜,௝,ௗ,௧
௚௔௦  inlet pressure at node j imposed by gas-only pressure loss of segment (i, j, d) 

∆𝑃௜,௝,ௗ,௧
௚௔௦  gas-only pressure drop along segment (i, j, d) at period t 

∆𝑃௜,௝,ௗ,௧
௟௜௤  liquid-only pressure drop along segment (i, j, d) at period t 

∆𝑃𝑢௜,௝,௧
(ௗ)  multiphase pressure drop along segment (i, j, d) at period t under scenario u 

𝑄௜,௖,௧ flow rate of component c processed at node i at time period t 

𝑉𝐿௜,௝,ௗ,௧  velocity of liquid phase along connection (i, j, d) during time period t 

𝑌𝐿𝑀௜,௝,ௗ,௧ LM multiplier for connection (i, j, d) during time period t 

 

Binary variables 

𝑥௜,௝,௧
(ௗ)  = 1 if a pipeline of diameter d is installed along arc (i, j) at period t 

𝑥̅௜,௝,௧
(ௗ)  = 1 if a pipeline of diameter d is available along arc (i, j) at period t 

𝑥𝑓௜,௝,௧
(ௗ) = 1 if a pipeline of diameter d is available and transports fluids from i to j at period t 

𝑥𝑛𝑓௜,௝,௧
(ௗ) = 1 if no pipeline of diameter d along arc (i, j) is available at period t, and 𝑃௜,௧ > 𝑃௝,௧ 

𝑥𝑛𝑟௜,௝,௧
(ௗ) = 1 if no pipeline of diameter d along arc (i, j) is available at period t, and 𝑃௜,௧ ≤ 𝑃௝,௧ 

𝑥𝑖𝑛𝑡௜,௝,ௗ,௧,௣௪ = 1 if connection (i, j, d) lies within the interval pw during period t 

𝑥𝑟௜,௝,௧
(ௗ) = 1 if a pipeline of diameter d is available and transports fluids from j to i at period t 

𝑤௜ = 1 if source node i is connected to the network 

𝑦௜,௦,௧ = 1 if a processing facility of size s is installed at node i during period t  
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Free variables  

𝑁𝑃𝑉 Net present value 

∆𝑃௜,௝,௧ Pressure difference between nodes i and j during time period t 

Appendix A: Estimating pressure drops of gas and liquid phases 

For the liquid phase, pressure drops along the pipeline network can be estimated from the Darcy-

Weisbach equation, as expressed in Eqs. (A1) and (A2). Head loss is obtained from the linear velocity 

𝑉𝐿௜,௝,ௗ,௧ and the friction factor 𝐻𝐹𝐹𝐿௜,௝,ௗ,௧ . Although in the most general case the friction factor also 

depends on the fluid velocity (Colebrook and White, 1937), it becomes constant for turbulent flows. 

 
(A1) 

 
(A2) 

The liquid-only pressure drop can be bounded by below as in Eq. (A3) leading to a convex constraint. 

However, when employing the Lockhart-Martinelli correlation, this relaxation may distort the relation 

between the liquid-only and gas-only pressure drops within the same connection. This effect 

propagates to the computation of the parameter 𝐼𝑋𝐿𝑀 and ultimately influences the evaluation of the 

total pressure drop. The algorithms presented in Appendix C are designed to address this limitation. 

 
(A3) 

Analogously, the pressure drop attributed to the gas phase can be estimated from the Weymouth 

equation (Weymouth, 1912) as in Eqs. (A4) and (A5). The parameter 𝑘𝑤௜,௝,ௗ aggregates both the 

fluid-specific properties (such as specific gravity and temperature, in standard conditions) and the 

characteristics of the corresponding pipeline segment, including the distance between nodes 𝑖 and 𝑗 

and the selected diameter 𝑑.     

 
(A4) 

 (A5) 

Appendix B: Convexity of the piecewise constant formulation 

𝑉𝐿௜,௝,ௗ,௧ =  
∑ 𝐹௜,௝,௖,௧

(ௗ)
௖∈௅௜௤

𝜋 𝑑𝑖𝑎𝑚ௗ
ଶ/4

         ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇

∆𝑃௜,௝,ௗ,௧
௟௜௤

=  
𝑙௜,௝  ℎ𝑓𝑓𝑙௜,௝,ௗ,௧   𝜌௜,௝,௧

௟௜௤,௔௩௚
  ൫𝑉𝐿௜,௝,ௗ,௧൯

ଶ

2   𝑑𝑖𝑎𝑚ௗ
     ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇

∆𝑃௜,௝,ௗ,௧
௟௜௤

≥  
𝑙௜,௝  𝐻𝐹𝐹𝐿௜,௝,ௗ,௧   𝜌௜,௝,௧

௟௜௤,௔௩௚
  ൫𝑉𝐿௜,௝,ௗ,௧൯

ଶ

2  𝑑𝑖𝑎𝑚ௗ
     ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇

𝐹௜,௝,gas,௧
(ௗ) ଶ

≤ 𝑘𝑤௜,௝,ௗ ∙ ቀ𝑃௜,௧
ଶ − 𝑃௜,௝,ௗ,௧

௚௔௦ ଶ
ቁ       ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇

∆𝑃௜,௝,ௗ,௧
௚௔௦

 = 𝑃௜,௧ − 𝑃௜,௝,ௗ,௧
௚௔௦

         ∀(𝑖, 𝑗, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇
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The purpose of this section is to prove that the optimization model based on piecewise-constant 

underestimations of the LM function constitutes a convex MIQCP. More specifically, we provide 

proof of Proposition 1, 

Proposition 1. The MIQCP defined by Eqs. (6)-(13), (16)-(19), (24)-(29), (A1) and (A3)-(A5), with 

the objective to maximize Eq. (20), has a convex relaxation. 

Proof. The proof relies on standard results from convex nonlinear programming (Boyd and 

Vandenberghe, 2004). Consider the generic nonlinear programming (NLP) problem,  

min
௫∈ℝ೙

𝑓(𝑥)  

s.t.      ℎ(𝑥) = 0, 

𝑔(𝑥) ≤ 0 

where 𝑓 ∶  ℝ௡ → ℝ,   ℎ ∶  ℝ௡ → ℝ௣ and  𝑔 ∶  ℝ௡ → ℝ௤. We recall the following well-known property 

(Grossmann, 2021): 

Property 1. If all equality constraints ℎ(𝑥) = 0 are affine and all inequality constraints 𝑔(𝑥) ≤ 0 are 

convex functions, then the feasible region is convex. 

We examine the constraints defining the feasible region ℱ of the MIQCP model: 

 Affine equality constraints: Eqs. (6), (8)-(11), (18), (25), (26), (A1) and (A5) are equality 

constraints that are affine in the decision variables. These constraints therefore satisfy the 

requirements for ℎ(𝑥) = 0 in Property 1. 

 Linear inequality constraints: Constraints (7), (12), (13), (16), (17), (19), (24), (27)-(29) 

take the form of inequalities 𝑔(𝑥) ≤ 0. Since every function 𝑔(𝑥) is linear, they are convex. 

 Liquid-only pressure-loss constraint: Eq. (A3), which models liquid-only pressure losses, 

can be described as a quadratic inequality. 

𝑙௜,௝  𝐻𝐹𝐹𝐿௜,௝,ௗ,௧   𝜌௜,௝,௧
௟௜௤,௔௩௚

  ൫𝑉𝐿௜,௝,ௗ,௧൯
ଶ

2  𝑑𝑖𝑎𝑚ௗ
− ∆𝑃௜,௝,ௗ,௧

௟௜௤
≤ 0       

The associated quadratic form is convex, and therefore also satisfies the condition imposed 

by Property 1. 

 Gas-only pressure-loss constraint Eq. (A4), predicting gas pressure losses (Weymouth, 

1912), can be reformulated as, 

ቀ𝐹௜,௝,gas,௧
(ௗ)

ቁ
ଶ

+ 𝑘𝑤௜,௝,ௗ   ቀ𝑃௜,௝,ௗ,௧
௚௔௦

ቁ
ଶ

−  𝑘𝑤௜,௝,ௗ   ൫𝑃௜,௧൯
ଶ

≤ 0        
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where 𝑘𝑤௜,௝,ௗ > 0. Although the left-hand side involves a difference of quadratic terms, this 

constraint can be expressed as a second-order cone (SOC) inequality of the form, 

𝑥ଶ + 𝑦ଶ − 𝑧ଶ ≤ 0,      𝑧 > 0 

or, equivalently, 

‖(𝑥, 𝑦)‖ଶ ≤ 𝑧 

‖(𝑥, 𝑦)‖ଶ − 𝑧 ≤ 0 

Since the Euclidean norm is a convex function, the Weymouth constraint is convex. 

We have proven that all equality constraints are affine and inequality constraints define convex sets. 

Hence, from Property 1, the feasible region ℱ of the MIQCP relaxation is convex. Moreover, because 

the objective function is also convex, any local solution of the MIQCP is globally optimal. ∎ 

Appendix C: Refinement of the piecewise constant approximation 

The aim of Algorithm 1 is to find the globally optimal solution of the multiphase pipeline network 

design problem by increasingly tightening relaxations of the pressure drops computations. 

ALGORITHM 1: Multiphase pipeline network design through successive piecewise 
constant approximation 

 
Input: Network superstructure (𝐺 = (𝑉, 𝐸)), set of time periods (𝑇), production of source 
nodes ൫𝑝𝑟𝑜𝑑௜,௖,௧൯, wellhead pressures ൫𝑝௜,௧

௪௘௟௟൯, minimum admissible inlet pressure at 
separation facilities ൫𝑝௠௜௡൯, distance between nodes ൫𝑙௡,௡ᇲ൯, allowed diameters (𝑑𝑖𝑎𝑚ௗ). 

 Output: Optimal pipeline network configuration 𝐺෠ = (𝑉෠ , 𝐸෠) 

1. Initialize  feasibility ← False; 𝒦௡,௡ᇲ,ௗ,௧ = {(0,1)}  ∀(𝑛, 𝑛ᇱ, 𝑑) ∈ 𝐸, 𝑡 ∈ 𝑇  

2. while not feasibility do 

3.  
Obtain the network design 𝐺෠ = (𝑉෠ , 𝐸෠) by solving the MIQCP derived from the 
piecewise constant approximation of the MINLP.  

4.  Compute the topological depth (ℓ௩) of each node 𝑣 ∈ 𝑉෠  

5.  Set feasibility ← True; ℓ∗  ←  0 

6.  while  ℓ∗ ≤ 𝑚𝑎𝑥
௩∈௏෡

(ℓ௩) do 

7.   for each connection (𝑛, 𝑛ᇱ, 𝑑) ∈ 𝐸෠ |ℓ೙ ୀℓ∗ do 

8.    for each period 𝑡 ∈ 𝑇 do 

9.     Set 𝐹௡,௡ᇲ,௖,௧ ← ∑ 𝐹௜,௡,௖,௧௜∈ఋಸ෡ (௡) + 𝑝𝑟𝑜𝑑௡,௖,௧ 
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10.     Set 𝑃௡,௧ ← min ൜𝑝௡,௧
௪௘௟௟, 𝑚𝑖𝑛

௜∈ఋಸ෡ (௡)
൛𝑃௜,௧ − ∆𝑃௜,௡,௧ൟൠ 

11.     
Compute  ∆𝑃

௡,௡ᇲ,௧
௟௜௤  using Darcy-Weisbach equation with (𝐹௡,௡ᇲ,oil,௧, 

𝐹௡,௡ᇲ,water,௧, 𝑙௡,௡ᇲ, 𝑑𝑖𝑎𝑚ௗ) 

12.     
Compute  ∆𝑃

௡,௡ᇲ,௧
௚௔௦  using Weymouth correlation with (𝐹௡,௡ᇲ,gas,௧, 𝑃௡,௧, 𝑙௡,௡ᇲ, 

𝑑𝑖𝑎𝑚ௗ) 

13.     Set  𝐼𝑋𝐿𝑀௡,௡ᇲ,௧ ← ∆𝑃
௡,௡ᇲ,௧
௚௔௦

 / ∆𝑃
௡,௡ᇲ,௧
௟௜௤  ; 𝑌𝐿𝑀௡,௡ᇲ,௧ ← 𝑓൫𝐼𝑋𝐿𝑀௡,௡ᇲ,௧൯ 

14.     Set  ∆𝑃௡,௡ᇲ,௧ ← 𝑌𝐿𝑀௡,௡ᇲ,௧  ∆𝑃
௡,௡ᇲ,௧
௟௜௤  

15.     if 𝑃௨,௧ −  ∆𝑃௡,௡ᇲ,௧  ≤  𝑝௠௜௡ then 

16.      Set feasibility ← False 

17.      
Update 𝒦௡,௡ᇲ,ௗ,௧ using Algorithm 2 with (𝐼𝑋𝐿𝑀௡,௡ᇲ,௧, 𝑌𝐿𝑀௡,௡ᇲ,௧, 𝑃௡,௧, 

𝑝௠௜௡, ∆𝑃
௡,௡ᇲ,௧
௚௔௦ , ∆𝑃

௡,௡ᇲ,௧
௟௜௤

) 

18.     end if 

19.    end for 

20.   end for 

21.   if not feasibility then 

22.    Go to Step 3. 

23.   end if 

24.   Set ℓ∗  ←  ℓ∗ + 1 

25.  end while 

26. end while 

27. return  𝐺෠ = (𝑉෠ , 𝐸෠)  

One of the key challenges in Algorithm 1 is to determine the minimum number of breakpoints in the 

multiphase pressure drop correlation that prevent infeasible network structures from reappearing in 

subsequent iterations. This objective is addressed by Algorithm 2, 

ALGORITHM 2: Computing additional breakpoints from the operating conditions of 
connection (𝒊, 𝒋, 𝒅) at period 𝒕 

 
Input: Current LM parameter (𝐼𝑋𝐿𝑀) and multiplier (𝑌𝐿𝑀), inlet pressure (𝑃), minimum 
admissible inlet pressure at separation facility ൫𝑝௠௜௡൯, gas-only pressure drop (∆𝑃௚௔௦), 
liquid-only pressure drop ൫∆𝑃௟௜௤൯, current set of piecewise constant intervals (𝒦). 

 Output: Updated set of piecewise constant intervals 𝒦 
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Note that introducing a single breakpoint from the current values of 𝐼𝑋𝐿𝑀 and 𝑌𝐿𝑀 at every 

connection (𝑖, 𝑗, 𝑑) and period 𝑡 is generally insufficient to ensure the complete exclusion of infeasible 

configurations. This limitation arises from the computation of the liquid-only pressure drop Δ𝑃௟௜௤, 

which is imposed as a greater-or-equal constraint rather than as a strict equality (see Eq. A3). 

Consequently, the model may circumvent the intended multiplier 𝑌𝐿𝑀 by artificially increasing 

Δ𝑃௟௜௤, thereby reverting to the current value of the multiplier 𝑌𝐿𝑀.  

Nonetheless, this pressure drop can only be increased up to the point at which the outlet pressure 

reaches the minimum admissible threshold. This upper limit is therefore suitable for introducing an 

additional breakpoint, as the model cannot further exploit this mechanism to bypass the discretization.  

Following the same reasoning, the multiplier associated with this new point may still be insufficient 

to fully forbid the infeasible region, potentially allowing the relationship in Eq. (24) to fall between 

the imposed breakpoints. The algorithm therefore continues to incorporate additional breakpoints 

iteratively, each time using the last assigned multiplier 𝑌𝐿𝑀തതതതതത, until no remaining region allows the 

model to deviate from the intended piecewise-constant representation. A schematic illustration of this 

procedure is provided in Figure C1. 

1. Initialize  ∆max← 𝑃 − 𝑝௠௜௡ 

2. Add (𝐼𝑋𝐿𝑀, 𝑌𝐿𝑀) to 𝒦 

3. Set 𝑌𝐿𝑀തതതതതത ← 1 ; 𝐼𝑋𝐿𝑀തതതതതതത ←
∆௉gas

(∆max/௒௅ெതതതതതത)
   

4. while 𝐼𝑋𝐿𝑀തതതതതതത ≤ 𝐼𝑋𝐿𝑀 do 

5.  Add (𝐼𝑋𝐿𝑀തതതതതതത, 𝑌𝐿𝑀തതതതതത) to 𝒦 

6.  Set   𝑌𝐿𝑀തതതതതത ← 𝑓(𝐼𝑋𝐿𝑀തതതതതതത); 𝐼𝑋𝐿𝑀തതതതതതത ←
∆௉gas

(∆max/௒௅ெതതതതതത)
 

7. end while 

8. return  𝒦 
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Figure C1. Illustrative example of the algorithm for the refinement of the constant piecewise approximation 
of the LM correlation, assuming: 𝛥𝑃௟௜௤ = 0.1 MPa, 𝛥𝑃௚௔௦ = 0.03 MPa, 𝑃 = 1.2 MPa, 𝑝௠௜௡ = 0.5 MPa. The 
shaded area indicates the remaining region in which the model may position the operating point to bypass a 
higher multiplier. The algorithm starts by adding a breakpoint at operational values (a). A second breakpoint 

is then added at the lower bound of the shaded region (b). The procedure continues by iteratively adding 
breakpoints at the lower limit until the shaded region is fully eliminated (c). 
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